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MATHEMATICAL REVIEWS OFFERS A READING 
MACHINE FOR MICROFILM 


When the microfilm service of Mathematical Reviews was intro- 
duced, it was realized that its usefulness would depend to a large 
extent upon the availability of reading machines. The Committee on 
Scientific Aids to Learning, a committee of National Research Coun- 
cil, is promoting, among other things, the use of microfilm. As a re- 
sult of its efforts, a reading machine is being manufactured which will 
be sold at a retail price of $32.00. A grant from the Committee on 
Scientific Aids to Learning has made it possible for Mathematical 
Reviews to distribute a limited number of these machines on the 
following terms. 

Terms of offer. A reading machine for microfilm will be given— 
as long as the available supply lasts—to any person who has paid his 
subscription, a£ the rate to which he is entitled, to Mathematical Reviews 
in advance for three years beginning January, 1941. The person who 
receives a reading machine must pay express charges and import 
duty, if any, from Buffalo, New York. Until January 1 this offer 
was made only to the present subscribers to Mathematical Reviews. 
Since that date, however, it is extended to new subscribers also. Be- 
cause only a limited number of machines is available, anyone who 
desires one should place an order early. 

The purpose of the Committee on Scientific Aids to Learning in 
affording the financial support making possible the distribution of 
the readers in connection with subscriptions to Mathematical Reviews 
was jointly the promotion of microfilm and aid to Mathematical 

Reviews. e 
' History of Students Microfilm Reader. The history of the reader, 
known as the Students Microfilm Reader, begins in the fall of 1939. 
At that time an advisory group on microphotography to the Com- 
mittee on Scientific Aids to Learning, composed of Mr. Keyes D. 
Metcalf (chairman), Director of the Harvard University Library, 
Professors Ralph D. Bennett and Ernest I. Huntress of Massachu- 
setts Institute of Technology, Dr. Yernon D. Tate of the National 
Archives, and Dr. Irvin Stéwart (ex officio), Director of the Com- 
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mittee on Scientific Aids to Learning, was requested to consider the 
possibilities of designing and making available a simple, inexpensive 
microfilm reading machine for the use of the individual scholar. The 
. Problem was discussed at length and did not appear insoluble. Several 

designs were suggested, and three models were constructed. Each of 
these models was thoroughly tested both in the laboratory and in 
actual use; a set of plans and specifications embodying the final 
accepted design was prepared for distribution to manufacturers 
specializing in equipment of this type. 

Bids for the manufacture of the reading machine were received from 
a number of companies, and the Spencer Lens Company was author- 
ized to build a pilot model. It was built, tested and inspected, and the 
Committee on Scientific Aids to Learning has now signed a contract 
for a number of these machines. In addition, they will be placed on 
the market by the Spencer Lens Company. 

Purpose of Students Microfilm Reader. Emphasis has been placed 
throughout on suitability for the purpose for which the reader was 
designed: simplicity and low cost. No claims are made for extreme 
convenience, beauty, ready-portability, or universality. 

The benefits of microphotography in assembling research data of 
all types are well known. Facilities exist in the principal libraries, 
archives, and other institutions for the reproduction of their holdings. 
Many individuals have secured equipment and microphotographed 
extensive files. The greatest difficulty to date has not been to secure 
material on microfilm but rather to obtain adequate utilization equip- 
ment. In sponsoring the development of a simple, inexpensive mi- 
crofilm reader, the Committee on Scientific Aids to Learning has 
considered solely the requirements of the individual. Excellent equip- 
ment developed primarily for commercial and library use is already 
available on the market. In most cases, it is entirely satisfactory 
(except for price) for individual use. The Students Microfilm Reader 
is not intended to compete with any existing reader equipment. It 
was developed specifically to permit the individual scholar or scientist 
to utilize in his own stud} or laboratory microphotographic copies 
which he may have made personally or procured from one of the 


existing sources of supply. 
e G. B. PRICE 


THE OCTOBER MEETING IN NEW YORK 


The three hundred seventy-second meeting of the American Mathe- 
matical Society was held at Columbia University on Saturday,’ 
October 26, 1940. The attendance included the following one hundred 
sixty-eight members of the Society: 


Leon Alaoglu, C. B. Allendoerfer, Warren Ambrose, R. G. Archibald, K. J. Arrow, 
M. F. Becker, E. E. Betz, Gertrude Blanch, R. P. Boas, H. F. Bohnenblust, W. M. 
Bond, Samuel Borofsky, D. G. Bourgin, C. B. Boyer, A. T. Brauer, H. C. Brodie, 
A. A. F. Brown, A. B. Brown, Jewell H. Bushey, J. H. Bushey, S. S. Cairns, W. D. 
Cairns, J. W. Calkin, A. D. Campbell, E. W. Cannon, Achille Capecelatro, J. A. 
Clarkson, T. F. Cope, Byron Cosby, Richard Courant, H. B. Curry, M. D. Darkow, 
Norman Davids, M. R. Demers, C. H. Dix, Jesse Douglas, J. E. Eaton, M. L. Elve- 
back, H. T. Engstrom, Paul Erdis, C. J. Everett, G. M. Ewing, J. M. Feld, Aaron 
Fialkow, E. J. Finan, G. E. Forsythe, R. M. Foster, J. S. Frame, K. O. Friedrichs, 
Orrin Frink, T. C. Fry, G. N. Garrison, H. P. Geiringer, B. P. Gill, J. W. Givens, Saul 
Gorn, S. L. Greitzer, H. M. Griffin, D. W. Hall, F. C. Hall, N. A. Hall, Hans-Karl 
Hammer, D. C. Harkin, Philip Hartman, M. H. Heins, Edward Helly, J. G. Herriot, 
E. H. C. Hildebrandt, Einar Hille, Banesh Hoffmann, Lulu Hofmann, T. R. Hollcroft, 
E. A. Hoy, R. Y. Hoy, E. M. Hull, Seymour Jablon, R. L. Jeffrey, S. A. Joffe, R. A. 
Johnson, Edward Kasner, L. S. Kennison, J. R. Kline, R. F. Koch, B. O. Koopman, 
Arthur Korn, A. W. Landers, M. K. Landers, Solomon Lefschetz, C. A. Lester, 
Howard Levi, Madeline Levin, Marie Litzinger, L. H. Loomis, E. R. Lorch, A. N. 
Lowan, Brockway McMillan, C. C. MacDuffee, H. F. MacNeish, Dorothy Maharam, 
P. T. Maker, A. J. Maria, D. H. Maria, Walther Mayer, A. E. Meder, H. L. Mintzer, 
Don Mittleman, E. C. Molina, Deane Montgomery, Marston Morse, Z. I. Mosesson, 
C. A. Nelson, Philip Newman, Oystein Ore, J. C. Oxtoby, Gordon Pall, W. F. Penney, 
B. J. Pettis, E. L. Post, Walter Prenowitz, C. J. Rees, M. S. Rees, H. J. Riblet, 
R. G. D. Richardson, J. F. Ritt, I. F. Ritter, H. E. Robbins, S. L. Robinson, Ben- 
jamin Rosenbaum, J. E. Rosenthal, Arthur Sard, Abraham Schwartz, I. E. Segal, 
Hyman Serbin, Stephan Serghiesco, L. W. Sheridan, Seymour Sherman, Max Shiff- 
man, James Singer, Abraham Sinkov, L. L. Smail, P. A. Smith, Abraham Spitzbart, 
Wolfgang Sternberg, C. N. Stokes, M. H. Stone, W. C. Strodt, Alvin Sugar, M. M. 
Sullivan, W. G. Swope, J. D. Tamarkin, J. M. Thomas, Arthur Tilley, E. W. Titt, C. 
B. Tompkins, W. J. Trjitzinsky, J. W. Tukey, Annita Tuller, G. C. Webber, Louis 
Weisner, M. E. Wells, William Wernick, A. P. Wheeler, O. L. Wheeler, A. L. White- 
man, H. P. Wirth, Jack Wolfe, Leo Zippin, Antoni Zygmund. 


'The meeting opened Saturday morning with two sessions: Analysis, 
Professors Einar Hille and J. R. Kline presiding; and Algebra and 
Geometry, Professor S. S. Cairns presiding. At the afternoon session, 
at which Vice President T. C. Fry presided, Professor H. B. Curry 
gave an address entitled Some aspects of the problem of mathematical 
rigor. ; 

Titles and cross references to the abstracts of the papers read follow 
below. Papers whose abstract nurfibers are followed by the letter ¢ 
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were read by title. The papers numbered 1 to 8 were read before the 
section for Analysis; those numbered 9 to 13 before the section for 
Algebra and Geometry: and those numbered 14 to 21 were read by 
title. 

1. G. E. Forsythe: On Riesz summability methods of order r, for 
R(r) <0. Preliminary report. (Abstract 46-11-488.) 

2. Jenny E. Rosenthal: Generating functions and properties of cer- 
tain orthogonal polynomials. II. (Abstract 46-11-501.) 

3. I. E. Segal: The space of Besicovitch almost periodic functions. 
(Abstract 46-11-505.) 

4. A. B. Brown: On the number of independent parameters. (Ab- 
stract 46-11-485.) 

5. P. T. Maker: A topological characterization of monotone functions. 
Preliminary report. (Abstract 46-11-496.) 

6. E. R. Lorch: The integral representation of weakly almost-periodic 
transformations in reflexive vector spaces. (Abstract 46-7-361.) 

7. Einar Hille: A class of differential operators of infinite order. II. 
(Abstract 47-1-31.) 

8. L. H. Loomis: The decomposition of meromorphic functions into 
rattonal functions of univalent functions. (Abstract 46-11-495.) 

9. Saul Gorn: Homomorphisms and modular functionals. (Abstract 
46-11-489.) 

10. N. A. Hall: The solution of the quadrinomial equation in infinite 
series by the method. of iteration. (Abstract 46-11-490.) 

11. A. T. Brauer: On a problem of partitions. (Abstract 46-11-484.) 

12. Aaron Fialkow: The conformal theory of a hypersurface. (Ab- 
stract 46-11-487.) 

13. William Wernick: Distributive properties of set operators. (Ab- 
stract 46-11-506.) : 

14. R. S. Martin: Minimal positive harmonic functions. (Abstract 
47-1-37-t.) 

15. Francisco Perez: A generalization of the theory of invariant 
factors and similar matrices. (Abstract 46-11-498-1.) 

16. L. B. Robinson: A functional equation with negative exponent. 
(Abstract 46-11-500-4.) 

17. L. B. Robinson: A functional equation with a singular line. 
(Abstract 46-11-499-t.) 

18. Peter Scherk: On real closed curves of the order n+1 in the pro- 
jective n-space. Preliminary report. (Abstract 46-11-502-t. ) 

19. H. S. Wall: Real power series bountled in the unit circle. (Ab- 
stract 46-9-440-t.) . 
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20. William Wernick: Functional dependence in the calculus of 
propositions. (Abstract 46-11-507-1.) 

21. Hassler Whitney: The mappings of a 3-complex into a space 
with vanishing fundamental group. (Abstract 46-11-508-/.) 


T. R. HOLLCROFT, 
Associate Secretary 





THE NOVEMBER MEETING IN DETROIT 


The three hundred seventy-third meeting of the American Mathe- 
matical Society was held at Wayne University, Detroit, Michigan, 
on Friday and Saturday, November 22-23, 1940. Ninety-five persons 
registered including the following sixty-nine members of the Society: 

Max Astrachan, J. V. Atanasoff, W. L. Ayres, I. A. Barnett, E. F. Beckenbach’ 
R. A. Beth, W. M. Borgman, H. K. Brown, R. S. Burington, R. V. Churchill, C. J 
Coe, A. H. Copeland, Max Coral, C. C. Craig, J. M. Dobbie, M. J. Dunford, Ben 
Dushnik, W. D. Duthie, P. S. Dwyer, Samuel Eilenberg, A. G. Fleiger, K. W. Folley, 
. Morris Friedman, H. H. Goldstine, V. G. Grove, O. G. Harrold, B. A. Hausmann, 
G. E. Hay, E. D. Hellinger, T. H. Hildebrandt, J. D. Hill, C. C. Hurd, F. B. Jones, 
Samuel Kaplan, Wilfred Kaplan, D. K. Kazarinoff, J. L. Kelley, E. D. McCarthy, 
A. V. Martin, D. D. Miller, E. W. Miller, D. C. Morrow, S. B. Myers, A. L. Nelson, 
C. J. Nesbitt, J. W. Odle, E. W. Paxson, E. C. Pixley, V. C. Poor, J. E. Powell, G. Y. 
Rainich, E. D. Rainville, C. E. Rickart, Arthur Rosenthal, J. B. Rosser, W. T. Scott, 
H. A. Simmons, B. M. Stewart, Otto Szász, Leonard Tornheim, A. W. Tucker, 
W. A. Vezeau, H. $. Wall, I. T. Weinberg, E. T. Welmers, K. P. Williams, L. A. 
Wolf, M. C. Wolf, J. W Zimmer. 


The meeting opened Friday afternoon with a session for short 
papers, followed by an address by Professor J. B. Rosser of Cornell 
University entitled Many-valued logics. On Saturday morning Pro- 
fessor H. S. Wall of Northwestern University delivered an address 
under the title Some recent developments in the theory of continued 
fractions, and the mæting closed with a second session for short 
papers. Professor A. L. Nelson presided pn Friday afternoon and 
Professor K. P. Williams on Saturday morning. 

On Friday evening a dinner was held at the Belcrest Hotel with 
sixty-six persons attending. Professor A. L. Nelson presided at the 
dinner and Dean W. W. Whitéhouse of Wayne University welcomed 
the Society in behalf of the institution. At the Saturday session Pro- 
fessor E. F. Beckenbach presented a resolution of appreciation to 
Wayne University and ite Department of Mathematics for their 
hospitality. . ° 
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The titles of papers read at this meeting follow, papers 1-6 being 
read Friday afternoon and 7-10 Saturday morning. Papers 11-13, 
whose abstract numbers are followed by the letter £, were read by 
title. Paper 2 was read by Professor Miller, 3 by Professor Wall, 4 by 
Dr. Scott. 

1. K. W. Folley: A property of a simply ordered set. (Abstract 
47-1-23.) 

2. Ben Dushnik and E. W. Miller: On the dimension of a partial 
order. (Abstract 47-1-89.) 

3. W. T. Scott and H. S. Wall: Linear manifolds of Hausdorff 
means. (Abstract 46-11-504.) " 

4. W. T. Scott and H. S. Wall: A geometrical method in the theory 
of continued fractions. (Abstract 46-11-503.) 

5. G. Y. Rainich: Postulates for fields. Preliminary report. (Ab- 
stract 47-1-7.) 

6. A. W. Tucker: Barycentric mappings. (Abstract 47-1-110.) 

7. F. B. Jones: Totally discontinuous linear functions whose graphs 
are connected. (Abstract 47-1-93.) 

8. J. W. Odle: Non-separating and non-alternating transformations 
modulo a family of sets. (Abstract 47-1-102.) 

9. Samuel Eilenberg: Linear measure and convexity. (Abstract 47- 
1-22.) 

10. H. A. Simmons: Maximum numbers associated with a symmetric 
Diophantine equation in n reciprocals. (Abstract 47-1-86.) 

11. A. N. Milgram: Extensible and inextensible decompositions. Pre- 
liminary report. (Abstract 47-1-96-1.) 

12. M. M. Day: Reflexive Banach spaces which cannot be made uni- 
formly convex. (Abstract 46-9-396-1.) 

13. M. M. Day: Some more uniformly convex spaces. (Abstract 
46-11-486-1.) 

W. L. AYRES, 
, Associate Secretary 


BOOK REVIEWS 


Advances and Applications of Mathematical Biology. By N. Rashev- 
sky. Chicago, University Press, 1940. 18+-214 pp. $2.00. 


As the title indicates, the book under discussion deals with the 
more recent progress made by Rashevsky and his group in the sys- 
tematization of what they have termed physico-mathematical biol- 
ogy. The problems with which the author is primarily concerned are 
those already delineated in his fundamental work published about 
two years ago, viz.: (a) cellular metabolism and growth, (b) conduc- 
tion of nerve impulses and (c) neuropsychological reactions: In the 
present volume one finds that the analytical method first employed - 
has been somewhat simplified and additional examples are given of 
the agreement between actual observations and some of the conclu- 
sions derived from mathematical reasoning. In the case of cellular 
diffusion, for example, the author has succeeded in developing formu- 
lations which are not restricted by the postulate that the cells are 
spherical. The elimination of this restriction obviously opens the way 
to a more general application of the author's rationalizations. Thus, 
he is enabled to outline with greater precision his concepts regarding 
the effects of diffusion forces on cell division. 

This and the preceding book will probably interest the mathe- 
matician mainly because they reveal the kinds of important and vital 
problems that can be tackled with rather simple analytical tools. The 
biologist will undoubtedly be stimulated by the fresh ideas emerging 
from some of the mathematical developments, even though the un- 
verifiable nature of some of the postulates will for the present hinder 
the experimental or observational evaluation of all the deductions 
that can be reached. 

ANTONIO Crocco 


Sur les Valeurs Exceptionnelles des Fonctions Méromorphes et de Leurs 
Dérivées. By Georges Valiron. (Actualités Scientifiques et Indus- 
trielles, no. 570.) Paris, Hermann, 1937. 55 pp. 


One of the outstanding methods of the present century in the 
theory of functions of a complex variable is that of normal families 
of functions, a method which has well known applications to the study 
of convergence of sequences of analytic functions, the distribution of 
functional values of functions analytic or meromorphic in a circle 
or in the entire finite pldne, conformal mapping, the theorems of 
Picard, Landau, Schottky, ‘and so on. Each new condition for normal- 
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ity of a sequence of functiens has yielded new information on one or 
more of these topics. 

At least two decades ago, Montel conjectured that a family of 
functions f(g) analytic in a region is normal there provided f(z) fails 
' to assume: the value zero and f'(s) fails to assume the value unity. 
This conjecture was discussed at least orally by many mathemati- 
cians, and was finally proved in 1935 by Miranda. Miranda had been 
preceded by Bureau, who obtained some related theorems by the use 
of the Nevanlinna theory of meromorphic functions but who did 
not establish Montel's conjecture. Miranda's work was based also on 
the Nevanlinna theory and on Bureau's results. Valiron subsequently 
introduced the direct methods that he had previously employed in the 
study of the theorems of Picard and Borel to obtain wide generaliza- 
tions of Miranda's theorem. 

The fascicle before us is devoted to a systematic exposition of this 
body of material, together with many new generalizations and com- 
plements. There are close connections with the theorems of Picard, 
Landau, Schottky, and Bloch. The proofs are far more than pure 
existence proofs, for they involve specific inequalities of a numerical 
nature on the modulus of the functions f(z). 

The treatment is clear, pleasing, suggestive—an admirable exposi- 
tion of a field of current interest and importance. May there soon be 
made in this country systematic provision for the encouragement of 
the writing of similar essays and for their publication! 

J. L. WALSH 


Complex Variable and Operational Calculus with Technical Applica- 
tions. By N. W. McLachlan. Cambridge, University Press, 1939. 
11+355 pp. $6.50. 


Since the time of Heaviside several books on operational calculus 
have appeared on the market. The majority of them deal almost ex- 
clusively with the electrical applications. This is due, no doubt, to 
its origin in the pioneer work of Heaviside. With very few exceptions 
these books treat the subjett in a formal and heuristic manner leav- 
ing much to be desired from the standpoint of mathematical rigor. 
Several mathematicians have helped to place the subject on a more 
substantial basis and thereby extend its usefulness. The author has 
based his treatment of the subject on the Laplace transform and 
the Mellin inversion theorem in line with modern developments. 
Except in a few places a sufficient degree of rigor has been main- 
tained throughout the book to meet the heeds of the engineer and 
applied mathematician. . 
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The book is divided into three parts arfd an appendix. Part I is 
a treatment of sections of complex variable theory with a view to 
applications. The second part deals with the operational calculus. In 
the third part we find the applications to many types of problems 
encountered in practice. This is followed by an appendix dealing with f 
some theoretical questions and an extensive bibliography. 

The first chapter plunges the reader into the theory of complex 
variables. No time is wasted before the introduction of singular 
points. An essential singularity is defined as a pole of infinite order 
which is rather loose. The principal part of the Laurent expansion 
' provides a clear as well as a rigorous definition of the singularities of 
a single valued function, but this is postponed until the second 
' chapter. This is an example where suggestive language does not lead 
to clarity but where rigor does not imply a lack of vigor. A few slight 
lapses like this one mar an otherwise admirable presentation. Branch 
points receive a very good treatment from the point of view of their 
use in the applications. The Cauchy-Riemann test for analyticity is 
completely left out. No doubt, all the functions arising in applications 
are analytic, but the reader ought to be provided with this important 
criterion. Integration is taken up in the second chapter. Cauchy's 
theorem is stated without proof. The Cauchy integral formula, 
Taylor's theorem and the Laurent expansion round out the chapter. 
Integrals indefinitely close together and infinitesimal gaps in the 
contours provide another example of loose but suggestive language. 

A very thorough but not always rigorous treatment of the calculus 
of residues and contour integration around branch points is given in 
chapter three. This leads up to the treatment of the Bromwich- 
Wagner integral in the next chapter. By the use of Jordan’s lemma 
and deformation of the contour several important cases of the Brom- 
wich integral receive a clear and thorough treatment. The author 
closes the fourth chapter with some very neat methods to obtain 
approximate values qf integrals needed in the sequel. 

Three of the most useful functions are the Gamma, Bessel, and 
Error functions. In the sixth chapter an ddequate treatment of these 
functions is provided as well as a discussion of asymptotic expan- 
sions and analytic continuation. When branch points occur the treat- 
ment of the Bromwich integral is very fussy and the author has 
treated it with some care. À short chapter on differentiation under 
the integral sign and other iterated limit problems closes the first part 
of the book. , l 

Part II introduces the operatiqnal calculus on the basis of the 
p-multiplied form of the Laplace transform and Mellin inversion 
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theorem. The conditions uhder which the inversion is possible are nar- 
row but suitable enough for the purpose at hand. The proof is rele- 
gated to the appendix. The term “operational form” is used instead 
of the more customary word “transform.” Although the operational 
' forms of the derivatives of functions with arbitrary initial conditions 
are derived, very little use is made of them except in the case where 
the function and all its derivatives vanish when £ is zero. The shift 
operator is neatly applied to obtain Fourier expansions in special 
cases. A treatment of ordinary differential equations with constant 
coefficients, Heaviside's unit function, and impulses closes the second 
part. 

The technical problems treated in the third part are too numerous 
to mention. A feature here is the thorough treatment of several prob- ' 
lems with the attainment of numerical results. This is after all the 
final aim of the technologist. The problems involving partial differ- 
ential equations are not as clearly stated as those connected with 
ordinary derivatives. 

A final criticism of omission must be made. The central theorem 
known as the “faltung” or convolution theorem is not even treated as 
a step-child. This theorem is known to the engineer as Borel's 
theorem. Under this name it receives only passing attention. The 
publication of this book is a step in the right direction and the author 
is to be congratulated for having written a book which will be very 
valuable to the mathematical technologist. 

SAMUEL SASLAW 


Théorie Mathématique du Bridge à la Portée de Tous. By Emile Borel 
and André Chéron. Paris, Gauthier-Villars,1940.17 +392 pp. Fr.175. 


Here is a detailed study of shuffling, card distributions, the finesse, 
and other points of the game of bridge by an eminent mathematician 
and an authority on bridge. A survey of the context naturally enough 
begins with their initial discussion of the shuffling of the deck. 

Shuffling of type A is that. generally used in which the deck is 
separated into two approximately equal parts and then dove-tailed 
together in small alternating packets. Let a sequence be defined as 
two adjacent cards in an initial ordere If the average number of se- 
quences in the deck broken by one operation of A is S and N is the 
number of such operations, then NS greater than 150 will result in a 
well shuffled deck. Another test of the adequacy of shuffling is the 
fact that the mean number of unigolor sequences (two adjacent cards 
of the same color) is 12. Shuffling of type B: A packet of a4 cards is 
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taken off the top of the deck. Then a; more«are placed on top of the 
tı, Gg more at the bottom, etc. In terms of breaking up sequences, 
both methods can give satisfactory results, but B more slowly than A. 

The authors’ conclusion in this first chapter on card shuffling is that 
elementary shuffling of a deck of cards in the time allotted while 
another person deals the second deck, produces effectively a random 
placement of the individual card. It is to be noted that far short of 
this produces random composition of the four hands, i.e., a random 
residual of the ordinal position of a card modulo 4. In fact, it is ob- 
served by the authors that simply gathering up the tricks at the end 
of play in a jumbling fashion vitiates the most grave consequences of 
the absence of shuffling. 

They present an interesting method of calculating the probability 
of a certain side (côté) having a given 26 cards (p. 56) and this is 
extended (p. 62 ff.) to calculating the probability of the four hands 
being of specified compositions. The method uses a small table of 
values constructed for the purpose and the probability of a single 
combination such as the 4333, 3433, 3343, 3334 distribution at speci- 
fied positions. This is called the “method of coefficients.” Chapters 
one and two deal with the a priori probabilities and mathematical 
expectations of the hands and sides. Seventeen tables are included 
in this part. A sample table is 24 which gives for specified numbers of 
cards of a suit in a hand the probability that a blank suit, blank suit 
or singleton, blank suit or singleton or doubleton are present in at 
least one of the adversaries' hands. The authors point out that some 
of the tables probably have results counter to the usual notions of 
what is believed by card players. A case in point is illustrated in 
Table 25 displaying the percentage frequency of non-occurrence of 
“accidents”— that is, blank suit or singleton. The accident is the rule 
for a side (two hands) rather than the exception. 

There is a study of the defensive value of hands against bids of the 
opposition. From a study of the tables on strengths of long-suited 
hands for offensive and ‘defensive games the conclusion is obtained 
that long-suited hands are very strong on th@ offense and very weak 
on the defense. On the other hand, the possessor of high cards with- 
out a long suit is better on the defensive. Chapter 3 also includes 
many illustrative situations showing how many tricks on an average 
the first lead (entame) from a suit such as KQ7xxx will lose the lead- 
ing side. 

It is emphasized that the abnormal distribution of one suit, for 
- example, a hand with 9 spades, has no effect in giving an expectation 
of a consequent abnormal distribution of one of the other suits (p. 
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159). On the other hand, the “law of attraction” between long and 
short suits and its converse the “law of repulsion” between longs (and 
shorts) are real aids in, say, locating a given card in two hidden hands. 
Thus if west has indicated a long suit in diamonds and five spades 
including a queen are in the two hidden hands, east will have on the 
average a longer suit in spades than west and consequently the queen 
of spades more often than west. Exact probabilities of such situations 
are given in Tables 72 to 101. 

Many of the tables of the book are followed with brief summarizing 
statements which reduce their implications to a working “rule of 
thumb.” For instance the summary of one table (111 bis) reads: “The 
bidder ought to run a practically unlimited risk (in number of tricks 
set—with probability of success equal to 4) in order to try to make 
a bid of game or slam—with the two following exceptions. If it is a 
question of a game bid redoubled, or of a game bid doubled when 
the bidder alone is vulnerable, the failure ought never to exceed three 
tricks.” There is considerable discussion of the conditions under which 
to choose the safe or risky line of play based on the mathematical 
expectation of the two methods. The question of whether or not to 
double and redouble is similarly taken up. 

The notes comprising the last 128 pages discuss with more refine- 
ment some of the questions raised in the book proper. Note 1 con- 
siders the theoretical displacements of points in a line segment by 
random interchange of randomly chosen segmentations of the line. 
This is then compared to the similar but discontinuous case of shuf- 
fling cards. The observation is made that the displacements (i.e., 
shuffling) are in actuality better than that of the idealized cases 
studied. For one thing, instead of an independent sequence of “ele- 
mentary operations"—choosing two random points and interchanging 
the three segments—in shuffling a deck of cards by the usual method 
of half the deck in each hand, the two points are replaced by many 
points. There is a consequent diminishing of the number of sub-seg- 
ments (cards) not displaced, for the same total number of division 
points used. bs 

Note 2 goes into a detailed study of the method used in enumerat- 
ing the permutations of a given set of four partitions of 13. Thus the 
four hands might be AAAB where A is the hand (3334) and B is 
(4441). From these values are obtained the total probability of a 
given designated deal. Perhaps the most interesting idea to the reader 
familiar with probability concepts is that of *virtual" probability dis- 
cussed in Note 3. For the case of dependent probabilities the product 
rule holds for virtual probabilities of the separate events, ag it holds 
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. for real probabilities of independent events. The specific situation is: 
Consider N objects of K types so that N=Ai+As+--: +Ax. 
Choose by chance n of them. The probability that the composition of 
n iS Q1, da, ^ c + , Gk. OÍ the K types is given by 


P = fifa Sek 6 Pk 
where À 


pi = Ch / (CR). 


piis the “virtual” probability that a; of the A; objects will be selected. 
This idea is applied to the selection of bridge hands and is the means 
of easily calculating through tables (114, 115) the real probability of 
one or more hands being of specified composition. 

Note 4 gives a short discussion on the theory of finesse and on the 
“squeeze” play, with the observation that actual play generally 
amounts to choices between the advantages and disadvantages of the 
finesse and the squeeze play for the hands under consideration. A 
lengthy discussion with illustrations on the variation of probabilities 
in the course of play is the province of Note 6. The new probabilities 
are of course obtained by the use of Bayes’ theorem. From the bid- 
ding and one or two rounds of play, certain restrictions can be de- 
duced on the distribution of residue of a given suit. For purposes of 
finesse, the probabilities pertaining to positions of certain high cards 
must then be revalued as just indicated. 

One of the most interesting tables is 129 which lists in order of 
decreasing frequency the distribution possibilities of the two hidden 
hands after the dummy has been displayed. The order is arrived at by 
a method explained in Note 7 as the “complement to the method of 
coefficients” mentioned previously. Some common errors of reasoning 
due mostly to misapplications or non-applications of Bayes’ formula 
are elucidated in Note 8. The use of “psychological” probabilities for 
complete use of the formula is also given here. The final note of the 
book deals at length with a problem of finesse which again involves 
psychological probabilities, i.e., how the igdividual player reacts to 
given situations. (e.g., can he be depended upon to cover the queen 
with the king of the suit, or to play the lowest card when following 
suit with a weak card), as well as information obtained from the cards 
already played. . 

It may be said that the book is written with the logically minded 
. rather than the mathematically equipped person continually in view. 
The 134 tables involve a ‘prodigious amount of computation: The 
fact that the calculating machine &ith automatic retransmission of 
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the product for a second multiplication was used instead of factorial 
and logarithm approximations, and that all probabilities were com- 
puted in at least two different ways, leads the authors to make highly 
confident statements as to the accuracy of the figures. * 

The reviewer's reaction to a first reading of this work was mainly a 
sense of increased appreciation of the fundamentals and potentialities 
of the game—much as one gets from a study of a good chess book. 
Further study of some of the vital points would undoubtedly save 
many a trick and generally improve the game of most of us. 


JOSEPH A. GREENWOOD 


Iniroduzione al Pensiero Matematico. By Friedrich Waismann. Trans- 
lated by Ludovico Geymonat. (Biblioteca di Cultura Scientifica, 
vol. 111.) Torino, Einaudi, 1939. 325 pp. Lire 20. 


. This book, originally published in German (Vienna, 1936) and now 
translated into Italian, is a popular exposition of the fundamental 
concepts and views underlying modern mathematics. Special atten- 
tion is paid to those sides of present day mathematics which may seem 
to involve *philosophical" problems, and a manifold of philosophical 
suggestions are advanced, mostly credited to an unpublished manu- 
script by Wittgenstein. The expository part of the book combines, 
toʻa rare degree, accuracy and comprehensibility. 

After having traced in outline the historical growth of our present 
numbers system, the author envisages the question, often raised by 
philosophers: “How can the postulation of ‘new’ numbers be justi- 
fied? Do there ‘exist,’ e.g., any irrational and complex numbers?” It 
is shown that these questions are equivalent to the questions whether 
the enlarged mathematical calculus is consistent, and whether it can 
be given an interpretation. The answer by a reference to geometrical 
facts is rejected as unsatisfactory, since proof of the consistency of 
geometry will depend on the assumption that our number system is 
consistent. The problem of the existence of thé non-natural numbers 
—as far as it can be separ&ted from the consistency problem—is now 
solved by giving the well known construction of them on the basis of 
the natural numbers. Following Skolem, the author then shows how 
elementary arithmetic can be strictly developed on the minimum 
basis of three undefined notions (natural number, successor, identity) 
and one inductive definition (of addition) by using the method of com- 
plete induction. The present situation of the “Grundlagenforschung” 
is reviewed, mention being made of theorems by Gódel and Skolem. 

The “philosophical” ideas, expressed if the book, are unfortugately 
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presented in such a condensed form that iteis difficult to judge their 
- significance. I will here make a few critical comments, which should 
in no way obscure the high value of the book as an elementary exposi- 
tion of the foundations of modern mathematics. 

Throughout, the author stresses the important distinction be- 
tween mathematics as a symbolic calculus and the various possible 
interpretations of this calculus. A strict observation of this distinc- 
tion, however, should have led to more careful statements at a few 
points. When talking “philosophically” about what, for example, the 
natural numbers are, our statements must always be referred to some 
particular interpretation of arithmetic. But, in Chapters IV and V, it 
is said unconditionally that natural numbers, integers, and rational 
numbers are of three different logical types. This contention is, of 
course, true if we presuppose—as is done in the present book—the 
modern construction of integers and rational numbers. No reasons, 
however, have been given why there should not exist interpretations 
of another kind, and perhaps one which at once would give the natural 
numbers their usual meaning and make natural numbers, integers, 
and rational numbers all belong to the same logical type. 

In Chapter VIII, the method of mathematical induction is dis- 
cussed and a philosophical interpretation, due to Wittgenstein, is pre- 
sented. This interpretation may be summarized thus. The sentence 
“Every (natural number) a has (the property) P,” means, “1 has P, 
and if b has P, then b+1 has P." Following Skolem the author has not 
made use of the operators “for every x” and “for some x” in his de- 
velopment of elementary arithmetic. What he wants to interpret 
must, therefore, be the meaning of a statement, “a has P,” where gen- 
erality is expressed by the free variable a. The circularity of his 
explanation is then obvious. The positivistic principle of verification 
is invoked as a substantiation. This principle, as applied by the author 
to mathematics, could, I think, be formulated somewhat like this: 
“The meaning of a theorem is identical with (the meaning of) the 
conjunction of those theorems which constitute the proof of p.” This 
principle is open to a number of more or less ®bvious objections. If the 
' words within parentheses in the above formulation are omitted, then 
it boils down to a purely syntactical definition which does not have 
anything to do with “meaning” in an interpretative sense. Whether 
the author would let them stand or not, cannot, however, be gathered 
from his presentation. But further: The principle leads to the conse- 
quence that only provable sentences have meaning, a consequence 
which seems absurd if “meaning” is taken in the interpretative sense. 
And what is “the proof” of a*mathematical theorem? From the prin- 
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ciple of verification, by the way, several other conclusions are drawn. 
One of them is the Brouwerian contention that the negation of a 
- universal sentence is not equivalent to an existential sentence. This 
conclusion is clearly possible only if we are already arguing on the 
basis of an axiomatization of mathematics in accordance with 
Brouwer's view! 

In Chapter IX: B the Frege-Russell interpretation of natural num- 
bers is criticized. The discussion is centered around their well known 
definition of the phrase “the number of elements in the two sets A and 
B is the same” as meaning “there is a one-one relation of which A is 
the domain and B the converse domain” (“A”). The chief objections 
made against this definition are: (1) According to the definition, the 
number of elements in two sets A and B must either be the same or 
not be the same, whereas in reality there are sets A and B such that 
neither the sentence “A and B have the same number of elements” 
(“B”) nor its verbal negation (“C”) is true, if we take this sentence 
with its accepted meaning. A contention like this, of course, cannot 
be conclusively proved or refuted. But the alleged instance of two 
such sets, mentioned by the author (p. 156), does not seem convinc- 
ing. The argument is essentially dependent on the obscure principle 
of verification, here applied to empirical sentences. However, even 
if the contention were true, it is still not clear in what way it would 
be an objection to the Frege-Russell analysis. The contention seems 
to allow two different interpretations: (i) By C, the verbal negation 
of B, we ordinarily understand the logical negation of B; but the 
law of the excluded middle is not universally valid. (ii) When B and 
C, as ordinarily used, are meaningful, then C is the logical negation 
of B; but in the case at hand—by force of the principle of verification 
—they are both deprived of meaning, and therefore the law of the 
excluded middle is not relevant. If (i) covers the author's intentions 
—vwhy could not A, too, be a sentence for which the law of the ex- 
cluded middle does not hold? If (ii) is meant—why could not the 
principle of verification sometimes make A and non-A meaningless, 
too? (2) Two sets, A and B might have the same number of elements 
—the phrase being taken in its usual meaning—in spite of the fact 
that no one-one relation held between them; the occurrence of such 
a relation is an accidental empiricab fact. Here the term “relation” 
has obviously been taken in a restricted sense as synonymous with 
“physical relation," a sense not intended by the Frege-Russell theory. 
(The question has been discussed by Ramsey in his Foundations of 
Mathematics.) A 

In a concluding chapter (to be compåred with Chapter IX :,C), the 
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philosophical standpoint of the book is restated. In opposition to the 
view that the rules governing the use of a sign follow from the mean- 
ing of the sign, it is asserted that the sign obtains its meaning just : 
through the rules. The rules the author has in mind seem to be of the 
following kinds: (1) the syntactical rules of the mathematical calculus 
"within which the sign occurs; (2) the rules for translating the mathe- 
matical formulae into our everyday language (e.g., “two plus two 
make four” is a translation of “2+2=4”); (3) the rules for integrat- 
ing the mathematical calculus into everyday language (e.g., from 
“2+2=4” we may deduce “two apples plus two apples make four 
apples"). Given these rules, the meaning of “1,” “2,” and so on is 
determined. To that extent, the author's contention that “the rules 
give meaning to the signs" is obviously true. The words “one,” 
*two," and so on are, in their everyday usage, endowed with a certain 
meaning, and by the rules, belonging to category (2), this meaning is 
transferred to “1,” "2," and so on. But, on the other hand, if we let 
«1,» «2? ... mean what is ordinarily meant by “one,” “two,” ---, 
then we cannot arbitrarily change the rules of categories (1) and (3) 
and still obtain true mathematical formulae and valid deductions. 
So far, the view which the author rejects seems to be a common- 
place. Possibly, the author would add to the above list of rules a 
fourth category: rules for deciding when empirical numerical sen- 
tences are true. Through these rules, he would say, words like “one,” 
“two” get their meaning, and thus, ultimately, rules of usage con- 
stitute the meaning of mathematical terms. But—can we give any 
rule for the use of the term “two” that is not of the following type: 
“If and only if the kind A has the property P then the sentence 
"There are two A’s’ is true”? If, as it seems to be, we cannot, then we 
have reduced the meaning of “two” to the meaning of ^P" which latter 
meaning we have not explained in terms of any rules of usage. 

It might be worthwhile mentioning that the theory of natural num- 
bers, given in Chapter VIII, suffers from a somewhat subtle logistic 
fault. Letting his variables range over a domain of objects, called 
“natural numbers," the author takes the m@nadic successor function 
a+1 as his undefined concept besides the relation of identity. On this 
basis he gives the following “inductive” definition of the dyadic addi- 
tive function: a+ (b 2-1) =(a+b)+1. To be in the standard from, this 
definition should be completed by another equation: at+1=.--. 
The omission here suggests a confusion of the successor function a+1 
(argument a) with the additive function a+1 (arguments a and 1). 

ANDERS WEDBERG 
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Reelle Funktionen, Part el. By C. Carathéodory. Leipzig, Teubner, 
1939. 64-182 pages. RM 11.20. 


This volume is Part I of a projected three volume treatise on real 
functions to be distributed under the following titles: Part I, Num- 
bers, Point Sets, Functions; Part II, Theory of Measure and The 
Integral; Part III, as yet without a title, but presumed to treat of 
derivatives and applications. 

These volumes will replace the author's one volume, Vorlesungen 
Über Reelle Funktionen, first completed in 1917 and later reissued 
in 1927 with slight changes. It will be recalled that this earlier volume 
is written in the elegant axiomatic style for which the author is noted. 
Among its outstanding features are an abstract treatment of measure 
and a very full treatment of Lebesque integration. 

This volume preserves much of the material in the first 230 pages 
of the older treatise. A considerable rearrangement of material has 
been made which adds to the attractiveness of the book. But examples 
are given only when required to show the necessity for the conditions 
governing certain theorems. The reviewers believe that the addition 
of illustrative examples would have been appreciated by many 
readers. 

Some of the essential changes and additions will be taken up by 
chapters. 

Chapter I—Real Numbers. Denumerabilityand non-denumerability 
treated in Chapter II of the older treatise here follows an axiomatic 
introduction to real numbers. 

Chapter II—The Limit Notion. A discussion of Cantor's diagonal 
process is added to the older chapter on limits. 

Chapter III—Point Sets in Euclidian Space. The treatment of open 
and closed sets also involves an iteration process of forming closures 
and interiors. An application is made to boundary theory. 

Chapter IV—Normal Covering Sequences and the Theory of Con- 
nectedness. A new feature is the treatmegt of connectedness of 
arbitrary sets. 

Chapter V—Functions. No essential change over the older volume 
save for omission of a discussion of functions of bounded variation 
(deferred to Part II) and the inclusion of a section on continuous 
monotonic functions in which is inttoduced a transformation func- 
tion ] 


ity+|y| 


2(1+|y]) 


x = My) = 
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which sends the y-interval (— ©, œ) imto the x-interval (0, 1). 
This preserves local limit properties and permits the extension of 
some theorems on positive bounded functions to more general func- 
tions. 

Chapter VI—The Distance Function and Applications. The chapter 
closes with Radó's proof of a theorem on the extension of closed do- 
mains of definition of functions. A different proof was given much 
later in the older volume. 

Chapter VII—Sequences of Functions. This chapter contains per- 
haps the most interesting addition to the corresponding material of 
the older volume; namely, continuous convergence and normal func- 
tion families. The theory of continuous convergence is developed in 
an elegant manner. However, the author might have pointed out the 
close connection existing between this theory and ordinary continuity 
of functions. By the simple device of considering the subscript & of 
the sequence f,(P) as another coordinate in our number space, con- 
tinuous convergence of the sequence becomes identical with the 
existence of a limit at the point (Po, œ) ofthe corresponding func- 
tion F(P, k) in the extended space. Thus, for example, Theorem V 
follows immediately when it is noted that the two conditions given 
there are equivalent to the requirement that the saltus of F(P, k) 
vanish at (Po, œ), while Theorem VII follows directly from the 
theorem: A function continuous on a bounded and closed set is uni- 
formly continuous on that set. 

The final section of the chapter, on normal families of functions, 
while brief, contains recent results on function sequences of great in- 
terest to the advanced student of analysis. 

Some readers will find it regrettable that the author retains in this 
modern work his limitation of the discussion to euclidean spaces, thus 
leaving out of account the far-reaching extension of real function 
theory to more general spaces made during the last thirty years; the 
more so, as much of the theory can be given in this general setting 
without in any way complicating the reasoning or lengthening the 
proofs. Bohnenblust's 1938 Princeton Not@s on Real Variables indi- 
cates the possibilities of such a treatment. 

Since this volume contains the more elementary material many 
readers will naturally be more interested in Parts II and III. The 
known high standards of the author are enough to insure the com- 
pleted work a prominent place in mathematical literature. 

J. W. Hurst 
H. M. SCHWARTZ 
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A History of Geometrical Methods. By J. L. Coolidge. Oxford, Claren- 
don Press, 1940. 18-+452 pp. $10.00. : 


Notwithstanding the rich literature on geometry, there has been 
. no comprehensive synopsis of the subject for a long time. The author 
has set himself the task of presenting in outline the development of 
geometry from the beginnings to the present, emphasizing in particu- 
lar the various methods employed, taking for a general model 
Chasles's A perque Historique, which first appeared in 1837. The field 
is so large that not all material could be considered; selections must 
be made, and no fixed criterion can be set down for eligibility. 

The book is divided into three parts: synthetic, algebraic, and dif- 
ferential. It is explicitly stated that topology is excluded from con- 
sideration. The first part covers 116 pages. It includes a sketchy sum- 
mary of practically everything preceding Descartes, all of synthetic ' 
projective geometry, non-euclidean geometry in the narrower classic 
sense, and a partial discussion of descriptive geometry ; axonometry is 
not mentioned, and the treatment of perspective is very brief. 
Pohlke's theorem is not mentioned. The substance of this part is 
largely considered as a completed edifice. 

"The second part, algebraic geometry, covers 200 pages. It is the 
field of most of the author's own creative activity; many topics are 
referred to his extensive writings for fuller discussion. After pointing 
out various usages of coordinates in earlier writings, the classic period 
of Fermat and Descartes is given in some detail, followed by a dis- 
cussion of abridged notation, change of space element and extension 
to higher dimensions. This in turn is followed by a short description 
of the Clebsch-Aronhold symbolic notation, minimal coordinates, of 
elliptic coordinates, pentaspherical coordinates, and other systems. 

Unusual care is devoted to the study of enumerative geometry, 
particularly to the Schroeter calculus. The opinion is suggested that 
this subject has provided more errors in the literature of the subject 
of algebraic geometry than any other. After aestormy and acrimoni- 
ous history, the principleg of the discipline are now fully established, 
but in order to apply them properly, the operator must know how to 
count. The closely allied theory of correspondence between points of 
associated algebraic loci is discussed from the same point of view. 

The chapter on birational geometry furnishes a good introduction 
to the geometry on algebraic curves and surfaces; rather more em- 
phasis is put on the transcendental treatment than the history of the 
literature of the subject warrants. The treatment of the uses of higher 
spaces is well written, but too brief toebe of maximum usefulness, 
except possibly the paragraph on quaternions. The chapter on trans- 
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formations begins with linear ones (both eollineations and correla- 
tions), then quadratic ones and the general Cremona transformation. 
In the plane, this is practically complete. Like synthetic geometry, 
this subject involves a number of indispensable tools, the use of which 
must be thoroughly mastered for further progress, without the hope of 
contributing much from this section that is new. On page 288 is the 
remark that Mlodziejowski computed the tables of plane Cremona 
transformations to order 21. Without debating the real merits of this 
work, the reviewer inclines to the opinion that the Naples disserta- 
tion (1909) of Marazzo should also be mentioned, as it provides the 
tables of orders up to 23. 

After a careful and correct discussion of Hudson's fundamental 
theorem that in space of more than two dimensions a theory of 
composition analogous to Noether's theorem for the plane does not 
exist, the author dismissed the theory in more dimensions with the 
implication that there isn't much there. In the sense of results, this 
is correct. The author ascribes this state of affairs to the greater diffi- 
culty and to the lack of general methods. What greater incentive is 
needed? During the last few years the question of the existence of 
irrational involutions of order two in three way space has been dis- 
cussed in over a hundred papers, and that of a possible new approach 
to the question of composition has a literature that is nearly as large. 
It is pointed out that the group concept will probably play an im- 
portant part in further advances along this line. 

The third and last part of the book, differential geometry, covers 
100 pages. After a brief glance at the early writers, including Euler 
and Monge, a detailed exposition of the methods of Cauchy follows, 
then the use of intrinsic methods and of movable axes. A full analysis 
of the work of Gauss is given; it plays an important part in much of 
the later metric differential geometry. Geodesic lines on a general 
surface are treated, followed by a summary of the essential property 
of minimum surfaces. A brief discussion of differentjal Val? of 
line congruences is then given. $ 254 

The chapter on projective differential “geometry 3528 the 
methods of Wilczynski, Fubini, Cartan, and their followers. The name 
Halphen is not mentioned in this connection, but he was more truly 
a founder than the others. The range of problems to which these 
methods are applicable is sharply limited, but within these limita- 
tions, important results are obtained with ease and elegance. 

The last chapter, on absolute differential geometry, is devoted 
largely to an explanation of. the notątion employed. This is not en- 
tirely consistent, and the pace is so rapid that its usefulness remains 
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in doubt. Riemannian geometry, parallelism and the geometry of 
paths are all touched upon. 

The book is provided with a subject index and an extensive biblio- 
graphical one. The latter includes (most of) the names cited, includ- 
ing the title and a reference to its source, and in many cases the date 
of birth and of death of those cited. This is a valuable list; its com- 
pilation is a difficult and often a thankless task. A real source of 
confusion arises in some cases in which the information is not com- 
plete, especially when the person cited was born after the middle of 
the nineteenth century. A special symbol to indicate that the entries 
were not complete in such cases would have avoided the ambiguity. 
Numerous slips or actual errors were noticed. Six proper names are 
misspelled; for homaloid the spelling homoloid is everywhere used. 
In the formula at bottom of page 221 for i read i—1. A real source of 
confusion arises on page 220 line 10 up. The genus defined is not the 
geometric genus, but the number p’ in the author's notation. The 
discussion on the following page also refers to p’. This is what 
Noether called the Curvengeschlecht. 

On page 208 is a footnote concerning the origin of the transforma- 
tion connecting adjoints of plane curves, and hyperspace. Compare 
Cayley: On the transforms of curves, Proceedings of the London Mathe- 
matical Society, vol. 1 (1865). The formula I+p—o=12p,49, in 
which J is the invariant of Zuethen-Segre and e the number of excep- 
tional curves in the system, is discussed in the footnote page 227. 
Compare Noether, Mathematische Annalen, vol. 8 (1875), pp. 495— 
528. 

Professor Coolidge has put a great deal of careful thought in the 
preparation of this book. A number of concepts have been correctly 
explained, which have been sources of confusion in the minds of 
many, especially those interested primarily in other branches of 
mathematics. The book will serve a real purpose. 


" VIRGIL SNYDER 


. 
Festschrift Rudolph Fueter gur Vollendung seines sechzigsten Alters- 
Jahres, 30 VI. 1940. Zürich, Naturforschende Gesellschaft, 1940. 
231 pp. 


This volume comprises articles by Oystein Ore, Henri Lebesgue, 
M. Plancherel, N. Tschebotarów, Paul Montel, W. Scherrer, L. J. 
Mordell, Francesco Severi, T. Carleman, E. Hecke, H. S. Vandiver, 
R. Wavre, H. Brandt, C. Carathéodory, ‘Heinrich Jecklin, Eugenio G. 
Togliatti, Alfred Kienast, Ernst Trost, Ludwig Bieberbach, J. J. 


` 
. 
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Burckhardt, Paul Finsler, Heinz Hopf, M. Behnke and K. Stein, 
Elie-Cartan, Andreas Speiser, Max Gut, F. Gonseth. 
W. W. FLEXNER 


Les Probablitités Associées à un Systéme d'Événements Compatibles et 
Dépendants; I. Événements en Nombre Fini Fixe. By Maurice 
Fréchet. (Actualités Scientifiques et Industrielles, no. 859.) Paris, 
Hermann, 1940. 8+80.pp. 


This is part one of a series of three, the others being: II. Cas 
Particuliers et Applications, and III. Evénements en Nombre Très 
Grand ou Infini. In this series Professor Fréchet has gathered together 
the hitherto scattered literature on a problem of rather general inter- 
est. The problem may be stated thus. We consider m quite general 
events 41, - - - , Amand an event H which is a function of these; that 
is, the occurrence or non-occurrence of H depends solely on which of 
the A’s occur. The probability that A}, >, A; occur simultane- 
ously is denoted by p... We wish to find the probability of H, 
granted that we know the values of the ’s. 

In Chapter I the author states and proves two interesting and 
powerful theorems due to Broderick. The first of these theorems as- 
serts that the probability of H is a linear function of the p’s, with 
coefficients depending not on the particular nature of the A's, but 
only on the function H. In the second theorem it is shown that if H 
is considered to be a function of two sets of events, then the prob- 
ability of H can be obtained by a symbolic multiplication. The 
utility of these theorems in obtaining elegant solutions of certain 
classical problems will no doubt be demonstrated in the second 
volume of the series. 

Chapter I also contains certain related formulae on moments, 
generating functions, and “conditional” probabilities. In Chapter II 
the author obtains a number of inequalities due to various writers, 
some in generalized faym. In the remainder of the chapter questions 
of the following type are answered: what are the necessary and suffi- 
cient conditions that a set of 27 numbers be the probabilities Puce 
defined above, for some set of events 41, - - : , Am? . 

The mathematics used throughout is on a quite elementary level 
so that the book should prove*of interest to a wide circle of readers. 
A defect, in the reviewer's opinion, is the seemingly haphazard 
manner in which the various topics are arranged. 

I. KAPLANSEY 


NOTES 


The editors of the Bulletin wish to make grateful public acknowl- 
. edgment of the services rendered by the following persons who have 
refereed papers: R. P. Agnew, Leonidas Alaoglu, Reinhold Baer, 
R. W. Barnard, I. A. Barnett, Walter Bartky, P. O. Bell, A. A. 
Bennett, Garrett Birkhoff, G. D. Birkhoff, Henry Blumberg, R. P. 
Boas, Salomon Bochner, A. T. Brauer, Richard Brauer, H. W. Brink- 
mann, A. B. Brown, E. W. Chittenden, Alonzo Church, R. V. 
Churchill, J. A. Clarkson, A. H. Clifford, A. B. Coble, George Com- 
enetz, A. H. Copeland, C. M. Cramlet, M. M. Day, J. J. DeCicco, 
Nelson Dunford, Ben Dushnik, L. R. Ford, Orrin Frink, Guido 
Fubini, H. L. Garabedian, J. J. Gergen, D. W. Hall, W. L. Hart, 
M. R. Hestenes, Einar Hille, Witold Hurewicz, Nathan Jacobson, 
R. D. James, R. L. Jeffery, B. W. Jones, Mark Kac, E. R. van 
Kampen, Edward Kasner, S. C. Kleene, Fulton Koehler, E. P. Lane, 
C. G. Latimer, D. H. Lehmer, D. C. Lewis, E. R. Lorch, N. H. 
McCoy, J. C. C. McKinsey, E. J. McShane, Saunders MacLane, 
H. W. March, Morris Marden, Karl Menger, G. M. Merriman, 
Deane Montgomery, C. B. Morrey, A. F. Moursund, Oystein Ore, 
W. F. Osgood, Gordon Pall, G. H. Peebles, F. W. Perkins, B. J. 
Pettis, Hillel Poritsky, H. A. Rademacher, Tibor Radó, W. C. Ran- 
dels, A. Rappoport, W. T. Reid, J. F. Ritt, J. H. Roberts, M. S. 
Robertson, R. M. Robinson, A. E. Ross, J. B. Rosser, O. F. G. 
Schilling, I. J. Schoenberg, Wladimir Seidel, W. E. Sewell, I. M. 
Sheffer, J. A. Shohat, L. L. Smail, I. S. Sokolnikoff, N. E. Steenrod, 
, Alvin Sugar, Otto Szász, Gabor Szegó, J. H. Taylor, H. P. Thielman, 
T. Y. Thomas, J. W. Tukey, S. M. Ulam, J. V. Uspensky, R. J. 
Walker, A. D. Wallace, J. L. Walsh, L. E. Ward, M. S. Webster, 
Hassler Whitney, Norbert Wiener, L. R. Wilcox, John Williamson, 
Aurel Wintner, Leo Zippin, and Max Zorn. 


The editors of the Transactions wish to acknowledge the services 
of the following persons, hot members of the Editorial Board, who 
have been consulted regarding papers offered for publication in vol- 
umes 47 and 48: W. L. Ayres, Reinhold Baer, Walter Bartky, Gar- 
rett Birkhoff, Salomon Bochner, H. R. Brahana, A. B. Brown, H. E. 
Buchanan, A. B. Coble, H. S. M. Coxeter, R. P. Dilworth, J. L. Doob, 
Nelson Dunford, W. K. Feller, G. A. Hedlund, J. R. Kline, C. G. 
Latimer, N. H. McCoy, J. C. C. McKinsey, R. E. von Mises, S. B. 
Myers, B. J. Pettis, Tibor Radó, W. T. Reid, I. J. Schoenberg, 
Wladimir Seidel, D. J. Struik, Otto Sz£sz, J. D. Tamarkin, Alfred 
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Tarski, J. M. Thomas, A. W. Tucker, J. W. Tukey, G. E. Wahlen, 
H. S. Wall and Aurel Wintner. 


The National Research Council has just issued a report on the 
Bibliography on Orthogonal Polynomials which was prepared by a - 
committee consisting of Professors J. A. Shohat, Einar Hille and 
J. L. Walsh. The report is bound in cloth, consists of 204 pages and 
may be purchased from the National Research Council at $3.00 per 
volume. ; 


The addresses presented at the symposium on Applications of 

Mathematics in the Earth-Sciences, under the joint auspices of Sec- 
- tions A and E of the American Association for the Advancement of 
Science, the American Mathematical Society, the Mathematical As- 
sociation of America and the Geological Society of America, at 
Columbus, Ohio, December 29, 1939, have been published as Part A 
of Volume 4 of the Transactions of 1940 of the American Geophysical 
Union. The addresses tend to further a desirable rapprochement be- 
tween geophysicists and mathematicians and begin the important 
task of bringing to each field the knowledge or some suggestions of 
the contributions which the other field may make. This volume will 
include also, as Part B, the symposium at Columbus on Hydrologic 
Problems in the Ohio and Michigan Basins. The volume will make 
“about 100 pages. The regular postpaid price to non-members of the 
Union is $1.00 but a special price of $0.75 per copy is being made to 
members of the American Mathematical Society. Orders, indicating 
membership in the American Mathematical Society, should be sent 
to 5241 Broad Branch Road, N.W., Washington, D.C. 


Professor M. H. Stone of Harvard University has published a 
planographed edition of a set of notes on The Theory of Real Func- 
tions: 1, The Real Number System. II, The Theory of Classes. Interested 
persons should address Professor Stone. 


Professor Saunders MacLane of Harvard University has published 
a planographed edition of a series of lecturfs on Algebratc Functions, 
which may be obtained from him by interested persons. 


Applications for the Benjamin Peirce Instructorships in Mathe- 
matics at Harvard University for the year 1941-1942 should be sent 
to the Chairman of the Department of Mathematics. Candidates 
should have received the doctorate or have done equivalent work. 


The School of Mathematics of the Institute for Advanced Study 
each year allocates a small nüimber of stipends to gifted young mathe- 
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' maticians and mathematital physicists to enable them to study and 
to do research work at Princeton. Candidates must have given evi- 
dence of ability in research comparable at least with that expected 
for the degree of Doctor of Philosophy. Blanks for application may 
be obtained from the School of Mathematics of the Institute, Fuld 
Hall, Princeton, N. J., and are returnable by February 1, 1941. 


Yale University offers each year a number of Sterling research 
fellowships, some of them open to mathematicians. For the year 
1941-1942 the normal stipend will be $1800. Applicants must have 
received the degree of Doctor of Philosophy or its equivalent from 
approved universities in the United States or foreign countries. In 
general, preference is given to applicants of not more than thirty-five 
years of age, but older persons are eligible. Applications should be 
received before March 1; blanks may be obtained from the Graduate 
School office, Yale University. 


Dr. K. E. Bullen, lecturer in mathematics at University College, 
Auckland, New Zealand, has accepted an appointment at the Uni- 
versity of Melbourne. 


Assistant Professor G. Hoheisel of the University of Greifswald has 
been appointed to a professorship at the University of Kóln. 


Dr. F. Lósch of the University of Rostock has been promoted to a 
professorship. f 


Professor R. P. Paranjpye of Fergusson College, Poona, India, has 
retired. 


Dr. W. B. Caton has been made head of the department of mathe- 
matics at Athens College, Athens, Alabama. 


Dr. Claude Chevalley, formerly of the University of Rennes, has 
been appointed to an assistant professorship af Princeton University. 


Dr. P. L. Dressel of Méchigan State College has been promoted to 
an assistant professorship. 


Associate Professor E. P. R. Duval of the University of Oklahoma 
has been promoted to a professorship. 


Mr. W. O. Gordon of Pennsylvania State College has been pro- 
moted to an assistant professorship. 


Assistant Professor Nathan Jacobsorf of the University of North 
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Carolina has been appointed visiting assocsate professor of mathe- 
matics at Johns Hopkins University this year. 


Dr. J. R. Jenness of the College of the Ozarks has been made head 
of the department of physics and mathematics at Parsons College, 
Fairfield, Iowa. 


Dr. S. A. Jennings of the University of British Columbia has been 
appointed lecturer. 


‘Assistant Professor H. A. Jordan of Georgetown University has 
been promoted to an associate professorship. 


Professor L. C. Knight of the College of Wooster has retired after 
thirty-two years of service. 


Mr. T. H. Lee of the University of Wisconsin has been appointed 
to an associate professorship at the University of South Carolina. 


Assistant Professor A. N. Lowan of Yeshiva College has been pro- 
moted to an associate professorship. 


Associate Professor Morris Marden of the University of Wisconsin 
at Milwaukee has been granted leave of absence for this academic 
year. He is lecturing at the University of Wisconsin in Madison. 


Assistant Professor W. T. Martin of the Massachusetts Institute of 
Technology has been granted leave of absence to spend a year in 
study and research at Princeton University and the Institute for 
Advanced Study. 


Dr. R. J. Michel of the University of Missouri has been appointed 
head of the department of mathematics at Southeast Missouri State 
Teachers College. 


Professor J. C. Morehead of the Carnegie Institute of Technology 
has retired with the title emeritus. 


Dr. L. F. Ollmann of Texas Technological College has been ap- 
pointed to an assistant professorship at the College of Wooster. 


Professor George Polya who has been at the Technical School 
in Zurich is to be at Brown University for two years. 


Assistant Professor W. C. Randels of the University of Oklahoma 
has been promoted to an associate professorship. 


. Associate Professor H. A. Ruger of Teachers College, Columbia 
University, has retired. 
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Mr. C. S. Sutton of Teufts College has been appointed to an assist- 
ant professorship at The Citadel. 


Commander J. C. Van de Carr, U.S.N., retired, has been granted 
a leave of absence from his duties in the mathematics department at 
the University of Oklahoma to take charge of the University unit 
of the Naval R.O.T.C. 


Dr. E. T. Welmers of Michigan State College has been promoted 
to an assistant professorship. 


Professor R. L. Wilder of the University of Michigan has been 
granted leave of absence to spend a year at the University of Texas. 


To the list of names of members of the Society working at the 
Institute for Advanced Study this year, which appears in the No- 
vember 1940 issue of this Bulletin, should be added those of Assistant 
Professor G. M. Ewing of the University of Missouri and Dr. H. T. 
Muhly, National Research Fellow. 


Dr. R. J. Duffin of the University of Illinois has been made an 
associate in mathematics. 


The following appointments to instructorships are announced: 
Bowling Green State University: Dr. Morris Hendrickson; Cornell 
University: Dr. Michael Golomb; Georgia School of Technology: Dr. 
D. T. McClay; Long Island University: Mr. E. A. Knobelauch; 
Massachusetts Institute of Technology: Dr. G. B. Thomas; Michigan 
State College: Mr. A. C. Cohen, Dr. B. M. Stewart; Montana State 
College: Dr. H. M. Schwartz; Northwestern University: Dr. J. M. 
Dobbie, Mr. W. N. Huff; University of Oklahoma: Mr. B. S. Whit- 
ney; Pennsylvania State Forestry School, Mont Alto, Pennsylvania: 
. Mr. Morris Bloom; University of the Philippines: Dr. R. A. Favila; 
Purdue University: Dr. R. A. Leibler; Stanford University: Dr. P. V. 
Reichelderfer; Agricultura! and Mechanicgl College of Texas: Dr. 
R. E. Basye; Texas Technological College: Mr. F. D. Rigby; Tri- 
State College, Angola? Indiana: Dr. M. G. Moore; University of 
Virginia: Mr. R. C. Morrow; Williams College: Mr. W. D. Wray; 
Winthrop College, Rock Hill, South Carolina: Miss Katharine E. 
Hazard; Mes of Wisconsint Dr. H. E. Goheen, Dr. Fred 
Kiokemeister, M - J. W. Odle; University of Wisconsin at Mil- 
waukee: Mr. W. L. G. Mitchell; University of Wyoming: Dr. V. J. 
Varineau. 


Dr. Vito Volterra, formerly professor of mathematics at the Uni- 
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versity of Rome, died October 11, 1940 at*the age of eighty years. 
He had been a member of the Society since 1905. 


Dr. J. R. Carson of the Bell Telephone Laboratories died on Oc- 
tober 31, 1940. He had been a member of the Society since 1918. 


Professor George Rutledge of the Massachusetts Institute of Tech- 
nology died on September 21, 1940, at the age of fifty-eight years. 
He had been a member of the Society since 1910. 
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ABSTRACTS OF PAPERS 
SUBMITTED FOR PRESENTATION TO THE SOCIETY 


The following papers have been submitted to the Secretary and the 
Associate Secretaries of the Society for presentation at meetings of 
the Society. They are numered serially throughout this volume. 
Cross references to them in the reports of the meetings will give the 
number of this volume, the number of this issue, and the serial num- 
ber of the abstract. 


ALGEBRA 


1. R. H. Bruck: The structure of the rational representations of a 
wide class of linear groups. 


Let 6, $—07! be fixed automorphisms of the underlying field (of characteristic 
0 or p). Denote by A* the transposed of the matrix obtained from A by subject- 
ing its elements to the automorphism ¢. Attention is restricted to groups © of n X 
matrices with the property that 4 in 8 implies A* in ®; by choice of ¢ a large num- 
ber of groups may be brought under review. & being taken as a group of trans- 
formations of a contravariant vector x‘, the fth Kronecker product of ® may be 
regarded as a group of transformations of the linear vector space S of all forms 
F(T) =D iip ag THEY, where Tèr t'i is a contravariant tensor. The funda- 
mental idea of the paper is to analyse the Kronecker product by means of a scalar 
product defined on S. The scalar product of F and G=} di. Dy is taken as 
Fo Ge da. idis and has properties (1) linearity, (2) (bF) o G= F o (b°G) 
=b(F oG), (3 FoG=FuyoGu-. (Here Fu is defined by F(T)= Fuy(T) 
where x=Ax’.) The following special result indicates the nature of the paper: If & 
(over the field of rationals) contains the transposed of each group matrix, the Kro- 
necker product representations are completely reducible. (Received November 12, 
1940.) 


2. C. C. Camp: A root cubing method of solving equations. 


Algebraic equations were solved by Dandelin and Graeffe by the well known root 
squaring process. Instead of squaring the roots the present paper gives a method for 
cubing the original roots. No Encke roots are needed and the sign of a real root is pre- 
served on successive cubings. The general rule is derivéd by two independent methods 
and in the case of the cubia by three. The cases of complex and repeated roots are ` 
treated in the applications together with that of distinct real roots. (Received Novem- 
ber 23, 1940.) 


3. W. D. Duthie: Segments tn ordered sets. 


The notion of "segment" in a linearly ordered set is extended to (partially) 
ordered sets. Segments in ordered sets are self-dual, and can be used to characterize 
various special properties of ordered sets such as being a lattice, modular, distributive, 
or complemented lattice, giving a completely*self-dual set of postulates for these 
lattices. Convex subsets of a lattice sre defined in the natural way, and various rela- 
tions among a lattice and its lattices of segments and convex subsets are discussed, 
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leading to results on imbedding of lattices in compléte lattices. The lattices of seg- 
ments of modular and distributive lattices are special cases of pseudo-modular and 
pseudo-distributive lattices, respectively; the latter property is of particular interest, 
since it is applicable to modular lattices, though the application is somewhat restricted 
by the fact that the only complete complemented pseudo-distributive modular lattices 
which are not distributive are one-dimensional projective geometries. However in 
such cases the existence of a dimension function permits replacing pseudo-distributiv- 
ity by a more general notion of “m-distributivity” (m having the range of the dimen- 
sion function). Application of the general theory of segments to Boolean algebras 
yields some known results by new and shorter methods. (Received November 25, 
1940.) 


4. C. J. Everett: An extension theory for rings. 


A ring theoretic analogue of the O. Schreier “Erweiterungstheorie” for groups is 
developed about the central problem of determining all rings R containing a given 
ring N as ideal and such that R/N is isomorphic to a given ring F, employing factor 
systems and their equivalence. The Artin "splitting theorem" is proved: If R contains 
ideal N, R has a splitting ring over N. Constructive proof is given of the existence of 
rings whose chains of left and right annihilators for successive powers of the ring 
have first repetitions at arbitrary positions. *Closed rings? are shown to be direct 
summands of over-rings containing them as ideals. Equivalence classes of suitably re- 
stricted factor systems form an abelian group under addition. (Received November 23, 
1940.) 


5. Irving Kaplansky: Maximal fields with valuations. 


A field K with a valuation is said to be maximal if no proper extension of K has 
the same value-group and same residue-class field as K. It was shown by Krull that 
any field with a valuation could be embedded in a maximal field, and he proposed the 
problem of determining whether this maximal extension is unique. This question is 
examined in the present paper, and the following result is obtained. The maximal 
extension is always unique if the residue-class field has characteristic zero; but if the 
latter has characteristic p, it must first be required that the value-group have no ex- 
tensions of degree 5, and second that the residue-class field satisfy a certain condition 
somewhat stronger than algebraic perfection. Under the same hypotheses it is shown 
that in the equal characteristic case every maximal field is a generalized type of power 
series field. The chief tool employed is a generalization of Ostrowski's notion of pseudo- 
convergence, in terms of which it is possible to give new criteria for maximality and 
completeness. (Received Degember 2, 1940.) 


6. Rufus Oldenburger: The minimal number problem. 


It has been proved that, for a field with at least n-+1 elements, each binary form 
F of degree n with a symmetric tensor A of coefficients can be written as a linear 
combination of nth powers of linear forms. The least number of terms for which 
F can be so written is called the minimal number m of F. The elements of A can be 
arranged in ordinary matrix displays Bo, - - - , B, when B is the display obtained 
from A by using + indices of A as column indices. The minimal number problem is the 
problem of determining the precise relation between the ranks of { Bj and m. The 
ranks of the matrices {Bi}are determined by one of them, denoted by y. In the present 
paper the minimal number problemeis solved for algebraically closed fields by proving 
that m =y or m —n —y--2. A modification of this result holds for arbitrary fields. The 
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proof is accomplished in part by the solution of the problem of construction of all 
representations of F. This latter problem is the same as the problem of constructing 
all forms apolar to F. Solutions for several major classical problems of algebra follow. 
(Received November 23, 1940.) 


7. G. Y. Rainich: Postulates for fields. Preliminary report. 


Instead of binary operations or functions of two variables, namely, the sum x4-y 
and the product xy, in terms of which a field is usually defined, corresponding func- 
tions of one variable or transformations, namely, addition x’=y+a and multiplica- 
tion x’ 2 xb, are considered. The problem is to characterize the field by studying the 
formal properties of these or, rather, of the group x’ =xb+a generated by them, This 
group is postulationally defined in two ways; once as a two-fold transitive group of 
transformations and then again as an abstract non-abelian group. From the first 
point of view the additions and multiplications are introduced as transformations ^ 
without fixed point and with a given fixed point respectively. This point of view is 
closely related to projective geometry. From the other point of view the subgroups of 
additions and multiplications are introduced as the commutator subgroup and its 
factor group respectively. (Received October 25, 1940.) 


8. N. E. Rutt: Rectangular arrays of combinations. 


Let C be the collection of different combinations, two at a time, of the objects in 
a set D of 2n different symbols. From the elements of C construct a rectangular 
arrangement, henceforth to be called an array, such that no element of D occurs twice 
in the same row of the arrangement, and no element of C occurs twice in the same 
arrangement. Two arrays are the same if and only if a reordering of their rows or a 
reordering of the members of C in their rows will make them formally identical. An 
investigation of the properties of arrays is undertaken in this paper. It is proved that, 
for each even natural number 2n, there is an array whose rows contain # elements of C 
(the maximum possible), and whose rows are in number 2n —1 (the maximum pos- 
sible). Features of the internal structure cf arrays are considered, among them the 
existence and inter-relations of the proper sub-arrays of arrays. The behavior of ar- 
rays under permutations of the elements of D receives some attention. An attempt is 
also made to determine the number of different arrays of certain specified types. 
(Received November 18, 1940.) 


9. M. F. Smiley: Measurability and distributivity in the theory of 
lattices. 


G. Birkhoff's criterion that a metric lattice be distributive (American Mathemati- 
cal Society Colloquium Publications, vol. 25, p. 81) is quantified so as to provide a 
second generalization (this Bulletin, vol. 46 (1940), pp. 239-241) of the measurability 
of Carathéodory (Vorlesungen über Reelle Funktionen, 2d edition, p. 246). Closure 
properties of the set of *measurable" elements are derived as before. The influence of 
distributivity on measurability and on the measurability of complements of measura- 
ble elements is discussed. (Received November 20, 1940.) 


10. T. L. Wade: Tensor algebra and Young's symmetry operators. 


A. Young's symmetry operators (Proceedingg of the London Mathematical Soci- 
ety, vol. 33 (1900), pp. 97-146) have recently been used by H. Weyl (The Classical 
Groups, Princeton, 1939, pp. 119—131) in the*decomposition of tensor space into 
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irreducible subspaces. This paper is concerned with a study of the law of combination 
satisfied by the indices of the tensor associated with each diagram or partition of the 
indices of the arbitrary tensor. It is noted that corresponding to each partition there 
can be associated a specialization of C. M. Cramlet's general invariant tensor (Tóhoku 
Mathematical Journal, vol. 28 (1927), pp. 242-250), and that an arbitrary tensor can 
be decomposed by multiplying an appropriate numerical tensor identity by it, and 
then contracting. (Received November 25, 1940.) 


11. R. W. Wagner: The differentials of analytic matrix functions. 


The notions of Hausdorff and Fréchet concerning differentials are applied to ana- 
lytic matrix functions as defined by the author in a previous paper. The differential 
of an analytic matrix function is shown to have a simple form when it is written in 
terms of the characteristic roots and partial idempotent and partial nilpotent ele- 
` ments of the argument. The function enters the differential through divided difference 
quotients. This simple form of the differential is used to deduce local properties of the 
mapping defined by the function. (Received November 23, 1940.) 


12. Morgan Ward: The fundamental theorem of arithmetic. 


A set of necessary and sufficient conditions for the fundamental theorem of arith- 
metic to hold in a semi-group is obtained from the theory of residuated lattices and 
a new inductive proof of the theorem is given for the lattice of positive integers. 
(Received October 30, 1940.) 


13. Hermann Weyl: Theory of reduction for arithmetical equivalence. 
II. 


Instead of the arithmetically refined method of reduction used in the first paper, 
the author now resorts to a rougher method which also goes back to Minkowski, and 
works without the assumption that the class number of ideals is 1. Its generalization 
to algebraic number fields F with several infinite prime spots is due to Siegel and P. 
Humbert (Commentarii Mathematici Helvetici, vol. 12 (1939-1940), pp. 263-306). 
The author follows the same geometric approach as before, including all classes of 
lattices over F and adding to the case of a field F that of a field quaternion algebra 
with totally positive norm over a totally real field. (Received November 23, 1940.) 


ANALYSIS 


14. Warren Ambrose: Representation of ergodic flows. Preliminary 
report. . 


A flow is a one-parameter group T: (— œ <#< ©)gof measure preserving trans- 
formations of a space Q into itself. It is measurable if the function TP is a measurable 
function on T X 9, where T denotes the real line taken with Lebesgue measure. For a 
measurable ergodic flow it is shown that a necessary and sufficient condition that a 
group of unitary operators U, defined hy Uif(P) -f(T,P) have an eigenvalue (other 
than the trivial eigenvalue 1) is that the flow be isomorphic (with respect to measure 
properties) to a flow built on a measure preserving transformation (for definition of 
such a flow see abstract 46-11-446), thus showing that if an ergodic flow has an eigen- 
value the measure on Q must be the direct product measure of a cross section measure 
with Lebesgue measure along the trajectories gf the flow. It is also shown that if the 
flow has no eigenvalues but satisfits certain conditions which are stronger than 
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measurability then the measuse on Q is such a direot product measure. (Received 
November 18, 1940.) 


15. R. P. Boas and D. V. Widder: Completely convex functions. 
Preliminary report. l 


A function f(x) is defined to be completely convex in an interval (a, b) if it has 
even derivatives which satisfy the relation (—1)*f)(x) 20 there. For example, the 
functions sin x and cos x have the property in the intervals (0, x) and (—x/2, 7/2) 
respectively. It was shown by Widder (Proceedings of the National Academy of 
Sciences, November, 1940) that such a function must be entire of order at most 
unity (and type at most «/(b —a) if the order is one). A simplified proof of this result 
is given, and an integral representation for completely convex functions is obtained. 
Inversion formulas for the integral involved in this representation are discussed. (Re- 
ceived November 23, 1940.) 


16. Russell Cowan: A method of solving a linear difference equation 
with polynomial coefficients of degree m. 


Given a linear difference equation A of order p with polynomial coefficients of de- 
gree m, a linear differential equation D is found whose recursion relation yields A. 
The order of D is the smaller of p and m. Under slight restrictions on the coefficients 
of A, the differential equation has p+2 regular singular points. The case p=2 is 
studied in detail. By transforming D to Heun’s equation, the solution of A is readily 
obtained. In special cases one of the singular points of D is not regular. But even under 
these circumstances, A can be solved by utilizing the characteristic exponent À which 
. is found by transforming D into a Riccati equation. (Received November 18, 1940.) 


17. J. H. Curtiss: Degree of polynomial approximation on a lem- 
niscate. 


It is known that a function F(z) analytic and single-valued interior to the lemnis- 
cate I: [e] =u, o() = (s—o)(1—03) + - - (s—a), can be expanded in a series of 
the form 2 09,(z) [w(s) |” convergent to F(z) for | w(z) | <u, where the functions 
(2) are polynomials of degree less than à. Let Sa(s; F) denote the nth partial sum of 
this series, let Sf? (s; F) denote the nth Cesàro mean of order r, 0<r 31, and let 
J«(s; F) denote the nth Jackson mean. The following theorem is proved: If C consists 
of one or several of the closed contours of T', and if G(s) is a function analytic interiot 
to C, continuous in the closed region or regions, and satisfying a Lipschitz condition of 
order y on C, 0$ S1, then there exists a function F(g) analytic interior to T such 
that, uniformly on and interior to C, we have S(t F) —G(s) -O(n^*!^ log n), 
S; (s; F) —G(z) 2O(n7) J-O(n7!), 7 n/m, —O(n^ log n), r= n/m, Jale; F) —G(z) 
=O(n-"™), where m is the order of the multiple point on C of highest order. If C= T, 
then F(s)= G(z). Examples are given to show that these estimates cannot be improved. 
(Received November 27, 1940.) 

e 
18. J. H. Curtiss: Trigonometric interpolation by means of the com- 


plex Lagrange polynomial. 
Let L.(0; F) be the unique polynomial in e? of degree at most 5 —1 which coincides 


with a given function F(6) in the points 0=2xk/n, k=1, 2, - - - , n. Trivial examples 
show that even if F(@) is analytic for all 0, the sequence {L.(0; F)} may diverge for 
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all 6540, mod 2«. This paper studies the convergence qf {L.(9; F)} for functions F(0) 
which are continuous and are the boundary value functions of functions f(a), s=re*, 
analytic and of class H for |z| <1. The following results are typical: (a) If the Fourier 
series for F(0) converges absolutely for all 0, then L«(0) —F(8) uniformly; (b) if F(8) 
is of bounded variation in an open neighborhood of i, then La(@)>F (6) uniformly ina 
closed subneighborhood of &; (c) Lx(6; G,)—F(8) uniformly, where G4(8) — (n/2x) 
JETI F(di; (d) Ln(0; Ga) — F(6) =O(n~) if F(0) satisfies a Lipschitz condition with 
exponent e «1. These results are then generalized to the case of interpolation on a 
Jordan curve C in the manner of the author's paper in the Transactions of this 
Society, vol. 38 (1935), p. 458. (Received November 27, 1940.) 


19. L. L. Dines: On the mapping of quadratic forms. 


If P(z) and Q(s) are real quadratic forms in s variables zi, zs, * * * , Zm, the trans- 
formation x=P(s), y=Q(s) maps the n-dimensional s-space into a set of points 
M of the xy-plane. This paper obtains properties of the map M, and from them de- 
duces certain results relative to the pair of forms P(z) and Q(z). Among the results is 
the theorem proved by Albert (this Bulletin, vol. 44 (1938), p. 250) and by Reid 
(this Bulletin, vol. 44 (1938), p. 437). The paper will appear in the Bulletin. (Re- 
ceived November 14, 1940.) 


20. Jesse Douglas: Solution of the inverse problem of the calculus of 
variations. 

A solution is presented of the classical problem: given a family of curves in 3-space, 
as defined by differential equations y” = F(x, y, z, y’, 2^), 2'' e G(x, y, 2, 9’, 8); deter- 
mine the existence or nonexistence of a calculus of variations problem of the form 
Jela, y, z, y’, 2")dx 2 minimum having the prescribed curve family for the totality of 
its extremals, and, in the affirmative case, to find the most general form of the function 
¢. Preliminary notes stating the results and describing the methods used have already 
appeared in the Proceedings of the National Academy of Sciences, vol. 25 (1939), 
pp. 631-637, and vol. 26 (1940), pp. 215-221. A detailed paper will be published 
in the Transactions of this Society. (Received November 20, 1940.) 


21. J. J. Eachus: Classification of solutions and of pairs of solutions 
of y'"+2p(x)y’+p' (x)y =0 by means of boundary conditions. 


G. D. Birkhoff (Annals of Mathematics, (2), vol. 12 (1911), p. 103) has shown that 
the differential equation y’’+2p(x)y'+p'(x)y=0 has three types of solutions accord- 
ing to the number and nature of zeros of the solution. He has further shown that 
there are only a limited number of possible configurations of the zeros of two solutions 
of the equation. These same conclusions are deduced ia this paper in a new manner, 
one which leads to a method for determining the “type” of a solution y: from the 
values of yı and its first two derivatives at any point xo, and a method for determining 
the configuration of the zeros of y; and y: from the values of yı and y: and their first 
two derivatives at any point xo. (Receiwed November 25, 1940.) 


22. Samuel Eilenberg: Linear measure and convexity. 


Let X be a continuum with the metric p. If the linear measure L(X, p) is finite then 
there is a metric p’ equivalent with p and such that (1) p' is convex (2) Zp (3) 
L(X, p") 2 L(X, p). The metric p' is unique. (Received October 24, 1940.) 
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23. K. W. Folley: A property of a simply ordered set. 


It is shown in this paper that a method of proof which was employed by Sierpiński 
to prove a theorem concerning the decomposition of real numbers may be used to 
prove an analogous theorem concerning the decomposition of a simply ordered set 
which contains an everywhere dense ya subset. This result leads toa proposition which 
is proved to be equivalent to the generalized hypothesis of the continuum. (Received 
October 25, 1940.) 


24. H. L. Garabedian: Relations between hypergeometric methods of 
summation. j 


The definition of hypergeometric summability (H, a, 8, y) is extended and new 
inclusion and equivalence relations between hypergeometric methods of summation 
are obtained. The relation (H, œn 1, ai4-y) &5 (H, oa, 1, ty), AR (os, as, y) >0, is 
probably the most significant result established. Corollaries to this result are 
(E, «, 1, a-tB) e: (C, B), (a, B)>0; (H, a, 1, y) 8:(C, yY—a), Ra, Y y—a)>0. 
These statements imply that, given any hypergeometric method of summation of the 
type (H, a, 1, y), there exists a Cesàro method of summation equivalent to it; and, 
conversely, given any Cesàro method of summation (C, B) there exists a single in- 
finitude of hypergeometric methods of summation of the type (H, a, 1, a+ 8) equiva- 
lent to it. (Received November 20, 1940.) 


25. J. W. Green: A special type of conformal map. 


Let G, be the unit circle in the z plane, O an open set of points on the circum- 
ference of G,, and F its complement with respect to the circumference. The set F is 
supposed to be of positive measure. In the case O—O is of zero measure, there exists 
a function :w-w(s) which maps G, conformally on the interior of the unit circle Ge 
with certain radial slits deleted. This transformation carries an interval of O into all 
or part of a radial slit, and carries points of F into points of [w] =1, almost every- 
where on F. (Received November 25, 1940.) 


26. R. E. Greenwood : Hankel and other extensions of Dirichlet series. 


This paper considers series of the form g(s) =} 7». 104 exp (—Ans)G(Ans). If G(s) et 
then the series reduces to the well known Dirichlet series. If G(s) is analytic in the 
right half-plane, is bounded in the half-plane to the right of 2970 and has a certain 
asymptotic expansion, the series above will be convergent in a half-plane, and also 
absolutely convergent in a half-plane. The abscissae of convergence are the same as 
the abscissae for the corresponding Dirichlet series, Summation formulae involving 
the first m coefficients are developed, and these reduce to Perron’s formula for Dirich- 
let's series when G(sz) 1. As aeparticular case such a function G(s) is chosen so that 
g(s) is a series of Hankel functions of the first kind of fixed order » on the imaginary 
axis, and a few special results are obtained for this series. (Received November 14, 
1940.) 


. 
27. H. J. Hamilton: On monotonic and convex solutions of certain 
difference equations. 
The principal result of this paper is reduction of the problems of existence and of 


uniqueness (excepting an additive constant) of continuous, convex solutions U of the 
equation U(x-+1) — U(x) =G(x) to the"same problems for monotone non-decreasing 
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solutions of a related equation of the same form. This reduction extends itself partially 
to linear difference equations of higher order with constant coefficients. Our conclu- 
sions are applied to some results of Fritz John. (Received September 28, 1940.) 


28. L. B. Hedge: Transformations of multiple Fourier series. Pre- 
liminary report. 


If (n) — (ra, t3, <*> , ms) is a lattice point of euclidean k-space and (x) — (xi, ss, 

- , 43) is a point of euclidean k-space, and if a(4) and À( are functions on the lat- 
tice points of k-space, we consider the series S=} ame! and its transform 
AS =) Ama iD where (n x) = mitit-mxat ++ «Em. A classification, analogous 
to that used for single series, is defined for the series S and XS, and transformations 
^ which take one class into another are characterized for interesting cases. The results 
include and extend the known transformation theory for single trigonometric series. 
The spherical summation of Bochner and a recent moment problem solution by the 
author are the principal tools used for the study. (Received December 2, 1940.) 


29. A. E. Heins: On the solution of partial difference equations. Two 
interval "boundary conditions." Preliminary report. 


The solution of the partial difference equation f(x--1, £) .-f(x —1, £) 22f(x, #+1) 
is considered under the following initial and boundary conditions: For [:]=0, f(x, © is 
prescribed, af(x— [x], t) -f( — [x]--1, ) =0 and bf(x— [x] +b, 2 -f( — [x] - 0-1, 0 
—0. The partial difference equation is first reduced to an ordinary difference equa- 
tion with the Laplace transform and the resulting ordinary difference equation solved 
under the given boundary conditions. The solution depends on a finite expansion of 
sines and cosines of multiples of angles which are roots of a certain transcendental 
equation. The nature of this rather interesting expansion will be discussed at a later 
date. (Received November 18, 1940.) 


30. M. R. Hestenes: Extension of the range of a differentiable func- 
Hon. 


In the present paper two methods of extending the range of a differentiable func- 
tion are given. The first method is essentially a reflection across boundaries. By this 
method it is shown that a function f(xi, © - - , £a) of class C™ (m finite) on a closed 
set A with a suitable boundary can be extended to be of class C* over the whole of 
euclidean n-space. The second method is similar to one used by Whitney (Transac- 
tions of this Society, vol. 36 (1934), pp. 63-89) to show that a function of class C" 
on an arbitrary closed set A can be extended to be of class C™ over the whole space and 
to be of class C” at the pointsmot’in A. (Received November 26, 1940.) 


31. Einar Hille: A class of differential opetators of infinite order. II. 


Let D,w—Po(z)w"’+P,(s)w’+P2(s)w. Let G(z) be an entire function of order 4 
and minimal type. Then the operator G(D,) preserves holomorphism in any domain 
where the P's are holomorphic. The condition on G(z) is also necessary for most 
operators D, of practical importance. The equation G(D,): U=0 can be studied by 
the methods of Ritt and'Valiron. If the P's are single-valued and a, * - * , Gm are the 
singularities of D,w=0, let R be an unbounded non-ramified covering surface of the 
plane punctured at d, - - * , Gm on,which all solutions of (D,—3,)w —0 are single- 
valued, where {àn} are the roots of G(s) 70. J/(s) is single-valued on R. Its domain 
of existence E is such that any maxifnal component of R — E has at least one point ax 
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as limit-point. If R is simply-connected, so is Æ. U(s) has a unique Ritt series in terms 
of solutions of (D, —AX4)w —0. If Po=P,—1, P; entire, and the X, suitably restricted, 
this series converges in E, and E is convex. The results extend to differential operators 
D, of order n. (Received October 5, 1940.) 


32. Fritz John: On the character of solutions of hyperbolic equations. 
Preliminary report. 


Let u(xi, - + + , x.) bea solution of a linear, normal-hyperbolic differential equation 
of second order with analytic coefficients. The solution « is shown to be *pseudo- 
analytic" in the following sense: Given a family of "time-like" analytic curves Ca 
depending on a parameter a, all Ce having the same two endpoints, then Judt is an 
analytic function of a, t being an analytic parameter on Ca. It follows that the values 
of u on any time-like two-dimensional analytic manifold, interior to the domain of 
regularity of u, are not independent. This is a generalization of results previously 
obtained by the author for a special equation (Mathematische Annalen, vol. 111, 
pp. 541—555). The proof makes use of the form of the solution obtained by J. Hada- 
mard in his Lectures on Cauchy's Problem. (Received November 20, 1940.) 


33. J. P. LaSalle: 4 note on pseudo-normed linear spaces. 


The equivalence of speudo-normed linear spaces (p.l.s.'s) and linear topological 
spaces (l.t.s.'s) has been shown by Hyers. (See Duke Mathematical Journal, vol. 5 
(1939), pp. 628-634.) In the present paper l.t.s.’s are studied as characterized in 
terms of the pseudo-norm. It is shown that the existence of an open convex set con- 
taining the zero element and properly contained in a p.l.s. T is a necessary and suffi- 
cient condition for the existence of a non-null linear functional on T. An example is 
given of a p.l.s. on which no non-null linear functional can be defined. Also the set of 
all linear functions on a p.l.s. T to a p.l.s. T’ is shown to be a pseudo-normed linear 
space. If T" is convex, then the p.l.s. of all linear functions on T to T" is itself convex. 
Hence the set of all linear functionals on a p.l.s. T is a convex p.l.s. If a p..s. T is 
locally bounded, then the set of all linear functionals on T is shown to be a normed 
linear space. (Received October 22, 1940.) 


34. J. P. LaSalle: Pseudo-normed linear seis over valued rings. I. 


In this paper a generalization of linear spaces is given by replacing real number 
multipliers by multipliers taken from a valued ring. A valued ring is defined to be a 
ring A with a unity element such that there is defined on A a real-valued function 
M(o) where (1) M(a) z0 for all «€ 4; (2) M(a8) S Mla) M(B); (3) M(a+8) € M(a) 
T-M(8); (4) M(—1) =1; (5) M(a) »1forsomeaCA. The set of all formal polynomials 
with coefficients taken from a ring with a unity element can be shown to be a valued 
ring, which indicates somewhz& the generality of valued rings. A linear set T over a 
valued ring A is said to be pseudo-normed w.r.t. a strongly partially ordered set 
D if there exists a real-valued function n(x, d) on TD such that (1) n(x, d)=0; 
n(x, d) S1 for all x€ T implies x29; (2) n(ox, d) S M(o)n(x, d); (3) given d€ D there 
exist eED such that n(x, e) €1, n(y, e) S1*implies that n(x--y, d) 1; (4) given 
x€ T and d€ D there exist a€& 4 and 9€ T such that x=ay, n(y, d) $1; (5) given 
aCA and d€ D there exist e& D such that n(x, e) <1 implies that n(8x, d) &1 for all 
M(B) S M(a); (6) ezd implies that n(x, e) Zn(x, d). Another characterization of T 
is given in terms of a neighborhood system. The tépological properties of such a space 
T are then studied. Later a generalized concept of linear functions and differentials 
will be introduced for such spaces. (Received October 22, 1940.) 
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35. Walter Leighton: On the convergence of continued fractions. 


Let z}, %, °°: be any bounded sequence of complex numbers such that 
R(Sa) 2e>0 (n—2,3,---), where e may be taken arbitrarily small. The continued 
fraction 1--K? [a4/1] converges, where an= (24.1--1/2) (z.4-1/2) (n22, 3,- **; 
2; — 1). (Received November 18, 1940.) 


36. J. Marcinkiewicz and Antoni Zygmund: On the behavior of tri- 
gonomeiric and power sertes. 


A point set Z on the plane is said to be of circular structure with center z, if when- 
ever a point t belongs to Z, so does the whole circle |s—s0| = |r —z0| . Given a power 
series ? P caz”, let o%(6) denote the ath Cesàro means of the series > ce"? and 
let L*(8) denote the set of the limit points of thesequencecZ(0), e? (0), - - + ,o2(0),* - -. 
The chief result of the paper may be stated as follows: If for every 0 belonging to a 
set E of positive measure the series 9 P cae™ is summable (C, a+1) (2>—1) to 
sum i(0), then for almost every 0 of E the set L%(6) is of circular structure with center 
(8). (Received October 31, 1940.) 


37. R. S. Martin: Minimal positive harmonic functions. 


The idea of a minimal positive harmonic function arises as follows. The Poisson- 
Stieltjes integral formula for a sphere depends upon (1) a family of positive harmonic 
functions (namely the kernel F(S, P) where the point S lies on the boundary and is 
considered as a parameter), and (2) a family of linear operations (namely integration 
with respect to mass-distributions on the boundary). Given then a general bounded 
domain D, one may ask for suitable generalizations of the situations just described. 
The idea of the present paper is to consider, as a generalization of the family F(S, P) 
corresponding to the sphere, the family of those functions which are minsmal, positive 
and harmonic in D. A function &(P), positive and harmonic in D, is called minimal 
for D if it dominates there no positive harmonic functions, except those of the form 
cu(P), where c>0 is a constant. The purpose of the paper is to discuss the theory of 
representations of harmonic functions based on this idea. (Received October 22, 1940, 
from Tibor Radó.) 


38. C. N. Moore: On the Cesdro and Abel- Poisson summability of 
the differentiated double Fourier series. 


It has been shown that at points where f(x) has a derivative or generalized de- 
rivative the differentiated Fourier series will be summable (C, r) for r>1 or will be 
summable by the Abel-Poiston method. In the present paper these results are ex- 
tended to the partial derivatives or generalized partial derivatives of functions of two 
variables and the corresponding differentiated double Fourier series. The result con- 
cerning Abel-Poisson summability appears as a corollary of the result concerning 
Cesàro summability by use of general convergence factor theorems. (Received Novem- 
ber 27, 1940.) 


39. G. D. Nichols: A sufficient condition for Cesàro summability. 


The series > f(r) cos rx and ? f(r) sin rx are shown to be summable (C, k) pro~ 
vided the A*f(r) is a monotone nul? sequence. In case f(r) is a polynomial of degree 
k—1, a closed expression is obtained for theeCesàro sum. (Received November 23, 
1940.) 
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40. I. E. Perlin: Indefmitely differentiable functions of several real 
variables. 


In the present paper the author considers indefinitely differentiable functions of 
several real variables. Let Mj...4-Llub. |3H+ "t f(x, x, - s, x,)/Oxloxl <- 
àxi| on 0 Sx, Sap. Sufficient conditions that there exist a function f(x xs, - - - | x) 
with prescribed My...» are established. (Received November 25, 1940.) 


41. Arthur Sard: The measure of the critical values of differentiable 
maps of euclidean spaces. 


Consider the map y =f!(x!, - - - , x"), j71,2, ---, n, ofa region R of euclidean 
m-space into part of euclidean s-space. Suppose each of the functions f! is of class at 
least C? in R (qz 1). A critical point of the map is a point in R at which the matrix 
of first derivatives, (f), $121, 2, - - - , m; j=1, 2, - - , n, is of less than maximum 
rank. A critical value y is the image f(x) of a critical point x. The following theorem is 
proved: If m Sn, the set of all critical values is of m-dimensional measure zero (in the 
sense of Hausdorff-Saks) without further hypothesis on q; if m>n, the set of all criti- 
cal values is of n-dimensional measure zero providing g2m—n-+1. For n= 1, this re- 
sult specializes to a known theorem, surmised by Marston Morse and proved for all 
m by A. P. Morse (Annals of Mathematics, (2), vol. 40 (1939), pp. 62-70). The proof 
of the theorem of the present paper depends in part on a result of A. P. Morse. The 
hypothesis on q cannot be weakened, as can be seen from an example due to H. Whit- 
ney (Duke Mathematical Journal, vol. 1 (1935), pp. 514-517). (Received November 
25, 1940.) 


42. H. M. Schwartz: Convex functions and the law of the mean. 


Let S denote the class of functions of a real variable for which the law of the mean 
holds throughout a given interval, and let T denote the class of functions which are 
either strongly convex or strictly concave in that interval. The classical conditions 
‘insuring that the function f be in S are for f of T necessary as well as sufficient. The 
class U common to both T and S is uniquely determined by the requirement that the 
6-function occurring in the law of the mean be a single-valued function of its argu- 
ments. This -function for f of U is studied both as to its dependence on f and as to its 
dependence on the variable and its increment. It is shown, for instance, that if 
JES (n1, 2, | - « ), sequence f; converges continuously to f’ in the interval, and 
JEU, then 6(f.) converges to 0(f) in the domain of its arguments. Most of the results 
are extended to functions of many variables. (Received November 20, 1940.) 


. 
43. H. M. Schwartz: Sequences of Stieltjes integrals. 
. 


The paper contains a study of some of the properties of function sequences of the 
form fifdga= s. (n71,2, --- ),a «x&b (a, b finite or infinite), where f, g, are bounded 
functions for which the integrals exist in the sense of Riemann-Stieltjes. When g, are 
of bounded variation an obvious sufficiency «ondition for the convergence of s, in 
(a, b) can be stated in terms of the integrability conditions of f with respect to ga, 
but it is of interest to find such conditions in terms of the convergence properties of ` 
the sequence ga. This problem is solved here only partially. Assuming that g, are 
uniformly of bounded variation in (a, b), the conwergence of s, is proved for special 
classes of f and ordinary convergence of the sequence gs, and generally for special 
modes of convergence of this sequence. A typicaf result is as follows: s, converges in 
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(a, b) (assumed finite) if g.—g» and if Sfdgn (n0, 1,42, - - - ), [fdv exist, where v is 
any of the limit functions of the sequence v,, a(x) being the total variation of ga in 
(a, x). (Received November 25, 1940.) 


44. Hyman Serbin: Upper bounds for the remainder of certain power 
series. 


This note exemplifies a method of obtaining an upper bound of the remainders of 
power series in which the coefficients are connected by a recurrence relation with a 
constant number of terms. The function considered is wave mechanical exp (—#x) 
: F(m+1—ai; 2m 4-2; 2ix) where F(a; y; z) is the confluent hypergeometric function. 
A majorant of the remainder, suggested by the recurrence relation, is expressed in 
closed form. The upper bound so obtained is not explicitly given in terms of the param- 
eters but depends on two successive coefficients. However, for the purpose of computa- 
tion, the result is satisfactory. The above results were obtained in the course of work 
done by the Project for the Computation of Mathematical Tables, conducted by 
the Work Projects Administration of New York City. (Received October 30, 1940.) 


45. W. S. Snyder: On independence of the path for line integrals of 
continuous functions. 


Let p(x, y) and q(x, y) be defined and continuous in an oriented rectangle R of the 
xy-plane. A necessary and sufficient condition that fpdx--qdy be independent of the 
path in R is derived in terms of the double integrals of the functions p and q. The 
author also formulates and answers a more general form of a question raised by 
Menger (Proceedings of the National Academy of Sciences, vol. 25 (1939), p. 623), 
showing that the conditions of Menger and Fubini (Proceedings of the National 
Academy of Sciences, vol. 26 (1940), p. 199) cannot be satisfied for “undotted” nets. 
(Received November 23, 1940.) 


46. Abraham Spitzbart: Approximation in the sense of least pth 
powers by polynomials with a single auxiliary condition of interpola- 
tion. 


Let Fo(s) be the function, analytic interior to the analytic Jordan curve C, of 
class E, (b>0) in that region, and satisfying the condition Fo(a)=A (=a a point 
interior to C, A an arbitrary contant), which minimizes the integral fo] F(s)|? Pii 
Let P.(s) be the minimizing polynomial of degree n for the integral fc| Pa(s)|?| ds], 
P, (x) =A. It is proved that the sequence P,(s), 1 —0, 1,2, - - + , converges maximally 
to the function Fo(s) on the glosed set T consisting of C plus its interior (for defini- 
tion see J. L. Walsh, Interpolation and Approximation by Rational Functions in the 
Complex Domain, American Mathematical Society C®lloquium Publications). The 
results extend to the case where a suitable norm function N(z) is introduced into the 
integral to be minimized. (Received November 25, 1940.) 


47. Otto Szász: On the partiat sums of harmonic developments and 
related power series. 

Let T denote the class of all harmonic sine developments H(r, 0) =>) C.r' sin v6, 
convergent for 0 «r «1, and non-nggative for 0 «6 «x. There is a largest R” such 


that for every H in T, $1 Cyr* sin v6 is non-negative for 0 <r «R., 0 0 «v. Then Ra 
is characterized algebraically, which yields an asymptotic estimate. The result is 








P 
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applied to Fourier series of convex functions and to related power series. (Received 
November 26, 1940.) 


48. A. E. Taylor: Conjugations of complex Banach spaces. 


Let E be a complex Banach space. An operation T on E to E is called a conjugation 
if it is additive, and if Tas-4Ts, T!s—s. A set M in E is called an essentially real 
linear manifold (ess. r.l.m.) if it is closed under addition, and under multiplicatión 
by real numbers, and if x, tx in M implies x —0. An ess. r.].m. is maximal if it is not a 
proper subset of any ess. r.l.m. If M is a maximal ess. r.l.m. every element of E is 
uniquely representable in the form z=x-++y, where x, y are in M. The operation 
T(x Hy) 2x —1y is a conjugation. T is continuous if and only if M is closed. Also, if 
T is any conjugation, the set of elements x such that Tx--x is a maximal ess. r.l.m. 
It may be shown that every E has a maximal ess. r.l.m. The author does not know if 
there always exists a closed, maximal ess. r.l.m., but when one does exist it is sible 
to re-norm the space, without altering the topology, in such a way that fe tél 
=||x—¢y|]. (Received October 26, 1940.) 


49. J. M. Thomas: Orderly differential systems. 


Riquier’s existence theorem for orthonomic systems is extended to a larger class 
of systems called orderly. Substantially the defining property of an orderly system is 
that it can be decomposed into orthonomic components. The proof of the existence 
theorem given is new, even for the case of orthonomic systems. Its chief feature is the 
elimination of the integers called cotes by Riquier. They are replaced by two systems 
of inequalities which it is thought arise more naturally and have simpler nature than 
the systems of inequalities among the cotes. (Received November 20, 1940.) 


50. W. J. Trjitzinsky: Analytic theory of singular elliptic partial 
differential equations. 


This work presents an extensive analytic theory of the equation F(u)m)_a;,r 
- Ou /dedxnt) b:du/dx;+(c+rA)u=f (i, k=1,2,---, m), where \ is a parameter 
and the coefficients are functions of (xi, - - + , £a) continuous in an open domain D, 
the first partials of the b; and a number of partials of the a;, k are continuous in D, 
and the functions, involved, may become infinite near the frontier of D. The investi- 
gation was suggested by certain analytic aspects of Schródinger wave equations. 
The equation is transformed into an integral equation with the aid of a suitable func- 
tion of the geodesic distance (formed for a suitable line element); the integral equa- 
tion plays an essential role in the work, in particular, Fredholm's theory is locally 
applicable in D. Associated with F there is constructed a sequence of "regular" 
approximating homogeneous boundary value problems, (P:), (Ps), - - - . When F is 
self adjoint, theorems on existence of solutions, uniqueness properties and so forth 
are given for A nonreal; also, for à real, depending on sufficient "rarefication" of the 
totality of characteristic values formed for (P1), (Ps), - - - . An essential role is also 
played by an appropriate spectral theory based on (Pj), (P3), +++. (Received No- 
vember 28, 1940.) i 


51. H. S. Wall: A theorem on real functions bounded in the unit 
circle. 


e 
Let denote the class of functions e(x) which are analytic for |x| <1, real when 
x is real, and for which M(e) =1.u.b. jac] e(x) Pst. Let F denote the subclass of all 


1941] ABSTRACTS OF PAPERS 43 


functions f(x) of E which are of the form f(x) = fadou) /(1+xu) where (u) is real, 
bounded and monotone nondecreasing on the interval 0SuS1. Then there is a one- 
to-one correspondence between the functions of E and of F such that if e(x)—f(x), 
then e(x) ^ [1 —x—2f(z)|/[1 —ax+2xf(s)], s—42/(1—x)%, |x| <1. (Received Novem- 
ber 7, 1940.) 


52. J. L. Walsh and E. N. Nilson: Approximation to an analytic 
function by functions analytic and bounded in a region. 


Let R be a finite sum of disjoint regions containing a closed set S in its interior, 
with the respective boundaries Ci and Co composed of a finite number of analytic 
Jordan curves, each component region of R containing at least one point of S, no 
point R — S separated by S from Ci. Define u(s) as unity on Ci, zero on Co, continuous 
in the extended plane, harmonic except on Cı and Co. If v(z) is conjugate to w(z) in 
RS, then u(s) 7 u() — (1/21) f eicedog | s —t| dot), for s not on C+ Co. This equa- 
tion is used to define poles and points of interpolation for sequences of rational func- 
tions which are used (Walsh, Proceedings of the National Academy of Sciences, vol. 24 
(1938)) to prove: Let f(s) be analytic on S but not throughout R (a single region); 
for M0, let far(s) be that function analytic and of modulus not greater than M in 
R for which [max | f(z) —fu(s)|, z on S] is least. Then, for 0 Sc <p, lim supa 
[max Ie) —fu(s) | ,sin R, [log M = e(079/079, where Re is the set on which 0 S u(z) «c 
and p is the largest number, 0 «p «1, such that f(s) is analytic throughout Rp. (Re- 
ceived December 2, 1940.) 


53. W. F. Whitmore: Convergence theorems for functions of two com- 
plex variables. II. ] 


In continuation of the work of the first part of this paper (American Journal of 
Mathematics, vol. 62 (1940), pp. 687—696), results are obtained for convergence of 
a function of two complex variables in sector-domains I=} in sT els), 6;(24)] 
where P(e, 6:) = Ela zarg 3j z:61] (superscript indices give the dimensionality of the 
domain in question). The limit function approached at the vertex surface H?=E[s: =0, 
|n] 1] is also examined, and shown to be an analytic function of z+. The principal 
tool is the theory of harmonic measure. These sextor-domains are useful as domains 
of comparison for arbitrary domains whose boundary hypersurfaces contain a seg- 
ment of an analytic hypersurface. (Received October 28, 1940.) 


54. D. V. Widder: Necessary and sufficient conditions for the repre- 
sentation of a function in Lidstone series. 


‘A set of polynomials An@s) is defined as follows: The first, Ao(x), is x. For each 
positive integer » the second derivative of A(x) is go be A«a(x), and each poly- 
nomial except the first is to vanish at zero and at one. For example, A1(x) is (x3—2)/6. 
In terms of these polynomials a Lidstone series for the functions f(x) has the form 
f(x) =P oft) (1) A GO +f (0) A (E —2). Any partial sum of the series is a poly- 
nomial whose coefficients are determiged so that it may coincide together with as 
many of its even derivatives as possible with f(x) and its corresponding even deriva- 
tives at zero and one. These series, discovered by G. J. Lidstone, have been studied 
by H. Poritsky, J. M. Whittaker and I. J. Schoenberg. (References may be found in 
‘Schoenberg's paper, this Bulletin, yol. 42 (1936), pp. 284-288.) In the present paper 
the series are considered from the real point qf view. A new proof of a theorem of the 

author is given (Proceedings of tle National Academy, November, 1940) that a 
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function f(x) for which (—1)*f@®(x)2=0 on an arbitrary interval is necessarily entire. 
By use of this result a necessary and sufficient condition that a function can be ex- 
panded in an absolutely convergent Lidstone series is obtained. (Received November 
25, 1940.) 


55. J. R. Woolson: A Theory of projections in complex Banach 
spaces. Preliminary report. 


A projection P is defined as a linear operator on a complex Banach space B to B, 
such that P?=P. Using an inter-space product [5f], f € B, FE (B) the set of com- 
plex valued linear functionals defined on B, it is possible to prove the usual theorems 
concerning projections by certain analogies with the Hilbert space inner-product. 
(Cf. M. H. Stone, Linear Transformations in Hilbert Space and Their Applications to 
Analysis, American Mathematical Society Colloquium Publications, vol. 15.) The 
theory is used to show that (1/0) 3 i4* converges weakly to a projection and to 
characterize a linear operator in terms of the linear manifolds which it leaves in- 
variant. (Received October 28, 1940.) 


APPLIED MATHEMATICS ' 


56. Harry Bateman: Aerodynamical effects of changes in the funda- 
mental equations. 


Simple examples indicate that a change from the elliptic to the parabolic type 
may not be as drastic in its effects as a change from the elliptic to hyperbolic type. 
The effects of the various changes that have been made in the equations of viscous 
flow by Prandtl, Oseen, Kármán and others are reviewed by the author. Some remarks 
are made also on mixtures of fluids and changes of state. Some new equations are con- 
sidered and reference is made to the work of Duhem, Schutz, Silberstein, Natanson, 
Bjerknes and Kozlowski. Some remarks are made on the equations of Burgers, 
Mattioli and others which differ from the classical equations and yet exhibit some of 
the phenomena of turbulence. (Received November 18, 1940.) 


57. M. A. Biot: Finite difference equations applied to aircraft engine 
vibrations. 


The vibration amplitudes of the crankshaft are shown to satisfy a finite difference 
equation of the second order with constant coefficients. The frequency equation 
derived from the end conditions is solved numerically by an artifice which shortens 
considerably the time required for the evaluation of the critical speeds. (Received 
November 18, 1940.) ' . i 


58. J. Bjerknes: Som uses of mathematics in meteorology. 


The atmosphere exhibits tide-like wave phenomena, but the lunar component of 
the atmospheric tide is only about one tenth of the solar component. If the atmos- 
pheric tide is gravitational, just as the oceanetides, the atmosphere must be able to 
act as a vibrating system with a proper period very close to 12 solar hours and 
thereby give the solar component of the tide a greater amplitude than the lunar 
component. That vibration problem is mathematically rather well defined but still 
unsolved in its general form. The atmospheric disturbances responsible for the day 
to day variations of weather are mainy aperiodic and disorderly but at times they 
are quasi-periodic and to some extent amenable tó mathematical treatment. The near- 
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est approximation to wave-like conditions are found $ the upper atmosphere. The 
general westerly current which prevails there takes a sine curve shape under dis- 
turbed conditions and the sinuosities move along with the current but with less speed 
than the air. That wave phenomenon is mathematically less tractable than the tidal 
waves, mainly because of the difficult boundary conditions, but whatever little prog- 
ress can be made with it would be a valuable contribution to the science of weather 
forecasting. (Received November. 18, 1940.) 


59. B. E. Gatewood: Thermal stresses in regions bounded by epttro- 
chords. 


Muschelisvili’s method of solving the biharmonic equation when the first deriva- 
tives are, known on the boundary of the region is used in solving the thermal stress 
problem for a long cylindrical body whose cross section is bounded by an epitrochord 
(see abstract 45-9-314.) (Received November 14, 1940.) 


60. F. B. Hildebrand: The approximate solution of singular integral 
equations arising in engineering practice. 


In this paper a method of numerical solution of integral equations given by Crout 
(Journal of Mathematics and Physics, M.I.T., vol. 19 (1940), pp. 34-92) is extended 
to the solution of certain integral equations wherein the unknown function, as well 
as the kernel, may be singular. Considering an equation of the first kind, $(x) 
=f e(£)G(x, £)dt£, the unknown function o(x) is approximated by a linear combina- 
tion s(x) of suitably chosen singular functions, s(x) Toss), where the x's are 
undetermined constants, plus a polynomial y(x) of order 25, in the Lagrangean form 
y(x)>_}—».Ki(x)%, where the y's are the undetermined ordinates at 2n+1 :quelly 
spaced points in (a, b). The conditions PACAR (s(E) --»x(8 ] Glen, EdE, k=1, 2, 

m, where m z2n--r--1, constitute m linear equations in the 25 4-r 3-1 parameters, the 
parameters then being determined by a method of least squares. Several specific prob- 
lems arising in static field theory and elasticity are solved numerically, the results being 
in good agreement with exact results obtained by other methods. The computation 
involved is organized by the use of matrices and reduced principally to operations for 
which the modern computing machine is well adapted. (Received November 25, 1940.) 


61. Theodore von Kármán and W. R. Sears: Solution of the prob- 
lem of the airplane wing of finite span by expansion in eigen-functions. 
Preliminary report. 


"The problem of the calcuffition of the lift distribution along the span of a wing 
according to the lifting-line theory of L. Prandtl can be geduced to the determination 
of a two-dimensional potential function which satisfies on the boundary of a circle 
a linear relation with variable coefficients between the values of the function and its 
normal derivative. In engineering practice this problem is usually solved by means 
of a development of the boundary valuesof the potential function in a trigonometric 
series. In the present paper the classical method of expansion in a series of the eigen- 
functions of the problem is carried out. It is shown that this method has several 
practical advantages; moreover, the eigen-functions and eigen-values required for the 
calculation are independent of the twist of the wing and each set of them is applicable 
for a certain family of planforms. They can he estimated by various approximate 
methods. (Received November 18, 1940.) 
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62. W. D. Rannie: Fensor methods in the theory of turbulence. Pre- 
liminary report. 


Applications of tensor analysis to the statistical theory of isotropic turbulence as 
developed by T. von Kármán and L. Howarth, and later treated by H. P. Robertson, 
are reviewed. (Received November 18, 1940.) j 


63. Eric Reissner: A new derivation of the equations for the deforma- 
` tion of elastic shells. 


The equations of the theory of small deformations of shells, first given by A. E. H. 
Love, are rederived in a simpler manner. The simplifications are accomplished by 
using (1) vector stress resultants and equilibrium conditions in vector form and (2) 
the three-dimensional system of orthogonal coordinates which goes with the lines of 
curvature on the middle surface of the shell and the strain components with respect 
to this system. The assumption that the normal to the undeformed middle surfacé 
is deformed into the normal to the deformed middle surface, satisfied by determining 
appropriate displacement components, is introduced into these strain components. 
(Received November 25, 1940.) 


64. H. J. Stewart: Steady state oscillations in an atmosphere on a 
rotation sphere. Preliminary report. 


If one plots the mean surface atmospheric pressure, averaged over a period of at 
least a week, one finde that in addition to the mean westerly flow of air, there exist 
large scale closed isobaric systems which change very slowly with time. Attempts to 
develop long range weather forecasting techniques have shown the positions of these 
systems to be of primary importance and a knowledge of the factors which control 

' these systems is very useful as a guide in formulating forecasting methods. In the 
present paper certain steady state oscillations of the stratosphere are investigated 
and are shown to vary with the mean velocity in the same manner as the observed 
oscillations. (Received November 18, 1940.) . 


.GEOMETRY | 


65. P.O. Bell: On differential geometry intrinsically connected with 
a surface element of projective arc length. 


In this paper a surface element of projective arc length is interpreted geometrically . 
and used to obtain a new geometric interpretation for each of the following: a general- ` 
ization of Bompiani’s projective curvature, a generdfization of Fubini's asymptotic 
- curvature, a projective torajon introduced in this paper, conjugate tangents, the tan- 
gents of Darboux, and the tangents of Segre. The associate conjugate net of an 
arbitrary net Nj, of'a surface S (introduced in this paper) is defined as the conjugate 
net whose tangents at a point P of S separate harmonically the tangents at P of the 
net Nix, The following characteristic preperty of this net isa typical result: Let 
arcs PPi, PP, of equal projective length s be measured, with respect to the form 
ds — (2Rv^)!!!du, from the point P along the curves CX, C respectively, of the net 
Nyns The tangent plane to S at.P intersects the line joining P:Ps in a point P, which 
tends to a limit point Po, distinct from P, as s fends to zero. The tangent line joining 
PPs and its conjugate tangent envelpp the conjugate associate of the net Ny, a8 P 
varies over S. (Received November 20, 1940.Y 
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66. L. M. Blumenthal: Betweenness in metric ptolemaic spaces. 


A metric ptolemaic space (MP-space) is a metric space for which the determinant 
| (xia, (i, j— 1, 2, 3, 4), is nonpositive for every quadruple of points fi, £s, ps, p4 
of the space. Ínvestigating such spaces with regard to the four-, three-, and two- 
triple properties shows: (1) each: MP-space has the four-triple property; (2) an MP- 
space has the three-triple property unless it contains the vertices of a convex tripod 

. (that is, four points with one of them between each two of the remaining three 
points); (3) if four points of an MP-space contain exactly two linear. triples, they 
may be labelled a, b, c, d so that either abc and abd or acb and adb hold. Thus an 
M P-space has the two-triple property unless it contains vertices of a fork or a bow. 
Besides the transitive property of the betweenness relation valid in all metric spaces, 
there is in MP-spaces the additional transitivity abc and bad—cad and abd. These 
results are preliminary to a study of separable, complete, convex MP-spaces which 
contain for each three non-linear points at least one point equidistant from them. (Re- 
ceived November 23, 1940.) 


67. L. M. Blumenthal and C. V. Robinson: Helly theorems on the 
sphere. . . 


Theorems for families of convex subsets of the sphere are given corresponding to 
the following theorem due to E. Helly: If each n+1 members of a family of convex 
bodies of E, intersect, then all the members of the family have a common point. On 
the sphere the existence of a common point is implied by the intersection of each 3, 4, 
5, or 6 sets of the family according to the generality of the family considered. (Re- 
ceived November 26, 1940.) 


68. C. R. Cassity: T'he double points of a pencil of cubics invariant 
under the quadratic transformation. 


The double points of a general pencil of cubics contained in the invariant web of 
cubics of the involutorial quadratic transformation lie at the invariant points of the 
transformation and by pairs on the four lines which contain the six base points of the 
pencil which are not base points of the web. (Received November 25, 1940.) 


69. Nathaniel Coburn: A note on conformal geometry. 


Two Riemannian spaces of n-dimensions V, and `V, are considered. If coordinate 
systems in V,(£*) and ‘V.(#) can be chosen so that at corresponding points P(£), 
'P(£) the connections of the spaces are related by the conformal transformation, then 
are the spaces conformally related? The problem is shown to be equivalent to de- 
termining the number of independent solutions of a system of linear partial differen- 
tial equations. By analyzing the integrability conditigns of the system, it is shown 
that only one independent solution exists. Hence the spaces are necessarily conformal. 
The complete theorem is: If coordinate systems in V«(£) and ‘V,(é) exist so that at 
corresponding points P(é), 'P(£) the connections of these spaces are related by the 
conformal transformation and if the psincipal directions of the metric tensor of ‘Va 
exist in V,, then the spaces are conformal. This theorem is of interest in that it can 
be shown that the corresponding theorem is not valid in unitary spaces. (Received 
November 20, 1940.) 


70. Nathaniel Coburn: Unitary spgces with corresponding geodesics. 
In the first section of the paper, the equations of geodesic curves Xi, which depend 
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on a real parameter (/) and which are imbedded in a unitary space of s-dimensions 
Ka, are derived from the calculus of variations (Euler equations). The principal result 
is: the equations of such geodesics differ from the equations of geodesics in Rieman- 
nian space in that the former contain the torsion affinor whereas the latter do not 
contain this affinor. In the second section, the discussion centers on the connections 
of two unitary spaces K, and 'K, whose geodesics correspond. It is shown that: (1) 
if two unitary spaces, both with symmetric connections, have their geodesics in cor- 
respondence, then the connections are related by the projective transformations; (2) 
if Ka has a connection with torsion and ‘K, has a symmetric connection, then their 
geodesics cannot correspond. The first result is obtained in the same manner as the 
similar result in Riemannian space. The problem of determining all connections of 
unitary spaces K,, both with torsion, whose geodesics correspond is left open. (Re- 
ceived November 20, 1940.) 


71. Richard Courant: Critical points and unstable minimal sur- 
faces. 


Morse and Tompkins, and independently Shiffman (Annals of Mathematics, (2), 
vol. 40 (1939), pp. 834—854), have shown that Morse's theory of critical points in 
function spaces can be applied to minimal surfaces spanning suitably smooth con- 
tours. The main difficulty to overcome is the proof of a deformation property of the 
Dirichlet functional in the space of harmonic vectors. For this purpose a thorough 
analysis of the explicit Douglas boundary functional or its equivalent is needed. The 
present note, in line with the author's previous work on the Douglas problem, attacks 
the question for polygonal contours in a wider space by intrinsic considerations. It 
solves the problem by reducing it to that of the stationary points of a function of a 
finite number of variables with continuous derivatives. (Received November 27, 
1940.) 


72. N. A. Court: On the harmonic pole. 


If U, V are two tetrahedrons (triangles) polar reciprocal for a quadric (conic), and 
L is the pole of a plane ^ (line J) for the quadric (conic), the harmonic plane (line) of Z 
for U and the harmonic pole of the plane ^ (line 7) for V are pole and polar plane (line) 
with respect to the quadric (conic). Various consequences of this proposition are con- 
sidered, of which the following may be noted: The harmonic plane (line) of a point of a 
quadric (conic) for a tetrahedron (triangle) inscribed in the quadric (conic), and the 
harmonic pole, for the tangential tetrahedron (triangle), of the tangent plane (line) 
to the quadric (conic) at the point considered are polar for the quadric (conic). (Re- 
ceived November 23, 1940.) $ 


. 
73. N. A. Court: On the skew cubic. 


Given a tetrahedron T whose faces osculate a skew cubic C, the harmonic pole for 
T of a variable osculating plane of C; lies on 3 fixed line j. Conversely, given T and j, 
the harmonic plane for T of a variable point of j osculates a skew cubic. The trans- 
forms of j in the three skew harmonic homologies having for axes the three pairs of 
opposite edges of T are axes of the cubic, and so are the transforms of j in the four 
homologies, of constant —3, of which the verticeg and the respectively opposite faces 
of T are the centers and planes of homology. Various properties connected with 
these axes of Cs are considered. (Received November 23, 1940.) 
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74. S. B. Myers: Complete Riemannian manifolds of positive mean 
curvature. 


The author has proved previously that if, on a complete n-dimensional Rieman- 
nian manifold M, the curvature at every point and with respect to every pair of di- 
rections is greater than a fixed positive constant, then M is closed (compact) and so is 
its universal covering manifold. In the present paper the same conclusions are drawn 
from the weaker hypothesis that the mean curvature of M at every point and with 
respect to every direction is greater than a fixed positive constant. In particular, a 
complete space of constant positive mean curvature is closed, and so is its universal 
covering manifold. Such spaces are important in the general theory of relativity. 
(Received November 25, 1940.) 


STATISTICS AND PROBABILITY 


75. G. A. Baker: Fundamental distributions of errors for agricul- 
tural field trials. 


Evidence from various sources is presented which shows that the fundamental 
error distribution for yield trials is represented by [1/ab(&—1o)] fos / 4| 1/e (x, y, 2] 
exp—$ { [E—f(x, y, D Pela, y, 2) ]dtdydx where the integrals may be Stieltjes integrals. 
Under certain conditions the fundamental error distribution can be expressed as a 
Gram-Charlier series, but very rarely, if ever, as a normal distribution. For compari- 
son with analysis of variance results based on the normal theory, the distribution of 
the ratio of independent estimates of the second moments of samples, if the funda- 
mental distributions are Gram-Charlier series, are given. Similar considerations show 
that the distributions of the numbers attacked in field trials can rarely be represented 
by Poisson or binomial distributions as is usually assumed. (Received October 22, 
1940.) 


76. G. A. Baker: Maximum likelihood estimation of the ratio of the 
components of nonhomogeneous populations. 


Let f(x) = [1/(14-5) Js (x) -kfs(x)), eSx Sf, k>0 and k& «, where fi(x) and 
fax) are probability functions. The problem is to find the maximum likelihood esti- 
mate of k, say k. If f(x) and fi(x) are rectangular with equal ranges that partially 
overlap, then the probability of a value of k=w/u (where « is the number of indi- 
viduals drawn from the nonoverlapped interval of fi(x), w is the number of individuals 
drawn from the nonoverlapped interval of fi(x) and v is the number of individuals 
drawn from the interval overlapped by fi(zx) and fa(x)) is (n!/ulvlwl) (pp) (o9)*(62* 
where the f;'s are the probabilities of coming from the respective intervals. The cases 
for which w=", 7-5, w=n, 4 0, w=0 are excluded because È is then indeterminate. 
Hence, the probability of & determinate value of his Pe + (ps)"— (tatt) — (pi 
-Ffx)*. The estimates of k are biased. (Received October 22, 1940.) 


77. G. F. McEwen: Statistical problems of the range divided by the 
mean tn samples of size n. 


Certain quantitative climatological studies are based upon the "precipitation 
ratio" or ratio to the mean annual rainfall of the difference between the maximum and 
minimum annual rainfall corresponding to the standard number of yeara. Available 
observations correspond to various values of the number of years s. Accordingly it is 
necessary to compute the precipitation ratio I corresponding to a standard number 
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of years from J, corresponding to # years. Various assumptions regarding the fre- 
quency distribution of the precipitation lead to corresponding sets of theoretical 
factors for standardizing the precipitation ratio and certain of these agree well with 
observations. Results plotted on coordinate paper having a reciprocal scale for I, 
and a logarithmic scale for n facilitate a graphical treatment of the observations 
since the graph approximates to a straight line. The standard error of J, is also com- 
puted corresponding to the two most important frequency distributions of the 
precipitation. In order to reduce the accidental fluctuations of J, it is sometimes de- 
sirable to use the difference between the averages of the rn highest and the rs lowest 
values, where rn equals some appropriate value, say 3. Theoretical factors derived for 
correcting such values to obtain J, agree well with observations. (Received October 
3, 1940.) 


78. Jerzy Neyman: A statistical problem in mass production and 
routine analyses. 


Let xi, %42,°°° , Xis denote the results of parallel analyses of some sth sample, 
t=1, 2,--+, N (a sample of items of mass production). The x's are considered as 
random variables following the law (xc) = (s:(27)13)3 exp ( (x; — 52/295]. Denote 
by H the hypothesis that o1.=0:— » - - =øy, that is, that the precision of measuring 
& is maximum, and let x;— (27,2) /n, S=), V -2 45, Um S; Also 
let E denote the observed point in the space W of the 5;'s and w(V) the part of the 
locus V=const. included in any region 1? CW. It is proved that (1) a necessary and 
sufficient condition for a test's probability of rejecting H when true to be a fixed 
value a is that its critical region 10? ,w(V), with the w(V) arbitrary except that 
P{EEw(V) | ECW(V)} =a for any V0. (2) IfH is not true and h 67* is a random 
variable with p(k) —ch«-1e7f*, then the critical region wo determined by U > Ua V’, with 
P{ U> UaV3| E, y) =a, has the following useful properties: (a) if H be true, then the 
probability of wo rejecting H is equal to æ, (b) the first derivative of the power func- 
tion of we, taken at the point of H being true, is equal to zero, (c) the second deriva- 
tive is maximum. ((b) is true for all regions satisfying (a).) (Received October 28, 
1940.) 


THEORY OF NUMBERS 
79. E. T. Bell: Selective equations. 


` ‚The symbols ( Y’, [ |’ denote the least, greatest of the integers occurring within 
the symbols. Each such integer may be replaced by a symbol ( )’, [ ]' referring toa 
new set of integers, and so on, a finite number of times. The most general system of 
equations consisting of equalities between single powes products formed from ( )’, 
[ ]' is solved non-tentatively and finitely, by passing to a unique dual of the system, 
in which ( ), the G.C.D., and*[ ], the L.C.M., replace ( y’, [ ]’. The latter system is 
a simple multiplicative system, and hence is completely solvable non-tentatively and 
finitely. The problem solved arose in the detailed discussion of compound multiplica- 
tive systems. (Received October 26, 1940.) : 


80. Leonard Carlitz: Finite differences and polynomials in a Galois 
field. ; 


This paper is concerned chiefly with the solutjon of equations such as? f(W) M(t) 
= g(t) and 2.f(M, u)M(t) —g(u, i), the summation extending over all polynomials 
M= M(x) of degree less than m. (Received November 25, 1940.) 


1941] ABSTRACTS OF PAPERS 51 


81. Douglas Derry: On the boundary case of Minkowski's linear 
form theorem. Preliminary report. 


Group theoretic methods are used to study Minkowski's conjecture regarding the 
boundary case of his linear form theorem, with the restriction that the coefficients 
become integral upon multiplication by a fixed prime f. In this case the validity of 
' the conjecture is established for s forms provided p>(n—3)/2 and for all primes 
where 5:28. (Received November 25, 1940.) 


82. D. H. Lehmer: A general summation formula for numerical 
functions. 


Let h(n) be any single valued numerical function, and let H(n)=h(1)+}(2) 
+- +h(n) be its sum. The author obtains a formula for H(s) in terms of two 
functions f(#), g(n) and their sum functions P(n) and G(s), such that $^ f(8)g(n/3) 
= h(n), the sum extending over the divisors of n. The formula involves a parameter 
R which can be chosen at will. For R=1 or R=n one obtains a formula used in several 
special cases by Dirichlet, while for R= [n], a general formula of Franel and 
Glaisher is obtained, special cases of which have been used by many writers. By 
choosing R an appropriate function of n depending on 5, the number of terms in the 
formula may be minimized. Exact formulas for the number of square-free numbers 
equal to or less than x and the excess of numbers equal to or less than x having an even 
number of prime factors over those having an odd number of prime factors are given 
as examples. In these formulas the number of terms varies as the cube root of x. (Re- 
ceived October 22, 1940.) 


83. Gordon Pall: Simultaneous representation in a quadratic and 
linear form. 

The problem of solving in integers x; the pair of equations a=) 6x, b=) cx 
where the cj, a, and b are given integers, and t=) .c;~0, is reduced for certain forms 
of t to the representation of ta —b? in a specified form in one fewer variables. When this 
form is in a genus of one class the solution is complete. Twenty-nine such sets (cs, * * * , 
c) with positive c; are found. (Received November 25, 1940.) 


84. R. M. Robinson: On the simultaneous approximation of two real 
numbers. 


For each positive integer s, the smallest C(s) is determined, such that for every 
pair of real numbers & and &, there exist integers ai, a4, b with 0 <b Ss and | bta —as| 
SC(s) (k» 1, 2). (Received September 28, 1940.) 


85. J. B. Rosser: Explicit bounds for some functions of prime num- 


bers. 


In this paper the constants implicit in several “big O” theorems of the analytical 
theory of primes are evaluated and improved. A typical result is the following. Let 
x(x) denote the number of primes less thán or equal to x. Then for 55 Sx, x/(log x +2) 
«x(x) «x/(log x—4). (Received November 23, 1940.) 


86. H. A. Simmons: Maximum numbers associated with a symmetric 
Diophantine equation inn rectprocals. | 


In a previous paper (Duke Mathematical Jomi vol. 2 (1936), pp. 317—340) the 
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writer excluded from consideration the equation 1/x:t1/xa+ +++ --1/x, A / xs 
+++ x,=6/((c+1)b—1), in which b, c are any positive integers, and À is an integer 
greater than 1. The present paper identifies a class of maximum numbers relative to 
this equation. Using the terms E-solution and Kellogg solution, and the symbol 
Za,r(x) in senses previously employed, it is proved that if w is the Kellogg solution 
and if X7*w is any E-solution of the equation, then Z,,(w)» Za i(X) and 
Zn,x(w) > Za, (X). On account of these two inequalities, it is possible to associate with 
this equation a class of infinitely many maximum numbers. It is also shown that 
Wn X4, which might be called the Kellogg property. (Received October 17, 1940.) 


87. L. I. Wade: Certain quantities transcendental over the field . 
GF(p", x). 


In a previous paper (abstract 46-1-129) the author proved certain quantities 
transcendental over the field GF(p*, x). The present paper includes certain additional 
transcendental quantities. For example, 97 2.,1/ (x9 — x) is transcendental, o s u/xe 
(q 1) is algebraic if g is of the form p* and transcendental otherwise, and DE 
(q>1) is transcendental. (Received November 25, 1940.) 


88. Max Zorn: Idempotency of infinite cardinals. 


This paper contains a simple proof of the theorem that the product of two infinite 
numbers is equal to the maximal factor. The application of ordinal numbers is replaced 
by the use of the maximum principle. (Received October 28, 1940.) 


TOPOLOGY 


89. Ben Dushnik and E. W. Miller: On the dimension of a partial 
order. 


Let A be any set. Let K be any collection of linear orders, each defined on all of A. 
A partial order P on A is defined as follows: For any two elements a; and a of A, 
a; <a (in P) if an only if a <a in every linear order of the collection K. A partial 
order so obtained will be said to be realized by the linear orders of K. With the aid of 
a result due to Szpilrajn on the linear extensions of a partial order (Fundamenta 
Mathematicae, vol. 16 (1930), pp. 386—389), it is seen that if P is any partial order on 
a set A, then there exists a collection K of linear orders on A which realize P. By the 
dimension of a partial order P defined on a set 4 is meant the smallest cardinal num- 
ber m such that P is realized by m linear orders on A. It is shown that if n is any nat- 
ural number, there exists a finite partial order of dimension n, and if m is any trans- 
finite cardinal, there exists a partial order of dimensionen defined on a set of power m. 
Reversible partial orders (see abstract 46-5-266) are those of dimension not greater 
than 2, (Received October 28, 1940.) 


90. Samuel Eilenberg: Imbedding of spaces into euclidean spaces. 


Preliminary report. n 


Given a metric space X, let P(X) be the subset of the cartesian product XXX 
consisting of all points (x, y) € X X X such that x yy. If every ?-dimensional compact 
Vietoris cycle mod 2 of P(X) bounds in P(X) for i=1, 2, - - -, n —1, then X is not 
imbeddable topologically into the euclidean n-space. Many other results of this type 
are obtained. Analogous theorems hok if the join X O X is considered instead of the 
product X XX. (Received November 25, 1940.) 


> 
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91. Samuel Eilenberg: Monotone families of mantfolds. 


Given a closed n-manifold M in the euclidean space E*+, D(M) will denote the 
bounded component of E** — M. A family { M;] of n-manifolds depending on a real 
parameter £ is called: (a) monotone if D(M;) C D( My) for h <h, (b) strictly monotone 
if My, C D(My) for h<t, (c) continuous if lim M;, — M, whenever lim =t. If ( Mi] 
(0«1x1) is monotone continuous and 5(M;)—0 as #0, then D(M,) +M; is contracti- 
ble to a point and M; is a homology-sphere. If moreover (AM. ;] is strictly monotone, 
then also D(M;) is contractible to a point. (Received November 25, 1940.) 


92. O. G. Harrold: On a class of continuous maps. 


In this note the class of continua having the property of Cech (that is, of admitting 
a map of finite sections into the interval) is identified as those Peano continua M such 
that every dendrite D in M has the Cech property. For dendrites the problem was 
solved by Mazurkiewicz (Fundamenta Mathematicae, vol. 17, pp. 88-98). (Received 
November 23, 1940.) 


93. F. B. Jones: Topologically flat spaces. 


A nondegenerate continuous curve (in a complete Moore space) will be called 
topologically flat provided that (1) it contains no cut point, (2) the Jordan curve 
theorem holds true in it, and (3) it is locally remotely connected. Conditions are ob- 
tained under which a topologically flat continuous curve is a subset of a plane (com- 
plete separability being sufficient) and certain of these subsets are characterized by 
means of upper semicontinuous collections in the plane. (Received November 23, 
1940.) 


94. F. B. Jones: Totally discontinuous linear functions whose 
graphs are connected. 


An example of a real function f(x) of a real variable is constructed with the follow- 
ing properties: (1) f(x4-y) =f(x)+(y); (2) f(x) is defined for all real values of x and 
is discontinuous for each value of x; (3) the graph of y=f(x) is a connected subset M 
of the number plane; (4) the set M is dense in the plane but contains no continuum; 
(5) considered as a space, (a) M is metric and linearly ordered, (b) M is the sum of a 
countable number of arbitrarily small totally disconnected domains, and (c) M con- 
tains a totally disconnected closed set which contains a domain. Other related prob- 
lems are considered. (Received October 24, 1940.) 


95. J. P. LaSalle: Pgeudo-normed linear sets over valued rings. II. 


A generalized concept of a linear function on a pseudo-normed linear set over a 
valued ring T (a Pi-space) to a Pi-space T" is introduced where the valued rings need 
not be the same, though a sort of generalized homogeneity is assumed. Bounded sets 
are defined for Pi-spaces, and it is shown that a linear function maps bounded sets 
into bounded sets. These generalized linear functions are shown to have others of the 
properties which linear functions possess in less general spaces. A differential with the 
usual properties can be defined for functions with arguments and values in P;-spaces. 
When the Pr-spaces are in particular the "topological abelian groups" considered by 
Michal (First order differentials of functions with arguments and values in topological 
abelian groups, to be published in the Revista de Ciencas, University of Lima), the 
existence of the Mj-differential implies the existence of the differential considered in 
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this paper. By replacing the vajued ring by a valued division ring in whicli the valua- 
tion satisfies M(a8) — .M(a) M(8) (it is not required that the valuation be archi- 
medean), additional theorems concerning linear functions, and so on, may be proved. 
In particular it can be shown that the differential, if it exists, can be calculated as a 
limit. (Received November 8, 1940.) 


96. A. N. Milgram: Extensible and inextensible GAO POMS: Pre- 
liminary report. 


If A is a closed subset of a topological space S, and if A is decomposed into a 
finite number of closed sets A =AitA:+ +--+ +4, then we shall call the decom- 
position extensible if S=5,;+5,+ ---+-+.S, is a decomposition of S into closed sets 
such that S; A; and the decomposition of S has the same nerve as that of A. If the 
decomposition of A is not extensible it will be called inextensible. (See Menger's 
Dimenstonstheorie, pp. 312-313.) This paper is devoted to a study of extensible and 
inextensible decompositions of topological spaces. For example, it is shown that a 
compact space is of dimension not less than » if and only if it contains a closed subset 
having an inextensible decomposition into +1 closed sets, each s of which intersect. 
Criteria to determine when a continuous mapping of a subset of a space can be ex- 
tended to the whole space are given in terms of extensible decompositions. Further 
results will be reported in a later paper. (Received October 24, 1940.) 


97. A. N. Milgram: Extensions of decompositions. 


The system of sets Bi, Bs, - - - , B, is said to govern the system A, As, * * +, Ae, if 
Bi, Bi +++ + Bu 0implesA4: Ai: +- Ag 70. For each absolute neighborhood 
retract R, there exists a decomposition into closed sets Ri, Rs, - + +, Rn which ina sense 
determines whether mappings of subspaces into R can be extended to mappings of the 
whole space into R. Namely, if fC R4, where A is a closed subset of the metric space 
S, then f can be extended to a mapping f*€ R5 if and only if there exist closed sets 
S;2fA(R), where $51, 2, - - *, n, which cover S and such that the system Si, 
Sn 7:7, S. is governed by the system Ri, Rs, * - - , Ra. If R is not an absolute 
neighborhood retract, the theorem is shown to be false by an example. A space S is 
called connected between s of its closed sets Ai, As, * - - pAn (see Menger, Dimen- - 
sionsiheorie, pp. 312—313) if for each decomposition of S into closed sets Si, Ss, © - +, Sx 
such that S; A, we have IIs; 70. It is shown that a separable metric space is of 
dimension not less than » if and only if it is connected between some n-+1 of its closed 
sets. (Received November 26, 1940.) 


98. Harlan C. Miller: Concerning certain types of end pois of 
compact continua. 


H. M. Gehman made a stifdy of various definitions of end points of bounded plane 
continua. The following definition was not included: The point P of a compact con- 
tinum M is said to be a terminal point of M if every irreducible subcontinuum of M 
which contains P is irreducible from P to some point. In this paper it is shown that this 
definition is not equivalent to any of those considered by Gehman, except for the 
case where M is a continuous curve. Among others the following results are estab- 
lished: A compact nondegenerate continuum every subcontinuum of which is unico- 
herent and decomposable has two terminal points. A compact continuum every 
subcontinuum of which is unicoherent and decomposable i is irreducible about the set 
consisting of all its terminal points. If M isa compact hereditarily decomposable con- 
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tinuum and K is å subset of the set of all its terminal points, then M —K is con- 
nected. (Received November 25, 1940.) 


99. Harlan C. Miller: On the existence of a certain type of irreducible 
continuum. 


In this paper the following theorem is proved: if M is a closed and compact sub- 
set of a line Z lying in a plane E, there exists a compact continuum X lying in E such 
that (1) one of the complementary domains of L has no point in common with N, (2) 
the common part of N and L is M, and (3) if x and y are points of different com- 
ponents of M then N is irreducible from x to y. (Received November 25, 1940.) 


l 100. Harlan C. Miller and R. L. Swain: Properties of two intersecting 
arcs. 


Let space satisfy Axioms 0-5 of R. L. Moore (American Mathematical Society 
Colloquium Publications, vol. 13). The following definition is due to R. L. Moore: 
The arc AB is said to cross the arc CF provided there exist intervals A’B’ and C'F' 
of AB and CF, respectively, and a simple closed curve J containing C’F such that 
A' and B' belong to different complementary domains of J and such that the arc 
segment C'F' contains the common part of J and A'B'. Some necessary and sufficient 
conditions are given for crossing, and the crossing relation is shown to be reciprocal. 
Two arcs may cross at a point or interval, may touch at a point or interval, or may 
cross in every neighborhood of a point or interval. Among other resulte obtained in 
this paper are (1) if two arcs cross, they cross in every neighborhood of some compo- 
nent of their common part, (2) if two arcs cross, but cross at no component of their 
common part, and K is the set of all components H of their common part such that 
they cross in every neighborhood of H, then K is a perfect set of point sets. (Received 
November 25, 1940.) 


101. S. B. Myers: Compact groups whose elements are of finite order. 


Denote by G a metrizable topological group all of whose elements are of finite 
order, and by Gy a G which satisfies the postulate that if a sequence of elements gs 
converges to the identity, then the order of g; becomes infinite. (This postulate is 
satisfied by any G which is a group of periodic homeomorphisms of a manifold into 
itself.) In this note it is proved that a compact Gy is 0-dimensional, and a compact 
abelian Gy is finite. (Received November 25, 1940.) 


102. J. W. Odle: Non-separating and non-alternating transforma- 
tions modulo a family of sets. 


In this paper the type of generalization of non-alternating and non-separating 
transformations introduced by E. P. Vance (Duke Mathematical Journal, vol. 6 
(1940), pp. 66-79) is carried still further, and the most general possible transforma- 
tions of this kind are shown to have thg same characteristic properties as Vance's 
transformations. A systematic analysis of product and factor theorems involving 
monotone, non-separating, non-alternating, weakly non-separating, and weakly non- 
alternating transformations is made, and with the addition of the two new theorems 
in this paper, all possible theorems of this type are now known. The relationships 
between locally non-alternating and 0-regular transformations are studied, and it is 
proved that any 0-regular transformation is locally non-alternating. An example is 
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given to show that the converse is not true in general. However, on certain special 
sets the transformations are equivalent. (Received October 17, 1940.) 


103. N. E. Rutt: Sets with a certain sort of derived set. 


Let D bea set of objects. Suppose that corresponding to each subset K, of D there 
is a second subset Ks of D such that, when KZ is nonvacuous and at most a finite 
number of Ka are not in Ky, then the product of KZ and K/ is nonvacuous. The sets 
Ki exhibit a few of the simpler aspects of derived sets and the nature of these is the 
subject of this paper. (Received November 18, 1940.), 


104. G. E. Schweigert: Border transformations. 


The nature of these transformations may be inferred from the fact that for 
B — T(A) a perfect set, where A is compact and metric, the transformation is interior 
if and only if T is a (continuous) border transformation such that the inverse image of 
a point contains no open set. Questions as to what extent open or connected open sets 
are preserved are considered in detail. These considerations yield necessary and suffi- 
cient conditions that T' be border. On locally connected continua, theorems holding 
for T interior are generalized and a factor theorem shows that a border T is quasi- 
monotone. Some results showing the difference between border and interior trans- 
formations are also obtained. (Received November 25, 1940.) 


105. R. H. Sorgenfrey: Concerning triodic continua. 


It is the purpose of this paper to present several definitions of the term triodic, 
first defined by R. L. Moore in Fundamenta Mathematicae, vol. 13 (1929), p. 262, 
and to establish the following theorem: If the compact continuum M contains three 
continua which have a point in common and such that no one of them is a subset of 
the sum of the other two, then M contains a continuum N, three points P, Q, and O 
not belonging to N, and continua H, K, and L irreducible from N to P, Q, and O, 
respectively, each two of the continua H, K, and L having only N in common. (Re- 
ceived November 23, 1940.) 


106. R. L. Swain: Distance axioms in Moore spaces. 


: A Moore space satisfies Axiom 0 and Axiom 1 (condition (4) omitted) of R. L. 

Moore (American Mathematical Society Colloquium Publications, vol. 13); a weak 
Moore space satisfies Axiom 0 and Axiom 1’, where Axiom 1' is Axiom 1 except that 
the condition 2C (R—B)+A is replaced by gC (R — B) +4. In the following axioms, 
X, Y, Xn, Y. are points of a space S: (A) d(X Y) =4( YX) is a real number; d(X Y)=0 
if X=Y; d(XY)>0 if XY; (B) if lim d(YY,) —-O, then lim inf d(XY,) Sd(XY); 
(C) if lim d(X X.) =0 and lim d(YY,) 0, then lim d(X,Y.) =0; (D) given X and 
given a positive number e, fhere exists a positive number 55, such that if lim d( YY.) 
70 and d(X Yn) «3,,, then d(XY) «« The point X is said to be a limit point of a 
point set M if, for each n, there exists a point X, of M such that lim d(X X4) =0. 
In order that S be a weak Moore space, it is necessary and sufficient that S satisfy 
Axioms A, B, C. For 5 to be a Moore space, it is necessary and sufficient that S 
satisfy Axioms A, B, C, D. (Received November 25, 1940.) f 


107. R. L. Swain: Linear metric space. 


A metric space S is called linear if for each three points X’, Y’, Z’ of S there exist 
three points X, Y, Z such that X+Y+Z=X'+Y'+Z' and a(XZ)=d(XY)+d(¥2Z), 
where d is a metric distance function for S. If S does not consist of just four points, 
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it is shown that there exists a reversibly continuous transformation which preserves 
order and distance and which maps S into some subset of the x-axis. (Received No- 
vember 25, 1940.) 


108. P. M. Swingle: An abstraction of types of connected sets. 


Let U and V be subsets of a set M such that M — U--V where not both U and V 
are M. Let S(X) denote that set X has property 5, Ur V denote that U has relation r 
to V. A set M is of type (I, B, W) in P and r if and only if M has property P and, 
for every pair U and V with property P, Ur V. Let M be a set of type (J, B, W). 
Then M is an SPQ-set of type B if and only if Ur V=[S(U)-S(V) has property Q], 
M is an SPQ-set of type I if and only if Ur V= [either S(U) or S(V) has property Q], 
and M is an SPQ-set of type W if and only if Ur Ve [both S(U) and S(V) have 
property Q]. Certain general theorems are obtained concerning these sets and par- 
ticular theorems obtained assigning various properties to S, P and Q. One can take 
these such that types B, W and J are respectively biconnected, widely connected and 
indecomposable closed connected sets. (Received November 18, 1940.) 


109. P. M. Swingle: Indecomposable connexes. 


Let M be a connected point set. Then M is an indecomposable connex if and only 
if for every two connected subsets H, K of M such that M — H--K either both H and 
M or both K and M have the same closure. And M is an irreducible joining connex 
closure between a and 5 if and only if there exists a connected subset N of M such that 
N-ra--b is connected and for all such N’s the sets N and M have the same closure. 
Examples are given of these sets and among others the following theorem is proven: 
If M is connected and the closure of M is compact, then in order that M be an inde- 
composable connex it is necessary and sufficient that there exist three points x, y, z 
such that M is an irreducible joining connex closure between each two of these points. 
(Received October 26, 1940.) 


110. A. W. Tucker: Baryceniric mappings. 


'To each cell x of an augmentable complex X let there correspond a vertex v(x) 
of a simplicial complex Y in such a way that v(x), v(x’), - - - , v(x(?) are all vertices of 
some single simplex of Y if x «x'« --- <x) (< means “is a face of"). Then Tx 
=v(x)T Fx defines a chain mapping of X into Y satisfying the usual requirement that 
FTx-TFx. And if Y is a closed subcomplex of X such that each x is joined in X to 
the simplex formed from the vertices v(x), v(x’), - - - , v(x) wherex «x'« +++ <x), 
then Dx-—v(x) (x —D Fx] defines a chain deformation such that DFx-+FDx=x—Tx. 
The correspondence x—(x) may be thought of as a simplicial mapping of the bary- 
centric subdivision of X into Y—hence the name barycentric mapping. It has many 
convenient properties and a wide variety of uses, particularly in comparing one 
homology system with another. (Received October 26, 1940.) i 


111. C. W. Vickery: A new proof of a theorem of Chittenden. 


It is shown that if S is a space (€) in which the écart is regular (terminology of 
Fréchet's Les Espaces Abstratts, p. 219), there exists an equicontinuous collection G 
of real valued point functions defined over S and satisfying the conditions of Theorem 
1.6 of the author's paper Spaces of ugcountably many dimensions (this Bulletin, vol. 
45 (1939), p. 459). Thus S is homeomorphic with a subset of a space D* and hence is 
metric. This establishes a theorem of Chittenden (Transactions of this Society, vol. 
18 (1917), p. 161). (Received October 12. 1940.) 
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112. R. L. Wilder: *Characterizations of those euclidean domains 
whose boundaries are lè. 


The central problem is to find positional properties which characterize those do- 
mains in the euclidean n-sphere whose boundaries are lœ (k20). The only solution 
previously given was for the case where »=2 and k=0 (R. L. Moore, Fundamenta 
Mathematicae, vol. 3 (1922), pp. 232-237). A complete solution is given in this paper, 
using the properties S; defined in an earlier paper (American: Journal of Mathematics, 
vol. 61 (1939), pp. 823-832) and a weak property S; (equals W.S;) defined exactly 
as was S; except that carriers of chains need not be self-compact: In order that the 
boundary of a domain D in the euclidean n-sphere should be łc, it is necessary and 
sufficient that D have (1) property W.S% and (2) property 52-1 , and property S444 
relative to bounding cycles. For 5 —2, k=0, this is equivalent to the result of Moore 
cited above, since So implies WSo. Weak uniform local $i-connectedness (equals 
i-wulc) is also investigated, and among other results it is found that in order for a 
common boundary of two domains in the euclidean s-sphere to be /c* it is necessary 
and sufficient that the domains be wulc?. (Received November 23, 1940.) 


113. R. L. Wilder: On the domains complementary to continua having 
certain avoidability properties.: 


G. T. Whyburn showed (American Journal of Mathematics, vol. 61 (1939), pp. 
733-749) that in the plane the boundary of a domain complementary to a compact 
semi-locally connected continuum is peanian. The present paper employs the property 
of almost local s-avoidability (equals s-aJa; see American Journal of Mathematics, 
vol. 61 (1939), p. 832, footnote 18) which for #=0 =" is equivalent to serni-local con- 
nectedness. Among the results obtained are the following: Let M be a subcontinuum ` 
of S" which is ala; ^. Then (1) if only finitely many of the “small” ¢-cycles (¢Sn—2) 
of a complementary domain D are linearly independent relative to homologies (lirh) 
in D, F(D) is peanian; (2) if the complementary domains of M form a null sequence 
and only finitely many “small” 4-cycles (0i: 5—2) of S*—M are lirh in 5^ — M, 
then M is 1c"; (3) under condition (2) if M is *-avoidable for + Sn —2, all but a finite 
number of complementary domain boundaries are g.c. (1 —1)-m.'s. If Misan (n —2)- 
ala Peano continuum in S*, then the complementary domain boundaries are all 
peanian (since every Peano continuum is 0-ala, this is exactly the well known Tor- 
horst theorem when 5-2). (Received November 23, 1940.) 


114. R. L. Wilder: The duality between the S- properties of closed sets 
and their complements in the euclidean n- sphere. 


Let property B; denote property S; relative to bounding cycles (American Journal 
of Mathematics, vol. 61 (9939), pp. 823-832). The following duality is established: 
In order that a closed subset M of the euclidean n-sphere S” should have property By, 
it is necessary and sufficient that S^— M have property B« 4. s. Thus property S; of 
S* — M and finiteness of 5! (S*— M) are dual to property S,_:_: of M and finiteness 
of p**1(M), since for any set K to have ptoperty S; is equivalent to having property 
By and finite p'(K). The duality is a consequence of the following results: (1) If M isa 
closed subset of S*, then a necessary and sufficient condition that 5" — M have prop- 
erty B. is that the closed subsets of M be almost completely (n —i—2)-avoidable by 
bounding cycles of M; and (2) a necessary And sufficient condition for a compact 
metric space to have property B, is that the closed subsets of M be almost completely 
t-avoidable by bounding cycles. (Received November 23, 1940.) 
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RATIONAL METHODS IN MATRIX EQUATION 
MARK H. INGRAHAM 


I. Introduction.? I shall start with what I hope will not prove an 
overelaborate statement of the limitations of this paper in scope and 
treatment. I shall assume throughout a knowledge of the definitions 
of a feld, a division algebra, of matrices and rational operations 
thereon. I shall also need to assume a knowledge of what is meant 
by the invariant factors and elementary divisors of a matrix. Little 
essential will be lost if the only field considered by the listeners is the 
rational number system and the only division algebra that of qua- 
ternions over the rational field. 


Consider a field ft and a system of constant matrices Ai,---, Aun 
unknown matrices Xi, +- , X, and equations 
(1) í "d plána An Xy occ, X) 50 


where the ¢,’s are polynomials with coefficients in f. If the elements 
of A; are a;j, and of X; are xij, (1) is equivalent to a system 


(2) Vua ti: ) = 0 


where the y, are polynomials with coefficients in f. (If ft is replaced 
by a division algebra b over &, the number of equations in (2) is merely 
enlarged.) We have therefore “reduced” the equations (1) to those 
of (2). This process we shall technically designate without great ex- 
aggeration as the “worst possible algorithm,” or, following modern 
style, W.P.A. This indicates that no "tour de force" which shows that 
ultimately a matrix problem can be solved in a finite time, but shows 
little else, is of interest. This is a topic in which the above simple 
proof of the existence of inelegant methods means that we need only 
pay attention to results that essentially use the matricial properties 
of matrices, only to results and methods having at least a minimum 
degree of elegance. e f 

Partly as a consequence of the above, this decture, as is often the 
case, is not so much a description of broad theories of the nature we 
desire, as a report on what special cases have been found to be seduci- 





1 An address delivered before the Chifago meeting of the Society, April 14, 1939, 
by invitation of the Program Committee; presented in part April 15, 1939, under the 
title An algorithm for the solution of the unilateral matrix equation. 

2 The author wishes to thank H. C. Trimble, C. J. Everett, and J. H. Bell for help 
in preparing this paper. Their aid wat made possible by the Research Committee of 
the University of Wisconsin. s 
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ble. As a definition of the type of result I shall describe and the liter- 
ary style in which this description will be given, I will lay down, for 
this lecture, four canons. The first and last of these I would not defend 
as completely valid dicta. 

1. Irrational methods will be relegated to the background. In par- : 
ticular, we will not assume that we can reduce every polynomial into 
linear factors. 

2. A theorem that is valid for the field of rational numbers is ipso 
facto of interest. This is particularly true if it extends to the case of 
all division algebras with finite basis over that field. (If a “field” had 
been defined to have characteristic zero and others to be “semi- 
fields," we would, I believe, have had a more wholesome set of values 
than at present.) 

3. Proofs that are essentially algorithmic belong to the aristoc- 
racy. 

4. The language of matrices, bases, vectors, linear spaces, poly- 
nomials, greatest common divisors, and so on, will be used instead of 
operators, modules, ideals, lattices, and so on. This is in deference to 
(a) the non-algebraists, (b) the frequency with which generalizations 
avoided are merely formal, (c) my personal taste. 

The paper when presented as a symposium address included the 
discussion of the equation TA=BT+C and a discussion of the uni- 
lateral matrix equation. Only the latter is included here since an ex- 
tended form of the former is being published elsewhere. (Ingraham [8].) 


II. The unilateral equation. We will now pass to the consideration 
of the unilateral (as to position of coefficients) equation 


(3) > AX! = 0. 


We will endeavor to show that much more can be said of this equation 
than has heretofore been shown. However, at best the general treat- 
ment is not simple so that it is desirable to use when available simpler 
theories for special types of equations, or fer yielding special types of 
solutions. $ 

What follows will be divided into three parts: 

1. The case where all the 4; are polynomials in a single matrix Á 
with scalar coefficients, and solutions X are sought which are of the ` 
same type. A 

2. The case where (3) is of the type 


(4) | W(X) =A 


where the polynomial y has Scalar coefficients. 
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3. The general unilateral equation. . 

The solution of case 1 was first given by Szücs? and though his 
methods are not rational, the rewriting in rational form, as here done, 
is not difficult. This type of solution had been given, however, for (4) 
by Roth,‘ and later by a method similar to that of Szücs by Franklin.’ 

Consider 


(5) o é(4, X) 2 0 


and consider only such solutions X as are polynomials in A. We will 
also assume that the field ft has characteristic zero. Let X(A) be a 
polynomial such that X (A) is a solution of (5). Hence $(A4, X(A)) =0. 
A necessary and sufficient condition that this be true is that pA, X (A)) 
be divisible by the first invariant factor of A, that is, the minimal 
polynomial hk such that A(4) =0. Let g* be the highest power of an 
irreducible polynomial g contained in A as a factor. Hence if 
$(A, X(A)) =0, g* must divide pA, X(A)). Since & has characteristic 
zero this is equivalent to g dividing ¢, $', $”, - - - , $*-», (In case 
the characteristic is not zero the condition of divisibility i is still work- 
able but not as neat.) 

Let XQ) 2 X40)--Xi0)g--Xi0)g?-F --- where the X; are re- 
duced mod g. 

Hence 

pA, Xo) = 0 mod g, 


or in other words, $(^, X) has a zero in the field £D 1/1209] for 
every irreducible factor g of 5. 
Consider 


P'O, X) = AA, X) + xA, X)X' 
= lÀ, Xo) + px, Xo)(Xo + Xg’) 
= (Xig’)ox(d, Xo) + Yı mod g 
where y is fixed by the determination of X, and, in general, 
OA, X) = s1XA(e)*bx(A, Xo) + vs mod g 


where y, is determined in terms of Xo, - - , X, 4. 
Note that since g is irreducible, g’ is prime to g. 
It is therefore necessary if k > that either 


(6) $x(, Xo) Æ 0 mod g 


3 Szücs [7]. 
* Roth [6]. T 
5 Franklin [1]. 
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or that í 
(7) y; = 0 mod g, $—1,e:,À—1. 


If for every irreducible factor g these conditions are satisfied, then 
we have for each g; an X, such that X is a solution of ¢(A, X) 20 
if and only if 


X= X, mod gu. 


That such an X exists follows from the Chinese Remainder Theorem 
for polynomials. Hence 


THEOREM 1. If ft has characteristic 0, the equation $(A, X) =0 has a 
solution which 1s a polynomial in A tf and only if for every irreducible 
factor g of the minimal polynomial of A there exist in f [A] sohitions of 

' $A, X)=0 mod g which, in case g is a multiple factor of the minimal 
polynomtal of A, satisfy (6), or (7). 


If the equation considered is of the form 6(X)=.A where 0 has 
scalar coefficients, then $'(A, Xo) = —1 and (6) above becomes neces- 
sary so that we can state 


THEOREM 2. If ft has characteristic 0, the equation 0(X) =A has a 
solution which ts a polynomial in A if and only if 6(X) =) mod g; has a 
solution in f [X], for every irreducible factor gi of the minimum function 
of A which, in case g; is a multiple factor of the minimal function of A, 
does not satisfy 0'(.X) =0 mod g;. 


As a corollary of this, 

THEOREM 3. If ft ts algebraically closed and has characteristic 0, the 
equation X"=A has a solution X(A), a polynomial in A, if and only 
af 0 is not a multiple root of the minimum function of A. 

It is not difficult to compute the number of such functions. 


For certain cases the existence of solutions not polynomials in A 
is easily established by example. 


For instance e. 

000 

X?=|1 0 0 

0*0 0 

has the solution 

000 

X=!10 0.1 

* (100 
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It is interesting, therefore, to study the general solutions of equa- 
tions of the type discussed above. This is readily done for the equa- 
tions 6(X) =A, if A is nonderogatory, that is, its minimum equation 
is its characteristic equation. Since 4 is nonderogatory and every 
solution X is commutative with A, X is a polynomial in A. In this 
case our problem is completely solved. In case $ has scalar coeffi- 
cients, the general solution of 


$(X) =A 


is determined as follows.® 

If we find a matrix Y such that $(Y) is similar to A, then a non- 
singular matrix S may be found such that A —.S$(Y).S-! 2 9(S YS) 
and hence SYS is effective as X. Consider the invariant factors of 
A —M, hi, hs, +--+, hj. Then $(Y) is similar to A if and only if the 
nullity of h:(@(Y)) equals the nullity of k:(4). Hence the invariant 
factors of Y must be divisors of 4;(@(A)). Under this restriction and the 
fact that the nullity of any polynomial $ in Y is determined as the 
sum of the degrees of the greatest common divisors of the invariant 
factors of Y, with the polynomial $, diophantine equations may be 
written, any solution of which determines the invariant factors of a 
solution X, and hence determines X to within a transformation by a 
matrix commutative with A. All solutions are the transforms by 
matrices commutative with A of a certain finite dissimilar system of 
solutions X1, Xs, -© - , Xx. Those X; which are polynomials in A are 
those solutions which are dissimilar to all other solutions. For exam- 
ple if 


0.0 0 
X'—11 0 0|, 
0.0 0 
then 
0 0 0 
e X—|m 0 k 
1/k0 0° 
with k0. 


This work generalizes with only moderate difficulty to the case 
where the scalars involved belorg to a division algebra provided we 
ask the question correctly." In the case where the scalars are in a 
field and ¢=> Xia; then ¢(X)=A is equivalent to $(X)E - 9 Xita, 


* Ingraham [2]. 
? Ingraham [3]. 
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=A€ for every vector § This is not the case if the a; belong to a 
noncommutative division algebra D. The correct question which can 
be answered is not to find a solution of ¢(X)=A, but given a set 
[a;] in D to find a matrix X such that ? ,X'£a; — A£ for every £. This 
problem turns out to be equivalent to a system of equations 


eX) = A: 


where the coefficients of ¢; are in the centrum of the division algebra 
D. 


Let us now consider the general unilateral matrix equation 
(8) > AXXi-0, 


where the A; are n Xn matrices of constants. 

Fundamental to the consideration of (8) is the fact that if X is any 
constant matrix then A (X) =} A4 can be expressed in one and only 
one way as 


(È BAYT — X) + Bo 
and in fact 
By = 9, AX 
Hence 


THEOREM 4. X is a solution of ? ,A;X—0 tf and only if AI—X isa 
right factor of the matrix A(X) =Z A Ai. 


Theorem 5, which is a corollary of a theorem due to Phillips,? 
yields us an algorithm better than the W.P.A. This theorem is as 
follows: 


THEOREM 5. If X is a solution of 9 A.X! —0, then the determinant 
of the matrix XI — X divides the determinant of the matrix JA MN. 


This is, of course, a corollary of Theorem 4. The proof originally 
given was far more complicated than thi? proof which is due to 
C. C. MacDuffee. PhiMips' theorem yields a necessary condition on 
the invariant factors of any solution. If Y has such invariant factors 
and X — PY.P-! is a solution, then ?4;P Y: —0. The problem is then 
reduced to finding all P's satisfying this equation for canonical Y's 
with possible invariant factors. 

Far stronger conditions can be secured from Theorem 6, which is a 
consequence of the following lemma. : i 


* Phillips [5]. * 
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LEMMA. If A, B, C, are \-matrices such that A — BC, then the invari- 
ant factors of B (or C) divide the corresponding invariant factors of A. 


Thus 


THEOREM 6. If X is a solution of >\AiXi=0, then the invariant 
factors of the matrix \I—X are divisors of the corresponding invariant 
factors of the matrix 9 AN. 


This eliminates many cases not strained out by the sieve of Phillips’ 
theorem. 

That these conditions or any conditions in terms of the invariant 
factors of A (À) are insufficient to guarantee the existence of solutions 
with a given set of invariant factors for AI — X is shown by the two 


equations 
C Jee 2- 
0 0 0 1/ 


and 


The A-matrices for these are respectively 


Gi) Gs) 


each of which has invariant factors M, 1; but the first equation has no 
solution and the second has the solution 


0 —1 
t o): 

We now pass to the description of an algorithm believed to be new 
for the solution of (8). 

We shall call a matrix with elements polynomials in ^ unimodular 
if its determinant is a scalar not zero, or what is equivalent, if it is 
nonsingular in the field of rational functions of ^, and if its reciprocal 
has elements polynomials in À. . 

We say that A is in triangular form if all the elements below the 
main diagonal are zero. We say it is in canonical triangular form if it 
isin triangular form and all the elements above the main diagonal are 
of lower degree than the elements in the same column on the main 
diagonal and if when a zero occurs on the main diagonal the whole 
row in which it occurs is zero.* We also specify that the leading coeffi- 
cients of the polynomials along the main diagonal be 1. 
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If U is unimodular, then AI — X is a right factor of A if and only 
if it is a right factor of UA. Moreover, a unimodular matrix U may 
be found such that UA is in canonical triangular form, this form be- 
ing completely determined by? A. From now on we will assume that 
A is in such form. : 


Let 
Gii Gig Cis 7 cc Gin 
O Gs: Gas ++ Gan 
A _ 0 0 433 °° * Gan 
0 0 0 +++ Gyn 


where the a;;'s are polynomials in i. 
If A=HQI-—X) and if U is the unimodular matrix such that 
U(AI —X) is in canonical triangular form, then 


A = HU3U(M — X) 


and T= U(AI — X) is a right factor of A. 

Our problem is therefore reduced to finding the triangular factors 
of A which are the canonical triangular forms of matrices of type 
AI— X where X is independent of A. 

* We study then the problem of finding canonical triangular factors 
T of the matrix A and then of selecting those which are the canonical 
triangular forms of matrices of type A1 — X for some X. 

If A —ST where the matrices A and T are in triangular form, S is 
in triangular form, and 


i 
(9) Gc; = Dy Staph $—]1,.,9;720,.,n— i. 
k= 


For the case j —0 these relations reduce to 
e 


è Gii = Sali 


and hence to the fact that the diagonal elements of T are factors of 
the corresponding diagonal elements of A. 

Equations (9) give linear congruences each conditioning (not nec- 
essarily uniquely) the possible ¢;; in terms of previously determined 
elements of T below 1;; occurring in the jth column and elements of 
s to the left of s;; in the ith row—these may be considered therefore 


° MacDuffee [4]. n 
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as recursive formulae for the £j. In these copgruences the coefficient 
of ti; is sj; and the modulus is £;;, so that, in case § has infinitely many 
elements, an infinitude of solutions exists if and only if s;; and ¢,; are 
not relatively prime and at least one solution exists. 

It should be noted that if T is the triangular form of M, the product 
of the first 4 diagonal terms is the greatest common divisor of the 
determinants of the ith order minors of the first ¢ columns of M. 
Hence if T is of the form U(AI — X) where U is unimodular, the sum 
of the degrees of the first ? terms of the principal diagonal of T must 
be less than or equal to i and the sum of the degrees of all the diagonal 
terms is n, the order of T. I believe in most equations written at 
random these last conditions would preclude a solution. 

We turn now to determining X such that a T' satisfying the above 
conditions is the triangular canonical form for some (AI — X). It can 
be shown (but the proof is omitted) that X is unique if it exists. 

If T= UMI — X) where U is unimodular, then 


(10) U = (M = X)TA. 


If we choose a matrix X, (AI— X)T-! will have elements rational 
functions of À but not, in general, polynomials. 

The problem therefore reduces to seeking X such that MT-X) T~ 
is a matrix with elements polynomials in X. 

Let T-1— F/d where F is in triangular form and d is the determi- 
nant of T. The fi; will be polynomials. 

If (10) is fulfilled 


ug = (fa — 22 2ufi)/d; 
hence 1;; is a polynomial if and only if 
25 Lin fej = Afii mod d. 


Since the fi; are of degreé less than d, these linear congruences are 
easily reduced, by equating coefficients, to n systems of linear equą- 
tions for the x; (i fixed) all of the systems having the same matrix 
of coefficients, the rank of which must (in light of the uniqueness 
theorem) be 5 if a solution of all the systems exists. 

Since this paper was delivered at Chicago Mr. J. H. Bell has fur- 
nished me with the following note on the conditions upon T for a 
matrix X to exist such that T is à triangular form of A1 — X. 

The existence of X depends directly upon the coefficients of the 
elements of T. 

- We may obtain an n X nfatrix D whose elements are scalars by 
the following steps. z 
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1. Augment each element of T by the proper powers of \ with zero 
coefficients so that terms of the same degree as in the corresponding 
diagonal element appear. 

2. Break up each column into separate columns, each one of which 
involves only monomials of the same degree in ^, for example, 


[S + : Ge N 
— . 
Atd on, d 
3. Delete the columns which do not involve ^. 
4. Set À «1 obtaining D. 
A necessary and sufficient condition that there exist a matrix X 
such that T= U-1(AI— X) is that |D| 0. 


If T=>-TXM (T?** involving scalars only), then the above con- 
dition is equivalent to saying that s is the rank of 


M= (Tn Tre Ta, T). 


X may be obtained quite readily from D. We first find B = (b;;) as 
follows. If t1, (b - - - bj.) 2(0--- 0, —1,0- - - 0)D- where the 
— 1 occurs in the position corresponding to the column of D contain- 
ing ¢1,;; (where li a). If tu=1, (bn --- bin) =n: D where 7i 
is a 1Xn vector obtained by taking the Ith row of the matrix ob- 
tained from the matrix in step 2 by deleting the columns involving 
the leading term of t+», for every k, and setting À — 1. 

' Then ' 
X = BT». 
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MAXIMUM OF CERTAIN FUNDAMENTAL LAGRANGE 
INTERPOLATION POLYNOMIALS! 


M. S. WEBSTER 


'This note extends some of the results obtained in a previous paper? 
which we shall designate as I. The notations are the same. 
We are concerned with the polynomials 


IERI. 0. NE bk212,--,n 
bn (xa) (x — xs) 
where on(x) =(x—x1)(x— xa) --- (x—x&) is the Jacobi polynomial of 


degree n which satisfies the differential equation (1—x?)94" (x) 
+ [a—8- (o-4-8)x ]4 (x) --n(n4-a--8 —1)9.(x) 20. The parameters 
a, B are positive and n is a positive integer. It is known that 
—1l«x.«x.a1€-:: «x «1. Throughout the paper, x is always re- 
stricted to the interval —1 Sx S1. 

It was shown in I, for example, that, if o —6-—4$, max [i£ (ze) | <2 
and (1) 2 as n— o. 

Now we use? 


2*T (n + B)T(n + a+ 8 — 1) 
T(S)T 25 + a -- 8 — 1) 


and the asymptotic expressions* 


(1) = 








2"7T(n + )T(n-Fa 3-8—1)/, NY Q N27 
én(cos 6) = (sia -) (cos =) 
(xn) ^T (Qn + a + 8 — 1) 2 
. [cos [N0 — (28 — 1)r/4] + (» sin 6)710(1)], 
2*7T(n + DT(nd-a--8—1)/, 0N 9 N 1a 
n(cos 0) = eee (sin =) (cos 2) 
T(2n -a4-B — 1) 2 2 





T(n + 8) 0 NU Jg(NO) a on 
des " s ;) Rom Hi O(n mh, 


where N — n4- (a4-8 —1)/2, cn“! S0S7—€,c, e positive constants and 


1 Presented to the Society, April 13, 4940. 

3 M. Webster, Note on certain Lagrange interpolation polynomials, this Bulletin, 
vol. 45 (1939), pp. 870-873. 

3 C. Winston, On mechanical quadratures formulae involving the classical orthogonal 
polynomials, Annals of Mathematics,(2), vol. 35 (1934), pp. 658-677. 

1 G. Szego, Orthogonal Polynomials, Ameriaan Mathematical monet Colloquium 
Publications, vol. 23, 1939, pp. 191-192, 121, 123. 
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where J&(x) is Besseljs function of order m. Since $/ (x; o, p) 
—nós 1(x; a+1, 8+1), these yield immediately the following results: 


LEMMA. For x, such that —1teSx,S1—e and |x—x.| ze 0, 
max | A(x) | 0 as n o even if x t1 (a, B «$; e, e >0). 


THEOREM 1. For xy such that —1--eSxy S1—eand | —2xi| ze 0, 
max LE? (ao) — O(n*) as n— © where max (a, B) =y 58; e,€ >0. The ex- 
ponent y cannot be decreased. 


The method used in the proof of Theorem 5 in I really gives the 
following slightly stronger result: 


THEOREM 2. Jf —1+eSx,S1—e, —1+e’SxS1-—€', max | 2x) | 
s1lasn->o (e, e>0). 


Combining Theorem 2 and the lemma, we obtain the following: 


THEOREM 3. For x, such that —1+¢Sx,S1—e, max |I? (x)| 1 as 
no (a, B «8, €>0). 


This result is a considerable improvement over Theorem 5 in I. 
Moreover, if the hypothesis —1+¢Sx,S1—e is removed, the theo- 
rem is not true as Erdós and Grünwald showed in case a=8=}. In 
view of Theorems 1, 4, 5, 6, the restriction a, B <# is also necessary. 
In particular, this theorem holds for the case of Tschebycheff 
(a8 —4) and Legendre (a=8=1) polynomials. 


THEOREM 4. If a8 —$ and x,—1i as n œ, then max | (x) | 24 
t| as n— (—1StS1). This is also an upper bound if [xs <|e| 
at least for large values of n. 


Pnoor. It was shown in I that (1) 2 1--x, and for Xr SX SX, 
max | 1 (x) | <1.87. Since (I) max ea) | is attained either between 
X41 and xi. or at x= +1, the theorem is valid for #=1 and, by sym- 
metry, for t= — 1. 

If Jel <1, the preceding paragraph and Theorem 2 complete the 
proof. In fact, max Jz (x)| =1+ |x| at least for large n. 

The next two theorems are obtained in a similar manner. 


THEOREM 5. If a=}, B=} and x,—4 as n o, then max |? (x) | 
—4/vr ift=—1,1if —1 <i <S — 4, RAHA if -ásis1. 

THEOREM 6. If a—$, B=} and x,—1 as nc, then max |f? («)| 
[u-2]*i -1StSh, 1 if 3 xi«1, 4/m if t— 1. 


£ Erdés and Grünwald, Note on an elemenidry problem of interpolation, this Bulle- 
tin, vol. 44 (1938), pp. 515—518. s 
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The max |i (x)| is attained at x=41 since* (I) 01,1—0 
X2x/(2n-4-a--B —1) provided 4 <a, 8 €$ and x-cos 0,. Using the 
second asymptotic formula and the fact‘ that n0,—j, as n> © where 
je is the kth positive zero of 75. 3(x), we find that 


| | Gio "| P@SoG) |" as no æ, k constant, 


1 ( —1)—0 which proves the theorem: 

THEOREM 7. Max |1 (x)| —(45)*73| F(8)Ja(j3)| "* as n=% (where 
4 <a, BSH, ji ts first positive zero of Js 3(x)). 7 

A similar result holds for 1% (x) if B is replaced by a. 

For Legendre polynomials (w=$=1) this limit is approximately 
1.602. For a — 8 =4 and a=$=§ the limit of Theorem 7 is also an up- 


per bound for max Du (x)| and max Hp» (x)| . Whether this is true, in 
general, remains unanswered. 


PURDUE UNIVERSITY 





AN INVARIANCE THEOREM FOR SUBSETS OF S"! 
SAMUEL EILENBERG 
The purpose of this paper is to establish the following. 


. INVARIANCE THEOREM. Let A and B be two homeomorphic subsets of 
the n-sphere S". If the number of components of S" — A is finite, then it 
is equal to the number of components of S" — B. 


In the case when A and B are closed this theorem is a very well 
known consequence of Alexander's duality theorem and its generaliza- 
tions. In our case we also derive our result as a consequence of a 
duality theorem. However, the duality is established only for the di- 
mension n— 1. i 

Given a metric space X we shall say thatel’* is a k-cycle in X if 
there is a compact subset A of X such that T* isa k-dimensional con- 
vergent (Vietoris) cycle in A with coefficients modulo 2. We shall 
write [*~0 if *— 0 holds in some compact subset of X. The homol- 
ogy group of X obtained this way will be denoted by 3C*( X); the cor- 
responding connectivity number, by p*(X). The number p*(X) can 
be either finite or œ, 


1 Presented to the Society, December 28, 1939. 
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DUALITY THEOREM. Let A CS" and let zo, 21, ^ + - , Zm belong to m+1 
different quasi-components* of S*—A. There are m linearly independent 
(modulo 2) (n—1)-cycles 


(1) pU M p 
of A such that 
a-i 0. PEN 
(2) ol: , vj) = bm ijater-ym, 


where y9 is the O-cycle 294-2; (consisting of the two points zo, 2; each of 
them with coefficient 1) and v(T, y) ts the inking number. 

In case S*—A has only m+1 quast-components, the cycles (1) form a 
basis for (A). 


PROOF. In, case A is closed the theorem turns out to be a particular 
case of the generalized Alexander duality theorem.’ We shall prove 
our theorem for arbitrary sets 4 using the theorem for closed sets. 

Since Zo, %1,-- + , £& belong to m-F1 different quasi-components of 
S*—A there is a decomposition S*~A =A +Ai+--- -- A, such 
that z;CA; and 4;4;+A,A;=0 for i257, i 7=0,1,---, m. Let Bo, 
-Bı, 255, By be open disjoint sets such that 4;C B;fort=0,1,---,m 
and let B=S*—(B)+Bi+ --- --B,). Clearly B is a closed subset 
of A and ze, 2, * - - , £4 belong to m+1 different quasi-components 
(equals components) of $*— B. 

Applying the duality theorem to the closed set B we obtain the 
cycles (1) satisfying (2). In order to prove that they determine lin- 
early independent elements modulo’ 2 of 3e€7-!(4) consider a cycle 
I =al -o Hana where 2;—0, 1. It follows from (2) that 


v(I"^7, yj) =a;. Therefore I'771—0 in A implies a= --- =a,=0. 
Suppose now that S*—A consists of exactly m+1 quasi-compo- 
nents. It follows that the sets Ay, 41, - - - , Amare connected. 


Let T”! be an (n—1)-cycle of A contained in some closed set 
DCA. Let E; be the component of S*—(B+D) containing A; 
(#=0, 1,---+, m) and let H=S*—(E,+#,+ --- En). It follows 
that (1°) E is a close subset of A, (2°) S*—E consists of exactly 
m+1 quasi-components (equals components), (3°) the points 


* Two points x1, 33€ X belong to the same quasi-component of X if there is no de- 
composition X =A +A: such that x1€ 41, 4C A and Aids - 4143-0. If the number 
of quasi-components of X is finite then every quasi-component is a component. 

^ 3 Alexander, J. W., Transactions of this Society, vol. 23 (1922), pp. 333-349; 
Frankl, F., Sitzungsberichte der Wiener Akademie der Wissenschaften, Mathe- 
matisch-Naturwissenschaftliche Klasse, 2A, Vol. 136 (1927), pp. 689-699; Alexan- 
droff, P., Annals of Mathematics, (2f, vol. 30 (1928), p. 163. 
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Zo 21,°°°, £4 belong to different quasi-gomponents of S*—E, 
(4°) the cycles (1) and I'7-! are contained in E. According to the 
duality theorem for closed sets the cycles (1) form a basis for JC"1(E). 
This implies the existence of a1, d, * * - , Gm (a;=0, 1) such that 


Peer. dosemqedabT dude 


This proves the theorem since EC. A. 
Given a metric space X let the number bo(X) be defined as follows: 


bo(X) =0 if X =0, 
bo(X) =m if X #0 and X has exactly m+1 components, 
bo(X) = œ if X has an infinity of components. 


Clearly the value of b9(X) remains unchanged if we replace in its 
definition components by quasi-components. The duality theorem im- 
plies therefore the following: f 

(I) For every subset A of S" we have 


$^ (A) = bo(S* — A). 
(II) For every two homeomorphic subsets A and B of S" we have 
by(S* — A) = bo(S* — B). 


The invariance theorem stated in the introduction follows directly 
from (II). 

If X consists of an infinity of components, then instead of taking 
bo(X) = © we could define bo(X) to be the cardinal number corre- 
sponding to the class of all components of X. Similarly p*(X) could 
be redefined as a cardinal number. But with these new definitions (I) 
and (II) are no longer true.‘ In fact, let A be a subset of S! such that 
S1— A is closed and enumerably infinite, and let B be a subset of 5! 
such that S! — B is perfect and non-dense. It is clear that A and B 
are homeomorphic, that 0o(S!:—A)=pA)=p°(B)=No, and that 
bo St — B) =2Ko, 

UNIVERSITY OF MICHIGAN e 
* That (II) is no longer true was first pointed out to me by Dr. L. Zippin. 


MEASURABILITY AND MODULARITY IN THE 
THEORY OF LATTICES! 


M. F. SMILEY 


In a previous note? a notion of measurability (with respect to a 
function u) of elements of an arbitrary lattice was introduced. Our 
purpose there was to study closure properties of the subset of measur- 
able elements. To do this it was convenient to assume that the lattice 
was modular. Results of V. Glivenko, and of L. R. Wilcox and the 
author* indicate that the idea of measurability and that of modularity 
are intimately related. The purpose of this note is to exhibit a further 
relationship which does not depend on metric properties of the func- 
tion y. 

In a lattice L we call the ordered pair (a, b) of elements of L modu- 
lar and write (a, b) M in case (a1+a)b=a,+<a0 for every ar <b. This 
relation has been studied by L. R. Wilcox.5 If u(a) is a real valued 
function defined on L we say that an element cC L is -measurable in 
case 


(c) + (b) = u(c + b) + u(cb) 


for every bEL. The symbol L(x) will denote the totality of elements 
of L which are y-measurable. We call u proper in case aSb with 
u(a) —u(b) implies a=b. 

Before we discuss the general case, let us consider a lattice Lo of 
finite dimension (that is, satisfying both chain conditions) in which 
every principal chain joining two elements a, bCL,y has the same 
length #(a, b). Examples of such lattices are well known.* Let 0 de- 


1 Presented to the Society, February 24, 1940. 

3 A note on measure functions in a lattice, this Bulletin, vol. 46 (1940), pp. 239—241. 
This concept specializes to that of permutability with all subgroups (that is, the 
quasi-normality of O. Ore, Structures and group theory I, Duke Mathematical Journal, 
vol. 3 (1937), p. 162) if we set u(s) log o(s) in the lattice of subgroups of a finite 
group, and to that of measurability in the sense of Cgrathéodory with respect to an 
ouler measure function. 

3 Contributions d l'étude des systèmes de choses normées, American Journal of Mathe- 
matics, vol. 59 (1937), pp. 933—934. 

* Metric lattices, Annals of Mathematics, (2), vol. 40 (1939), p. 313. 

5 Modularity in the theory of lattices, Annals of Mathematics, (2), vol. 40 (1939), 
p. 491 ft. 

* The "exchange" lattices discussed by Saunders Mac Lane (A lattice formulation 
for transcendence degrees and p-bases, Duke Mathematical Journl, vol. 4 (1938), pp. 
455—468) as well as the "semi-modular" lattices of finite dimension of Wilcox (op. 
cit., pp. 502-505) have these properties. We nake no use, however, of the metric 
properties of these systems. 
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note the least element of Lo and define uola) =n (0, a). We note that uo 
is proper. These considerations lead to the following theorem. 


THEOREM 1. If cEL then cıE Lilu) for every ec if and only if 
a Sc implies that (b, a) M for every b Ly and furthermore that x=ax+b 
for every x & Lo for which bSxSa+b. 


PRoor. To show the sufficiency of the condition consider elements 
b, cC Do for which & € c. It is easily seen that cı € Lolu) provided that 
n(ab, c) -^n(b, a+b). We shall prove in fact that c&/ebce--5/b. 
As usual, for #,€c/ab, that is, eb ExiSo, define f(xi) &x4-b. 
Clearly f(xi) &&-4-b/b. Also f(c/e) =c1+b/b; for if bSxSa+b, by 
hypothesis f(cx)-—x. Suppose f(xi))—f(xs), that is, xi--b — xs 4-5. 
Clearly (xi4-5)ex2 (x34-5b)c. By hypothesis (b, c)M, and it follows 
that xi-- bey = xa4- bo, x1— x4. Thus f(xi) establishes a one-to-one cor- 
respondence between cı/cib and c+b/b. This correspondence pre- 
serves the ordering relation and hence a/cib™cit+b/b. The proof of 
the sufficiency of the condition is complete. The proof of the necessity 
is included in the proof of the following theorem. 


THEOREM 2. Suppose that u(a) ts a proper real valued function de- 
fined on a lattice L. Consider an element cC L. If a€L(u) for every 
a Sc, then (b, a)M for every a €c and every bEL, and furthermore 
x=ax+b for every xCL such that b Sx Sab. 


Proor. Consider elements a, b CL with a <c. To show that (b, a) M, 
it suffices, since y is proper, to prove that 
u((a1 + b)a) = u(a1 + ab) 
for every a, Sa. By hypothesis a1, a€L(u) and consequently 
u((ax + b)a) = u(ai + b) + e(a) — ula + b) 
= u(a + b) + u(ab) — u(b) 
= u(a)) + u(b) — u(aib) + (ab) — u(b) 
= u(a:) + plab) — plab) = ular + ab). 


Thus we have (b, a) M. Now consider an element xCL for which 
b<x<a+b. Clearly ax Sa <c and hence a, ax C L(y). It follows that 


u(ax + b) = u(ax) + n(b] — u(ab) 

l a(x) + ula) — u(a + x) + a(b) — u(ab) 
u(x) + u(a) + (b) — u(a + b) — u(ab) 
u(x). ° 


Il 
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Since u is proper we have x-—ax--Fb and this completes the proof. 


COROLLARY. If pEL is a point, then pCL(p) IIHIRES that b+p ts 
prime over b for every bCL such that bp=0. 


Proor. Consider a point p€L(u) and an element bEL for which 
bp=0. We always have (b, f) M and thus the first part of our conclu- 
sion is vacuous.” The second part yields x —5--px for every x CL for 
which bSx<b+p. Since px=0 or fx— p, it follows immediately that 
b--pisprimeoverb. ` 

REMARK. Consider the example of a lattice of six elements 0; , q, b, 
c, 1, with $ «c, q <b, 0 the least element, and 1 the greatest element. 
Our corollary yields the fact that no proper real valued function u can 
be defined over this lattice for which f or q is y-measurable. 


LEHIGH UNIVERSITY 


7 L. R. Wilcox, op. cit., p. 491. 


A STIELTJES INTEGRAL EQUATION! 
F. G. DRESSEL 


Introduction. By making use of the notion of derivative taken with 
respect to a function of bounded variation, solutions of the Young- 
Stieltjes integral equations of the following type 


1 
a) F(a) = MG) +A f HC, »aro) 

1 0 
are obtained in this paper. Since the integration by parts formula is 
not valid for Young-Stieltjes integrals, equation (1) cannot be im- 
mediately changed to the equation 


(2) f(a) = ma) $2 f fODdK (a, 9). 


` Fischer? in his treatment of equation (2) imposed three conditions 

on K(x, y) to obtain solutions. In the second part of this paper, we 
show that one of these conditions is sufficient to insure the existence 
of a bounded monotone increasing function g(y) such that 


(3) | K(z, ya) — K(x, yx) | S| £02 — 2]. 


It has been shown! that if condition (3) holds, then equation (2) can 
be changed into an ordinary Fredholm equation. Thus it appears that 
only one of the three conditions imposed on K(x, y) by Fischer is 
needed to insure the solution of (2). 

Before handling equation (1), let us note that if g(yi) co for 
" 41 «ys, we may apply the transformation 


( Bs) = lim sup Els = g(y)], (0) £ s £ (1), 
and send the integral equation 


(5) n(x) = wta) + f G(x, y)0(9)dg(y) 


into the Fredholm equation 


1 Presented to the Society, February 24, 1940. 

-2C. A. Fischer, The Fredholm theory 9f the Stieltjes equation, Annals of Mathe- 
matics, (2), vol. 25 (1923-1924), p pp. 124-158. 

All functions used in this paper are assumed to be measurable Borel. 

3 F. G. Dressel, A note on Fredholm Stieltjes integral equations, this Bulletin, vol. 44 
(1938), pp. 434-437. 

1 E,[s2g(y)] designates the set of values of Y such that sz gy). 
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8 
(6) BO) = BH) +A f GEO, &)«( ys, 
where a=g(0), 6=g(1), and ¢ is any of the possible solutions of 
x= p), (0) Sis a). 
Now in L? the Fredholm theory applies to (6) if 
1 1 Li $ 
Off 16 o baton) = (^ fiet, oc» pass 


exists.’ Also if &(/) C L?, we have by Schwartz's inequality 


s f lec, ey fa f | ae pas 


2 





|f se BC) h(0dt 


and from this we see f/5G(x, B(t))h(t)dt is integrable with respect to 
g(x) if (7) holds. The above statements lead to the following lemma: 


LEMMA 1. If g(xi) «g(xa) for xı «xs with g(x) bounded, and if under 
the transformation (4) the functions w(x), G(x, y) C L5, and also if (7) 
holds, then for all values of ^, except perhaps the characteristic values’ 
of the integral equation (6), the equation (5) has a solution integrable 
with respect to g(x). 


Stieltjes integral equations. Consider now the equation (1) where 
the given functions M(x) and H (x, y) are assumed to be absolutely 
continuous? g(x). Here g(x) is a bounded increasing function, continu- 
ous from the right except perhaps at x—0. Let m(x) and h(x, y) be 
the derived numbers of M(x) and H(x, y) taken with respect to g(x), 
and form the equation 


(8 o(a) = mla) a f ks oM). 


We see from our lemma that equation (8) yill have a solution under 





* For list of references and terminology see E. Hille and J. D. Tamarkin, On the 
characteristic values of linear integral equations, Proceedings of the National Academy 
of Sciences, vol. 14 (1928), pp. 911-914. 

* For terminology see A. J. Maria, Generalized derivatives, Annals of Mathematics, 
(2), vol. 28 (1926-1927), pp. 419-432. Let f(x) be a function of bounded variation and 
denote by f(e) the completely additive function of sets defined by f(x). (The facts here 
are that for any interval a(x: $t 34) the relation f(a) =f(x2:+0) —f(x:—0) holds.) The 
function f(x) is said to be absolutely continuous with respect to the non-decreasing 
function g(x) if whenever E is a set for whith f(E) is defined and E(E) =0, then 
J(£) =0. ^ 
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rather weak restrictions on m(x) and A(x, y)..Let us now assume (8) 
has a solution, say $(x), which is integrable g(x), and define the func- 
tion Q(y) as 


Q(y) = f "a(a)de(x), y #0, 


= 0, y= 0. 


We are now able to write the solution of (1) as 
1 
(9) F(a) = MG) +A f H(z, 9200). 
0 


To see that the above F(x) furnishes a solution of (1), substitute 
the right side of (9) in both sides of equation (1). After cancelling 
M(x) we have 


A Í Hl D= A f H(s, y)àM(y) 


(10) : i 
FX f H(s, 5d, f H(y, )àQ(). 


Since (x) is a solution of (8), on integration of that equation with re- 
spect to g(x), there results 


QU) = MEHO) — MO) +2 f Iris 0,9- HO, Dd," #0, 


= M(x + 0) — M(0) + af tre 0,2 — H(0,4)|dO(), x70, 


= 0, : x -— 0. 


If the above is substituted in the left side of (10), it is easily seen to 
be equal to the right side, hence (9) satisfies (1). 
From the above and ofr lemma we have the following theorem: 


THEOREM 1. Let g(x) be continuous from the right in 0 «x 1, and 
satisfy the conditions of Lemma 1; let M(x) and H(x, y) in equation (1) 
be absolutely continuous g(x) and have m(x) and h(x, y) as derived num- 
bers (g(x)). Then if m(x), h(x, y) Satisfy the conditions placed on w(x), 
G(x, y) respectively in Lemma 1, equation (9) furnishes a solution of (1) 
for all values of X except those that are characteristic values of the integral 
equation (8). . 


1 F. G. Dressel, loc. cit., p. 435. 
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COROLLARY. If : 
|H(2s, y) — H(x1, H| S | gls) — g(x) |, 
| M(z3) — M(z)| € | gle) — glai) | 


where g(x) meets the requirements of Theorem 1, then (9) is the solution 
of (1) for all values of ^ that are not characteristic values of the integral 
equation (8). 


The Fischer theory. In the treatment of equation (2), Fischer im- 
posed the following condition on the kernel K(x, y) 2 K(x, y+0): 


ViK(x, y) < N. 
Here N is a constant and V;K has the following meaning: 


ViK(x, y) = Lub. xi K(x, y) — K(zo Yi) |, 


it T understood that 0—yo «y1« -- - <y,=1, and x] are any 
x'sin0sSxzi.We shall soon show that the above condition implies 
that inequality (3) holds. 

Define the set E on the interval 0S y €1 to be given by 


y = m/2^, m=0,1,2,---,mS 2% n= 1,2,+--, 
and let g(x, y) be a function with the properties 
(a) g(a, y) = g(y, %) 20, gm y) S g(x, s) + gls, y) 
and if OSyo<yi< `- <y,S1 then 


(b) 25805 Yi) < N for all n. 
tom] 
Let y;C E and define A,(y;) as 


^ + i—i m m+i 
A«(5) = 2; (e ) 
i=l Yu 2^ 








1 
= 0, vi: 


Due to the conditions on g(x, y) we have 


Anly) S Analy), Aly) <N; 


hence liM, „o A.(y;) exists: let us call it A(y;). Again let Yı Ja C E with 
3i €ys; then if y; 2 r/2*, y,—n/2*, 
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J 1 
Ax(y2) — Aly) = > g Ge —) = g(ys 92; 


hence 
Ax(y2) — Aly) Z g(ys, 1) 2 0. 


Thus A (y) as defined on E is a bounded monotone increasing function; 
hence we may extend the definition of A(y) on CE so as to define a 
monotone increasing function of bounded variation? on 0S y € 1. We 
make A(y) unique by taking A(y+0)=A(y) if y CCE. 

Turn now to Fischer's condition VeK(x, y) and define 


EO y) = Lub. | K(z, ys) — K(x, y). 
03s31 


This g(x, y) is easily seen to satisfy conditions (a) and (b); hence the 
following theorem is valid. 


THEOREM 2. If for the function K(x, y) 2 K(x, y+0) the condition 
ViK (x, y) « N holds, then there exists a bounded monotone increasing 
function A (y) such that 


| K(x, y) — K(x, »2| S| 402 — AG) |. 


COROLLARY. The condition V4K(x, y)<N imposed on K(x, y) 
—K(x, y+0) by Fischer is sufficient to change equation (2) into an 
ordinary Fredholm equation.® 


The existence of the following limit is essential in Fischer’s treat- 
ment of equation (2): 


lim >D [K (xi, z) — K(x, v1), 0-—xo xp: x x = 1, 
$90 iml 
where ô= max (x;—x;_1). The Fischer theory will therefore not apply 
to the kernel 


K(x, y)e— 1, += $, 1 s y s 1, 
= 0, , elsewhere. e 
However, the integral equation (2) with the above kernel is easily 
treated since V2Ki(x, y) <2. 


Brown UNIVERSITY AND 
DUKE UNIVERSITY 


* G. C. Evans, Logarithmic Potential, American Mathematical Society Velloquim 
Publications, vol. 6, 1927, pp. 5-6. * 
°F, G. Dressel, loc. cit., p. 436. 


FOURIER COEFFICIENTS OF BOUNDED FUNCTIONS! 
BERNARD FRIEDMAN _ 


The results of this paper are divided into two parts. First: inequali- 
ties for the Fourier coefficients of any bounded function; second: an 
approximation theorem for the Fourier development of an arbitrary 
bounded function. 

Inequalities for Fourier coefficients have been discussed in a paper 
by Professor Szász.* However, his work deals mainly with linear in- 
equalities for complex coefficients. The inequalities to be investigated 
in this paper are not linear. Nevertheless, they are the best possible, 
for this reason: given any set of numbers which makes the inequality 
an equality, there exists a bounded function which has these numbers 
as its Fourier coefficients. 

A simple illustration will clarify this. Let f(x) be a bounded meas- 
urable function in (—7, v) such that | f(x) | <1. The Fourier coeff- 
cients of f(x) are given by the formulae 


. 1 p" 1 fF 
ün = -f f(x) cos ng ds, , b, = -f f(x) sin nx dx, 
"T =r "T V —x 
n = 1, 2, 3,- 


Then, it is clear that 


1 fF tops 
Lals f | (2) || cos na| ds 8 — f | cos nx | da, 
T -r T —r 


IE s — f Lt sin ne] as s — f” |sin na| ae 


since |f(x)| <1. 
Since the cosine is negative in the intervals (—r, —7/2) and 
(7/2, T) and positive in the remaining interval (—7/2, 7/2), 
e 


r —x[2 x/2 
f | cos o|dx® f (— cos x)dx + cos x dx 


— -r —x/2 
+f (— cos x)dx = 4. 
r/2 


Therefore, |a| <4/r. However, if fi(x) =—1, —7«x«—7/2; fi(x) 


1 Presented to the Society, September 8, 1935. 
2 American Journal of Mathematics, vol. 61 (1939). 
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=1, —7/2«x«n/2; fi(x) 2 —1, 7/2€x «n; then 


x/2 


x . —x[2 
f fala) cos x dx = f (— cos x)dx + cos x dx 


—r/2 
+f (— cos x)dx 
x/2 


and the bound 4/7 will actually be attained for the function fi(x). 
Likewise, f", |cos nx| dx and f", | sin nx| dx both equal four, so that 
[a.| and |5.| S4/z; these bounds will be attained for the functions 
signum cos nx and signum sin mx respectively. 
But these bounds for the Fourier coefficients cannot be attained 
simultaneously. If one of the coefficients is too large, the others must 
. be small. For example: b; and b} must satisfy the following inequality: 


(ze)e inis: 

4 1 4 2|] 2 

so that if b —4/« then b:=0 while if b; =4/m then 56; —0. Conversely, 
any numbers £i, ba satisfying this relation will be the Fourier coeff- 
cients of some bounded function. 


Similar relations hold between the other Fourier coefficients, but 
they are much more complicated: 


4\2 
aths(=), 
T7 
Ry ed quee 
(ents) 
zu el Paul atu D 
sga) (qe) -Fait 


After the inequalities for the Fourier coefficients are obtained, they 
are used to derive an approximation theorem. But instead of being 
an approximation to the function itself, it wil] be an approximation 
to the Fourier development of the function. More precisely: take a 
bounded measurable function f(x) whose absolute value is less than 
one; let its Fourier development be ao/2--9 (an cos nx--b, sin nx). 
Then, for any N there exists a function gy(x) which takes the values 
1 and —1 only, such that the first N Fourier coefficients of gy(x) are 
the same as the first N Fourier coefficients of f(x). 

In general, there will be N*-1 discontinuities. If f(x) is even or 
odd, gw(x) will be even or odd. For ‘example, let f(x) 5 (r —x) /v, 
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0 €x «m;f(—x) 2 —f(x). Then its Fourier series will be 





2 2. sin nx 
—> ) 
T 1 n 
2r T 
gi(x) = +1, Dit aoa a(xs)=+1, O0<a< af 
2r T 2r 
glx) = — 1, gem g(x) = — 1, yr SS 
2r 

gla = +1, eae 


Incidentally, one of the inequalities leads to the following result: 
If F(x) isa bounded measurable function in absolute value less than 4, 


Sro cos x dx S cos( f reos). 


The method used in proving the above inequalities is as follows: 
Let f(x) be a bounded measurable function in (—7, v) such that 
f(x) | S1. Let the Fourier development of f(x) be 


a 
a + N (a, cos nx + b, sin nx). 


Consider the expression 
(1) Jalu, a) = uoa + mibi + uam + +++ + uas ab. + Hanan 


where uo, kn ->> Ha. are arbitrary real parameters. The functions 
f.(4, a) can be expressed in terms of the function f(x) by using the 
usual formulae for Fourier coefficients 


1 x 1 cl 
ün = -f f(x) cos nx dx, ba = -f f(x) sin nx da. 
T Yr FA Yr 
From these formulae and (1), it is clear that 
ier 
hma = f f(x) [uo + wi sin x + us cos x --- 
7T —x 
* + uai Sin fix + us, cos nx]dx 
1 r 
= —f f(x)Cs(u, x)dx, 
T Yr 


say. 7 
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Assuming the u's are fixed, the maximum of f,(u, a) will be attained 
when the integrand f(x) C,(u, x) is as large as possible. But 
| (@)C.(u, 2)| S | Cs 2) | 


since | F(x) | <1. However, if f(x) is taken as signum C,(u, x); that is, 
f(x) =1 when C,(u, x) >0 and f(x) 2 —1 when C,(u, x) <0, then 


| x) Cala 3) | = | Cxu, 2) |. 


The following result is now obvious: 
1 r 
(2) fu, a) Es -[f | Cr(u, x) | dx = D.(u), 


and the equality holds only when 
f(x) = signum C.(u, x) = gnu, x). 


‘For example, if 5 —1 and ui —0, formula (2) states that 
1 T 
Hoto + uidi S -f filx)Ci(u, x)dx 
Rv 


where 
f(x) = signum (uo + us cos x). 


Assume potus cos x—0 has the real roots +a; then gi(u, x) will 
be defined as follows: 


gilu, x)= +1, —-a<%*%< a, 
-r «zx«&-—ao 
,%)=-1, if po > 0; 
ee) i al<, : 
gu x) = — 1, — a [lr <a; 
—m-&Kzx«&-—a, 
X) 1 if uo < 0; 
gn ) : ap c up 0 


and X 


T i z 
f 1e | da = xL finm 30s 26 


=4 4 Js Clos d f "Cali ds 


T —o; 


S + f- Ci 34s | 
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E 4 T . 
= + — |uo(4e — 2m) + ust sin a] = + BC — =) + us sin «|. 
T T 2 


If uo is positive, the upper sign holds; if xo is negative, the lower sign 
is used. 
But Ci(u, a1) 20; that is, wots cos a1 =0 or 


COS @ = — po/ ua, 
a = arc cos (— uo/ ux), a — x/2 — arc sin uo/ ua, 
: 2, 2/3 
sin a = (1 — m/m), 
so that 


4 2, 21/2 
Dalu) = + — [po arc sin (ufus) + pa(1 — nni). 


Therefore 


4 
(3) poto + waa S + — [uo arc sin (uo/us) + pa(1 — wo/us) "| 
kg 


where ao and a; are the Fourier coefficients of any bounded function. 
It is easy to see that the equality sign holds only when as and a; equal 
the Fourier coefficients of g:(u, x). 

Similar results hold for any s. Asume C,(u, x)=0 has 2n real 


roots a; where —7 «oos So S -+ Xos, Sm. Call —r=ay and 
T = O32541. 

Assume C,(u, x) is positive between a and a. Then g,(u, x) will be 
defined as follows: ga(u, x) 2(—1), o; «x «05,1, 1—0, 1,:--,2n--1. 


If C,(u, x) is negative, then g,(u, x) =(—1) 1, o; «x «o1. Therefore, 


1 r f 1 anti ada 
Dala) = — fe 3046 de = £— 3 f. C 0c. dae 


1 


so that from (2) 


(4) Hoto + iibi + Hadi + + + F aniba F Hann 
Let l 


S D,(u). 


(5) Gi = Xai, bi = sia. 


Consider the 2n +1 dimensional space of points whose coordinates are 
` the x; G=0, 1, 2, - - - , 2n+1). The inequality (4) can be written as 
224-1 


D mts S Dilu). 


fo 
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This implies that, for any bounded measurable function, the point P 
whose coordinates are given by (5) must lie on one side of the hyper- 
plane whose equation is 


2n+1 


(6) 25 ux; = Dp). 


'The point P will lie on the plane if (4) becomes an equality. This 
will occur when and only when f(x) has its first 2n --1 Fourier coeffi- 
cients equal to those of ga(u, x). 

Since the u; were arbitrary, the same result holds for any set 
Ho, Hi, © © © , angi. Therefore, the point P, whose coordinates are (x;), 
j—50,1,-:--, 214-1, must lie on one side of every plane in the family 
of planes defined by the equation (6). 

The previous example will clarify this. Equation (3) implies that 
if, for any f(x), ao is plotted as the x coordinate and a; as the y co- 
ordinate of a point, then such points will lie on the origin side of the 
straight line whose equation is 


Hox + usy = Di(u). 


The point will lie on the straight line if and only if f(x) has its Fourier 
coefficients a) and a equal to those of gi(u, x). 

Since the p’s were arbitrary, the same result holds for any set flo, Ms. 
Therefore, the point P, whose coordinates are (ao, a1) must lie on one 
side of every line in the family of straight lines defined by the equation 


pox + wary = Dily). 


This implies that the point P will lie inside the region enveloped by 
these straight lines. 

The usual procedure in finding the equation of this envelope is, 
first, to differentiate partially with respect to the parameter, and sec- 
ond, to eliminate the parameters between the resulting equation and 
the original equation. The partial differentiation results in the follow- 
ing two equations: ^ 


ðD 
Oo 


. After the elimination of the parameters, the following equation is 
obtained for the envelope: 


y = (4/7) cos (xx/4). 
This implies that ° 


aD : 2, 21/2 
x = + (4/7) arc sin (u/u)), y = "m + (4/r)(1 — uu) . 
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a1 S (4/x) cos (xas/4). 


Equality will hold, as before, if f(x) has the same first two Fourier 
coefficients as any function g;(y, x). 

In the general case, the equation of the envelope is obtained by the 
same method. When formula (6) is differentiated partially with re- 
spect to the parameters, the following equations result: 

os ER j—0,1,:-:,2n 4 1. 
Ou; 


But 





: 1 221 aiti 
oea o Pc oe aas] 


Ou; 7T Ou; i-0 ay 
where the a;, the roots of C,(u, x) =0, also depend on the uj. Now 
ð aiti aiti OC. (nu, x) 
Z SO DG ods f o p ER ag 
Oni a, ð 


ai My 


t (= 0)'C«u, T 





= (- D'C.(u ae 


by the standard rule for differentiating ander the integral sign. 
However C.(u, 0441) = Ca(u, o) =0 and 


0C, (u, x) TN "T 
LOC NET if 7 is odd, 
Ou; : 
= cos (jx/2) if j is even, 
so that 
1 @ntl aiti m 
a=t— > (— 1)! sin (j +-1)x/2dx if 7 is odd, 
"T iml ag Cag ES i 
(7) 
1 254-1 addi 
= +}— ` (— 1)‘ cos (jx/2)dx if j is even, 
"T tm a; 


where the signs are either all positive or all negative. 

Instead of eliminating the parameters p, it is simpler to eliminate 
the parameters a, thus obtaining the equation of the envelope. 
$«(x;) =0 which implies the inequality 


(8) dala, b) < 0. 


Since ¢,(x;) is obtained as thé envelope of planes, it is obvious that 
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the region bounded by it is the convex hull of a family of half-spaces. 
Again, the inequality will hold if and only if F(x) has its first 2n 4-1 
Fourier coefficients (ao, a1, 01, © © © , Gn, bn) equal to the corresponding 
Fourier coefficients of any one of the functions g.(u, x). 

A few illustrations will clarify this method. Let 5 —2 and uo ua 
—yp4 =Q. Then the o; will be the roots of the equation 


pi Sin x + ps sin 2x = 0, 


and from formula (7) 


Yı 


1 aiti 
+—>f (— 1): sin x dx = + (— 4/n cos ag), 
T a 
since o Sty: and 
1 aiti 
x = Ł— di): ". (— 1)* sin 2a dx = + (2/r)(1 — cos 2a). 
ZU s: 


Therefore (7231/4)? --m23/4 —1 or (7254/4)? —7x1/4 —1 according as 
the plus or minus signs are used. But since xi was the coordinate for 
b; and xs for bs, the following inequality results: 


(15/4)? + | bs| /4 S 1. 


From the result proved above: that the Fourier coefficients of f(x) 
satisfy certain. inequalities or, stating it geometrically, lie in certain 
convex regions, the approximation theorem follows. The theorem can 

. be stated as follows: 

Let f(x) be a real, bounded, measurable function in absolute value 

less than one.,Let its Fourier development be 


S + X (a, cos nx + b, sin nx). 


Then for every N, there exists a step-function gw(x) which takes on 
the values of +1 and —& only, such that the first N Fourier coeffi- 
cients of gy(x) are the same as the first N Fougier coefficients of f(x), 
that is, 


1 f . opr 
ds = -f en(x) cos nz dx, e On = -f Ex (x) sin na dx, 
T -r 7T -r 
n=0,1,---:,WM. 


Again, let a; =«4,, b; =x4,-1. Then, as before, the point P’ whose co- 
ordinates are (xd, x/,--- , xay) must satisfy the inequality (8): 
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on(x})S0, or, geometrically, the point P’ must lie inside the convex 
region bounded by the hypersurface whose equation is 


on(0, Xi Xs, * ^ , aw) = 0. 


Suppose now that P' lies on the hypersurface, that is, its coordi- 
nates satisfy the equation : 


+ y $ t 
$u(Xo, Xn Ta, : c, Xay) = 0. 


Since @y(x;) =0 was obtained as the envelope of the family of hyper- 
planes represented by equation (6), »/u;x;— Dx(u), there will be a 
plane of the family tangent to the surface at P’. But since P’ lies 
on this plane, whose equation can be written 


/ / 1 $ i 1 
Loto + uixi + wet, +--+ + paonon = Dy(u), 


its coordinates must equal those of the function gy(u’, x). Therefore, 
Egv(ud , + +- , Min, x) is the function described in the theorem. 

If P’ lies inside the hypersurface, consider the points in 2A 4-3 di- 
mensional space whose coordinates are (xd , x1, xd, >, Xay, Xav4u 
Xay4s) Where xsy41 is an arbitrary variable. They will lie on the straight 
line through (xd, xi, xd,- , xy, 0, 0) perpendicular to the hyper- 
plane *ay41=%av42=0. 

Since ¢y41(x;) =0 is a closed convex surface for all n, the above 
straight line will intersect it in some point whose coordinates 
are (xd, xl, xd, , Xgy, Xavi Xiv43). Just as before, there will 
exist a step-function gy4i(x) whose Fourier development is ad /2 
+) (a4 cos nx--b/ sin nx) and such that af =x}, bf —x4 ,; 4-0, 1, 
2,---,N+1. 

This function satisfies the conditions of the theorem for 


1 + + A 
Xa = h; = Gi, Ma-1 = b; = b. 
UNIVERSITY OF WISCONSIN . 


THE GENERALIZATION OF A LEMMA OF M. S. KAKEYA 
J. GERONIMUS 
We shall prove the following: ; 

Lema. It is always possible to find the unique polynomial 


k 2s 
é*() = Di vist 
k-0 


of degree 2s possessing the following properties: 
I. . i $*(z) = ci?(z)r(z2)r*(2), c = const., 


the polynomial i(z) of degree o Ss having all roots in the domain |z] >1: 
is) = TI @ — a), le|»1 #=1,2,-+-,0, 
i=l 


and the polynomial r(z) being of degree v=s—a: 
» 1 » 
«(s = II (2 — a), T*(s) = e) = JJ (1 - 2a). 
i=l ‘ Li fel 


Il. It is subject to the conditions 
: 2s a 
wilt) = D vice = di $—0,1,::5,5, 
k-0 


the given linear functionals w; being such that every polynomial (z) of 
degree n 22s for which 


2s 2 f n 
wip) = 23 ves =0, G ex 0, 1, "n Eig s), e(z) = L (iB, 
k-0 kal 


has s+ 1 roots at least in the domain |s| «1. 
In the particular case when 
wil) g $ Q(z)), | zi | < 1, 


this lemma has been proved by M. S. Kakeya [1];! without being 
aware of his result we have proved this lemma in the case? 


1 Numbers in brackets refer to the bibliography at the end. 
2 In [1]1and [2] one may find the application,of this lemma to some extremal prob- 
lems. 
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1 “A 
*ei(é) =—(—) ,; #=0,1,---,5. 
i "e - 


In order to prove this lemma in the most general case we consider the 
following extremal problem: 


PROBLEM. To find the winnie of the integral 
2r 
(1) L(b) = f | «(z) |25(0)d0, g — e", 
0 


t(2) being ihe given polynomial of degree s with t(0) 50 and b(0) being 
a trigonometric polynomial of order n= 2s: 


—/1 ^ 
b(0) = RA a5 (2) = RS, Freit 9, : z= e", 
3 k-0 


subject to the conditions? 


2s 7 
(2) wi(b) = od) = Dee = di, §=0,1,---,8. 
k-0 


The fundamental property of our functionals w; yields at once that 
every trigonometric polynomial b(0) subject to the conditions 


w:(b) = 0, $20,1,:::,5, 
has in (0, 27) no more than 2(n—s—1) changes of sign. It is clear 


that there exists a solution of our problem. Further, the necessary 
conditions for an extremum are 


sgn b*(6) | (s) |t = R Y Ast, z= e", 
keene 


whence we find at once that the Fourier expansion of sgn b*(0) is of 
the form 


sgn b*(0) = R >) Bist, g = eit, 
e k-—n—s 


We have shown in [2] that every trigonometric polynomial with this 
property must be of the form 


b*(0) = R(ésn-tegi(g) 1(7(1/2), z= et, 


g(z) being a polynomial of degree oSs all of whose roots lie in the 
domain || <1, and r(z) being a polynomial of degree y 25— c. 


. e 
+ The functionals w; are the same as above. 
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The polynomial 5*(0) for which the minimum is attained is unique. 
If there were two such polynomials, b*(@) and b$(0), then we would 
have 


* 


be +5 
L(b#) S (==) < L(b#); 


then bf*(0) and bž(0) would change sign at the same points, that is, 
the polynomial 


bf(0) — b£(0) = Rfs) } fa] ra) |* — | ra(z) l), se 
would have at least 2( —v) changes of sign in (0, 27); but since 


wi(b* — bf) = 0, #=0,1,---,5, 


the polynomial b*(0)—bš(0) cannot have more than 2(n—s—1) 
changes of sign in (0, 27); this contradiction proves the unicity of the 
polynomial solving our problem. Thus we find that there exists the 
unique polynomial b*(0) minimizing (1) under conditions (2) and it 
must be of the form 


b*(6) = Rare) )70/2)] 
= Ryden + fhe t+ uet), a= c", 


Since the real parts of two polynomials coincide on the unit circle, 
these polynomials are identical, that is, 


car-tg2(s)r(s)r¥(2) = ts" defe + + usnm, 
whence we find finally 
$*() = vf + yfs t+ + yest = ci%(z)r(e)7*(2), 
where 
(s) = g*(2) = 2°G(1/z). 


Thus we have found the polynomial $*(z) satisfying all the conditions 
of our lemma. 
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NOTE ON CERTAIN ORTHOGONAL POLYNOMIALS! 
DUNHAM JACKSON 


1. Introduction. A well known theorem? states that if K,(x, t) 
=)-"b:(x)p,(é) is the kernel associated with a system of orthonormal 
polynomials on an interval (a, b) with weight function p(t), and if xo 
is a real number not belonging to the open interval (a, b), the function 
K,(x, t) is orthogonal to every polynomial of lower degree with re- 
spect to |£—xo| p(t) as weight function. This result is to be extended 
below to orthogonal trigonometric sums, and more generally to other 
orthogonal polynomials in two real variables on an algebraic curve.’ 
The fact that a single polynomial of the nth degree in the original 
formulation is replaced by two or more sums or polynomials of like 
degree in the generalized orthogonal systems imparts to the extension 
some features of novelty. Certain other generalizations are briefly 
mentioned also. 


2. Trigonometric sums. Let Uo(x), Ui(x), Vix), - ++ be orthonor- 
mal trigonometric sums for weight p(x), and let 


Ky (s, s) = Uo(x)Uo(s) + Ui(3) Ui(s) + -+ + + Una) Us (5) 
+ Vila) Vils) + +++ + Vala) VCs). 


For definiteness it may be assumed that U;(x) contains no term in 
sin kx, while V(x) contains sin kx with a nonvanishing coefficient; the 
function K,(x, s) would be unchanged if Ui, Vi were replaced by any 
equivalent pair of sums of the kth order. If T(x) is any trigonometric 
sum of the nth order, 


f 09e. sS)T.(s)ds = T.(x). 


Suppose p(x) =0 throughout an interval (o, B). Let 21, X; be any two 
distinct points of (o, B). Let T(x) be am arbitrary trigonometric 
sum of order »—1 at most, and let sin 3(x—2:) sin 4(x —x1)r«a(x) 
=T,(x); the product - 


sinj(x — 21) sin 3(z — zy) = $ cos (z1 — za) — $cos [s — (2: + xa) | 


1 Presented to the Society, December 29, 1939. 

2 See, e.g., G. Szegó, Orthogonal Polynomials, American Mathematical Society 
Colloquium Publications, vol. 23, New York, 1939, p. 39. 

3 See D. Jackson, Orthogonal polynomials ‘on plane curves, Duke Mathematical 
Journal, vol. 3 (1937), pp. 228-236. 
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is a trigonometric sum of the first order. Then 


fo) Ral s) sin $(s — zi) sin $(s — as)r. a(s)ds 


= sin 4(x — xı) sin 4(x — 33) Ti (2). 


(1) 


The right-hand member vanishes for x —x1 and for x —23; that is to 
say, K,(x1, s) and K.(xs, s) as trigonometric sums of the nth order tn s 
are orthogonal to every sum Ta1(s) of lower order, with respect to 
sin $(s— xı) sin $(s —xs)p(s) as weight function. This weight function is 
of constant sign, since p(s) vanishes throughout the interval (x, xs). 

The sums Kn(x1, s) and K,(xs, 5) are linearly independent. An iden- 
tity K,(x:, s)=CK,(x1, s) would require in particular that Uo(xs) 
-—-CUsx), Ui(x)2CUi(x), Vi(x)-CVi(x), that is, that C=1, 
COS X3 = COS X1, SİN Xs =SİN x1. 

In the limiting case x= xı, 


f p(s) K (x, s) sin? 4(s — xi)r.a(s)ds = sin? (x — xi)ra au(x) 
and by differentiation with respect to x under the sign of integration 


f 595. s) sin? $(s — xir, a(s)ds 


= sin &(x — xı) cos 4(x — xi)r,a(x) + sin? 4(x — xi)ria(2), 


where K,.(x, s) means (0/0x) K.(x, s). Both right-hand members van- 
ish for x 2x1; K,(x;, s) and K,ys(xi1, s) as trigonometric sums of the 
nth order in s are orthogonal to every sum of lower order for weight 
sin? 4(s—+1)p(s). Here no assumption with regard to vanishing of p 
is required. It is obvious that K, and Kaz are linearly independent, 
for one contains a constant term and the other does not. 

Vanishing of p is again unnecessary if xı and xs are allowed to be 
complex. Let x; —'y 4-30, xs —'y —10, with y and ô real, 

e 


sin (x — xı) sin (x — zx) = $ cos i — $ cos (x — vy) 
= $4 cosh ô — $ cos (x — v). 


Since each member of (1) represents a trigonometric sum in x, and 
they are identical for real values of x, they are equal also when x is 
complex. For «=x, the right-hand member is zero, and the real and 
pure imaginary parts of the expression on the left must vanish sepa- 
rately. The same result is obtasned by setting x= xs. The real and pure 
imaginary parts of K, (xi, s) for real s (br of its conjugate K.(xs, s)) are 
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orthogonal to every trigonometric sum of lower order in s with respect 
to the non-negative weight function [4 cosh 5—4 cos (s —v) le(s). 
These real and pure imaginary components, being linearly independ- 
ent combinations of the linearly independent functions K,(%1, s) and 
K,,(x2, s), are themselves linearly independent trigonometric sums of 
the nth order in s. 


3. Polynomials on an algebraic curve. Orthogonal trigonometric 
sums can be regarded as a special instance of orthogonal polynomials 
in two real variables on an algebraic curve, the curve in this case being 
a circle (or, without essentially greater generality, an ellipse). Con- 
siderations analogous to those outlined above apply to the more gen- 
eral problem. As an illustration the reasoning will be formulated for a 
curve of the third degree. It will be immediately apparent that the 
same type of argument can be applied to curves of higher degree, if 
exceptional cases are avoided, or, on the other hand, to an alternative 
treatment of orthogonal polynomials on a circle, or to orthogonal 
polynomials on hyperbolic arcs. (Orthogonal polynomials on a parab- 
ola are essentially orthogonal polynomials in a single variable.) 

Let C be a curve of the third degree. Let p(x, y) be a non-negative 
weight function defined on C, and, for simplicity, vanishing identi- 
cally except on an arc or arcs of finite extent. Let Po (x, y), pulz, y), 
fu(x, y), and, for n22, Pax, y), Pral(x, y), Pns(x, y) denote the mem- 
bers of a corresponding system of orthonormal polynomials on C, each 
polynomial being of total degree indicated by its first subscript. Let 


K,(x, y, 4, 1) = 2: p(x, y) bru, v), 
kän 


the summation being extended over all the relevant pairs of sub- 
scripts. As in the special case of trigonometric sums, the function Ks 
is completely determinate when the points (x, y) and (u, v) are on the 
curve C in their respective planes, although the individual polyno- 
mials of any specified degree in the system,admit orthogonal trans- 
formation among themselves. 

Let ax+by+c=0 bé the equation of a line intersecting C in three 
distinct points (x1, yı), (xs, ys), (xs, ys), and so situated that the do- 
main of orthogonality of the polynomials is all on one side of it, that 
is, so that ax J-by +c is of constant Sign where p 740. The intersections 
may be real, or two of them may be conjugate complex; it is under- 
stood that the coefficients a, b, c, as well as those in the equation 
of C, are real. It is to be understood further, if C is degenerate, that 
the domain of orthogonality includes a portion of positive measure 
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(with respect to arc length as variable of integration) on each of the 
loci defined by the vanishing of an irreducibfe factor in the equation 
of C. 

` If P,(x, y) is any polynomial of the nth or lower degree, then for 
(x,y) on C 


f, plu, v) K.(x, y, u, v) P(u, v)ds = P«(s, y), 


where s denotes arc length on the curve C in the (u, v) plane. While 
the identity holds in general only on the curve, it is valid at all points 
of the curve, not merely where p 0. If T, 3(x, y) is an arbitrary poly- 
nomial of degree n—1 at most, and P,(x, y) =(ax+by+c)rn1(x, y); 
the identity states that 


(2) f plu, v) K (x, y, u, o) (au + bv + c)rni(u, v)ds 
c 
= (ax + by + e) (s, y). 


Since the points (x», y»), » ^1, 2, 3, lie on the curve and at the same 
time on the line ax 4-by J-c — 0, the relation holds with the right-hand 
member equal to zero if any one of these pairs of values is substituted 
for (x, y). The functions K,(x,, Y», u, v) as polynomials in « and v 
are orthogonal to every polynomial of lower degree for weight 
(at 4- bv 4- c)p(w, v). 

The three polynomials K,(x,, yY», u, v) are linearly independent on C 
if nz2. For, as the polynomials p;(u, v) are linearly independ- 
ent on the curve, a relation of linear dependence of the form 
$5 CK. (xs, y», 4, v) =0 would imply corresponding relations of linear 
dependence among the quantities p,;(x,, y,) as coefficients in the K's. 
In particular, the first six of the equations $5 C.pe(%>, y») would re- 
quire that 


Ci +C: +C: = 0, 

C23 + Caza + Cass = 0, 

Cii + Caya + Coys = Ô, 

pe + Cara + Cis = 0, 
Cixiyi + Cateye H Coxsys = 0, 
Cs T Caya + Cays = 0. 


The first, second, and fourth ef these equations are possible with C’s 
not all zero only if two of the x’s are equal, and the first, third, and 
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sixth only if two of the y’s are equal. But this is inconsistent with the 
hypothesis that (xi, y1); (xs, ys), (xs, ys) are three distinct points on 
a straight line.'Similarly, though more simply, any two of the poly- 
nomials Ki(x,, y», u, v) are linearly independent on C. The expressions 
K(X), y», 4, v) give the complete system of orthogonal polynomials 
corresponding to the weight function (ax+by+c)p(x, y). If two of the 
points (x,, y,) are conjugate complex, real polynomials for the orthog- 
onal system can be obtained by taking the real and pure imaginary 
parts of the corresponding K's. 

Similar reasoning is clearly effective for a curve of the Nth degree 
with a straight line meeting it in JV distinct points. For a treatment 
of certain cases of coincident points of intersection the discussion will 
be limited to the curve of the third degree. 

Suppose now that the line ax--by--c—0, instead of meeting the 
curve in three distinct points, is tangent to it at an ordinary point 
(x1, y1), and intersects it at a point (xs, ys) distinct from (x1, yı). It is 
still assumed that the part of the curve on which p0 is all on one 
side of the line, that is, that ax+by-+c is of constant sign there. At 
least one of the coefficients a, b is different from zero; without loss 
of generality it may be supposed that b0, that is, that the line 
is not parallel to the y-axis. In the neighborhood of the point (x, y1), 
y is a single-valued function of x on the curve, with a derivative whose 
value reduces at (xı, yı) to (—a/b), the slope of the tangent line. In 
this neighborhood on C, by differentiation of (2), 


f p(t, v) Kys(x, y, t, v)(au + bv + crnu, v)ds 
c 
d 
pi [ax + by + omi, »)1 
x 
d 
= (ax + by + c) i7 y) + (a + by )m.i(o, y), 


where K,.(x, y, u, v) means the total derivative of K, with respect 
to x, equal to 0K,/dx+y’0K,/dy. At (xy yi) both ax+by+c and 
a--by' vanish. The fuftction K,.(xi, yi, 4, v), which is still a polyno- 
mial as regards its dependence on u and v, is orthogonal to Ta a(u, v) 
for weight (au--bv--c)p(u, v). 5 

There have been obtained then for n22 three polynomials 
K.(xy yy U, 9), Knal&i, yy U, v), Kn(xs, ya, u, v), each possessing the 
property of orthogonality. These are once more linearly independent 
on the curve. Without effect on the form of Kn, and so without any 
impairment of generality, it may be assumed that the first six poly- 
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nomials in the orthogonal system are specifically those obtained by 
applying the Schmidt process to the monomials 1, x, y, x?, xy, y?, taken 
in that order. Then pu(zx, y) does not involve y, and ps(x, y) involves 
neither xy nor y?. Suppose there were an identity of the form 


CiK, (21, Yi 16 0) + CaK (x, y1, $6 9) + CaKn(aa, ya, 1, 0) = 0 
with C's not all zero. Then 
'Cipril®n 9i) + Capsi(y, 91) + Cabii(zs, y2) = 0 


for each pair of indices (k, j) in which kSn, the accent indicating 
total differentiation with respect to x. The equations for the first four 
pairs of indices may be simplified to the form 


Cy + Cs = 0, 

Ciz + Cs + Cass = 0, 
Ciy1 — Csa/b + Cay: = 0, 
Cixi -+ 2Cax1 + Caza = 0. 


The first, second, and fourth of these equations require that xı = %3, 
which is impossible under the hypothesis that (xi, yı) and (xs, ys) are 
distinct and b0. It is immediately apparent that any two of the 
three K’s are linearly independent for n=1. So the K's give the com- 
plete orthogonal system for weight (ax+by-+c)p(x, y). 

Finally, let the line meet the curve at a double point (xi, yı) at 
which there are distinct tangents with finite slopes, and at another 
point (xs, ys). It is assumed, as always, that ax+by+c is of constant 
sign where p does not vanish. Let Ki(u, v) and Ks(v, v) be the total 
derivatives K,s(xi, yj, u, v) calculated respectively for the two 
branches of the curve through (x, yı); let the corresponding slopes 
be^; and `z. Then 


Í plu, v) K,(u, v) (au + bo + c)rn_i(u, v)ds 
C e 


= (a+ by)ym axe y» y — 1, 2. 


It is seen that (a--bX).Ki(u, v) —(a+bdA1)K2(u, v) is orthogonal to 
a,_1(t, v) for the composite weight function. This polynomial and the 
two polynomials Ka(x1, Yı, te, v), K(xa, ys, 4, v) are found to be linearly 
independent on C for 5 £2, and once more a complete orthogonal sys- 


* tem is obtained. 


These illustrations will be allowed to suffice for the case of multiple 
intersections. . 
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4. Other cases. The corresponding theory for a non-algebraic curve 
is complicated by the fact that the number of polynomials of the nth 
degree in the orthogonal system increases with s, but 1s compen- 
satingly simplified by the observation that the representation corre- 
sponding to (2) holds for all values of x and y, so that (except for the 
assumption that the domain of orthogonality is all on one side of the 
line) the points where the straight line meets the curve are no longer a 
matter of special concern. If (x,, y») are any 4-1 distinct points on 
the line, independent polynomials of the mth degree orthogonal to 
every polynomial of lower degree with respect to the composite 
weight function are given by K,(x,, Yv, 4, v). 

A similar conclusion holds for orthogonality on a two-dimensional 
region. 


THE UNIVERSITY OF MINNESOTA 


NOTE ON AN INEQUALITY OF STEINER! 
T. RADÓ AND P. REICHELDERFER 


Let Q denote the unit square 0 €x, y € 1. If f(x, y) be any function 
defined and continuous on Q, the relation z —f(x, y) yields a continu- 
ous surface defined over Q. The Lebesgue area? of this surface will be 
denoted by L(f). Let =f, (x, y), z—fa(x, y) be two continuous surfaces 
- defined over Q; then clearly z= [fi(x, y) --fs(x, y) ]/2 is a continuous 
surface defined over Q. The inequality of Steiner! states that 
L([f--51/2) € [EF +L (fs) ]/2. McShane* obtained interesting and 
important results concerning the situation where the sign of equality 
holds in this relation. In this note we improve his results and, in a 
sense, give them a final form. 

In order to emphasize and to clarify what is significant and inter- 
esting in the results of McShane and in our improvements thereon, 
we remind our reader of a few facts concerning the Lebesgue area.’ 
Given a continuous surface s=f(x, y) d&fined over Q; if L(f) is 
finite then the partiad derivatives f, and f, exist almost everywhere 
in Q, the integral ffo[1--/2--/2]U*dxdy exists, and the relation 

1 Presented to the Society, April 13, 1940. 

1 See S. Saks, Theory of the Integral, Warsaw and Lwów, 1937, chap. 5, for the 
facts used in this paper concerning the Lebesgue area. 

* E. J. McShane, On a certain inequality of Steiner, Annals of Mathematics, (2), 
vol. 33 (1932), pp. 125-138. 

t Loc. cit. ° 

5Cf3 e 
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Sfalt ++]! *dxdy SL(f) is valid. The sign of equality holds in 
this last relation if and only if f(x, y) is absolutely continuous in the 
sense of Tonelli. Next, if a sequence of continuous functions f,(x, y) 
converges uniformly on Q to f(x, y), then it is always true that 
lim inf, .. L(f,) Z L(f), but the sign of equality holds in this last rela- 
tion only if the sequence f,(x, y) is chosen with extreme care. 

Suppose z — fi(x, y), z—fs(x, y) are two continuous surfaces defined 
over Q such that L([fiJ-fa]/2) = [LOY +L ]/2. If we assume, for 
the moment, that both fi(x, y) and fs(x, y) are absolutely continuous 
in the sense of Tonelli, then so is [fi(x, y) +fa(x, y) ]/2, and the preced- 
ing equality is equivalent to 


[9 





2 


-" |: + (R^ E Ay + (R^ z EAN P basis - 0. 


Using the inequality of Schwartz one sees that the integrand in (1) 
is never negative; thus the integrand is equal to zero almost every- 
where in Q, which implies that fiz=foz, fiy=fey almost everywhere 
in Q—that is, [(fis—faz)?-+ (fiy — f3))*]!/* 20 almost everywhere in Q.* 

Now suppose we discard the assumptions that fi and fs are abso- 
lutely continuous in the sense of Tonelli; then, of course, the pre- 
ceding reasoning yields no result. Still McShane proves that 
[is fas)? +(fiy—fay)?]/2=0 almost everywhere in Q. Indeed, he 
proves a sharper result to the effect that, when [LG --L(9 ]/2 
—L([fitfe]/2) is small, then [(fiz —f3:)?- (fu, — fs)? JY? is small in 
measure, so to speak—dquite exactly, he establishes a contrapositive 
statement: If the functions fi(x, y), fa(x, y) are defined and continuous 
on a square Q and there exist positive numbers G, e, 0 such that 

(1) LO) SG, L(f SG; 
(2) [(fis—f333 + yy — fa)? ] ze on a. set of measure at least equal 
to 6; ; 
then 


[it fet fu] + ft + fae + fry 
-t 


L( [fi az h]/2) s [LU F L(fa) |/2 un 2G, € 8), 


where u is a positive number whose*value depends only on G, e, and ô. 
We improve this result by replacing smallness with respect to 
* From this it follows (loc. cit.,? Theorem I) that fi —fs is constant on Q, but we 


shall not be concerned with this fact. * 
? Loc. cit.,? Theorem IV. S 


. 4 
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measure by smallness with respect to exponent. First, we show that, 


if f(x, y) and fo(x, y) are two continuous functions defined on the square 
Q for which L(fi) and. L(f2) are both finite, then 


ut [Gia — fers)? + (fy — fy] 


< [r(f) + uy p [555 1 09 EE (25) 


(2) 


Since the Hélder inequality reveals 


{ SS, [Usa — fas)? + (s, — fu)? axa) 


to be a non-decreasing function of ^, it follows that, for every expo- 
nent A satisfying 0 <À € 1/2, it is true that 


| SJ, [is — fas)? + Uis — Ao Pay 


ME 


(3) 
s Lg) uf} : 


Next, we prove that, under the same assumptions, it follows that 
2/4 
{ff [is s Sas)" + (fi "esl Js Mds} 
Q 
L 1 A JENA 
zit 1g) omo [2097 209 x r(t t J 


for every exponent X satisfying 1/2 <N <1. The reader will observe that 
inequality (4) reduces to (2) for A=1/2. 

Let, now, f(x, y) be a sequence of continuous functions converging 
uniformly on Q to f(x, y); assume that L(f,) and L(f) are finite, and 
that L(f,) converges to L(f). Under these h$potheses McShane proves 
that [(fas—fz)?-+ (Says Sy)? |? converges to zero in measure.’ We im- 
prove this result by showing that under these hypotheses tt is true that 


(4) 


(5) tim f f, [Us — Ja)? + Qas — f? M2dedy = 0 


for every exponent A satisfying 0X «1. Since McShane has shown 


. 
* Loc. cit.,? Theorem V. . 
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that the relation (5) is not generally true for the exponent À =1,° our 
result is the best obtainable under the given hypotheses. 

In fact, we shall give two proofs for relation (5). One proof will 
reveal this result as an immediate consequence of inequalities (3) and 
(4); the other will depend upon a general lemma concerning the Le- 
besgue integral. 

We proceed presently to the proof of inequality (2). Given two 
continuous functions fi(x, y), fa(x, y) defined on Q for which L(fi), 
L(f2) are both finite; then fis, fiy; fer, foy exist almost everywhere in Q. 
Set 

u = qu. — fea)? + Civ — Fa; v= 1+ fishes + fisfey: 


(okt e wet pth 


w= [1 + [fis frel/2)? + (Ly + fev] /2)*]"/?: 
(wi + ws)/2 — w; B = (wit w3)/2 + w; 


Yy = Wi, — 1; b = wiws + v. 


g 
li 


R 
ll 


The reader will easily verify the following identities: 
(6) atp=wtw, a8 = 7/2, 
(7) y +ô = 2wiws, yb = w+ fs, — frsfiv)*. 


Now (7) implies that y20, 520, whence it follows that a-8 Z0, and 
that 
8 S 2wyws S (wi + w)?/2. 


In view of these relations (6) implies that œ z 0, 8 20; hence B S wi d- ws. 
So the reader sees that 


(8) u? X yò = 2085 S (wi + w)? f (wi + w2)/2 — w}. 

As we observed above, it is true that 

(9) f Í weedy ELO, i233. 
e Q 


A reasoning of McShane!? shows that 


(10) ff { (wr + we)/2 — w}dxdy 
E s LO) + LU23]/2 — £f + 5812) 


Using the Hélder inequality the reader will speedily verify that in- 
equality (2) follows from (8), (9), and (10). 


* Loc. cit.,? Theorem VI. ° 


10 Loc. cit.,? p. 129. 
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We proceed next to establish inequality (4). It follows by the tri- 
angle inequality that u < wı+w:; hence we have from (9), 


a f f, ls — Hatt Oc fa andy S30) EXOQ. 


Suppose that ^ is a positive number and F(x, y) is a non-negative 
function such that F™ is summable on Q. If A; be any positive number 
less than Aq, it follows by the Hólder inequality that F^ is also sum- 
mable on Q. Now every number À satisfying 4; SA <^: may be written 
in the form A — oj +a, where 0 <a, o2 €1, a: ta,=1. From the 
Hólder inequality we have 


(12) f f peo < | f f, Ps] | f Í, Puis. 


The reader will verify that (4) follows from (2), (11), and (12) with 
F-u,M2-1/2, 3-1. 
Now let f(x, y) be a sequence of continuous functions converging 
„uniformly on Q to f(x, y); assume that L(f,) and L(f) are finite, and 
that L(f,) converges to L(f). We first show that 


(13) tim [PEA - LHP] o 


LE 2 





Since (fa +f)/2 converges uniformly to f on Q, it follows that 


T TNT 


no 


But lim,.4 [L(f) +L(f) ]/2 9 L(f), and by the inequality of Steiner it 
follows that L([f,+]/2) x [L (fa) --L(f) ]/2. Thus 


(15) im supz (==) s L(f). 





nw 


From (14) and (15), the assertion in (13) follows. 
Now the inequality (3) shows that, for 0 <A €1/2, it is true that 


J [Gas 7 r9 + Uas = rt dais 


s (LY) + Low: [eae m ( REM 


while inequality (4) shows tfat, for 1/2 SA x1, it is true that 


(16) 
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(ns — 122 Une — LP Pandy + 


Q 


€ [L(f) + LE] o9 [Ae ay (een, 


(17) 


From (13), (16), (17) the relation (5) clearly follows. 

In order to give a second proof of relation (5) we use the following 
lemma. Let F(x, y) be a sequence of non-negative functions defined 
on Q for which there exists a positive number No such that (1) the functions 
F, converge to zero in measure; (2) the functions F} are summable on Q; 
(3) the integrals f [o Fidxdy are uniformly bounded by a positive number 
M. Then, for every positive number X less than Xo, 31 ts true that 
limase f fo FAdxdy — 0. 

Proor. Given e>0, since F, converges to zero in measure there 
exists a positive integer (e) such that, for every n» n(e) the set Z,(e) 
of points (x, y) in Q for which F,(x, y) =e is of measure less than 
eo/ 0079 . MA, Now obviously 


(18) f f Frdxdy = f f Fredxdy + f Frdady. 
Q Q—E, (e) By(e) 


On Q—E,(e) it is clear that FX(x, y) Se; hence’ 


(19) f f Frdxdy S « 
Q—E,(e) 


Using the Hàlder inequality, we have, for n » n(e), 


Fadady 


Ey (e) 


Ao A/Ao . (AeA) /Ao 
s[f f, mee T ffe oem] <e 
B,C) En (6) 


e 
Since e is arbitrary, the lemma follows immediately from (18), (19), 
(20). i 
Now let fa(x, y) be a sequence of continuous functions converging 
uniformly on Q to a function f(x, y); assume that L(f,) and L(f) are 
finite, and that lim,.. L(f,) = L(f)? Consider the sequence of functions 
F,(x, y) = [(fas—fz)?-+ (fav —fy)?] “2. In view of the results of McShane 
u This lemma is an immediate corollary of certain important results of F. Riesz, 


Untersuchungen über Systeme integrierVarer Funktionen, Mathematische Annalen, vol. 
69 (1910), pp. 449-497. We give a direct proof for the convenience of the reader. 


(20) 


. 4 


eA 
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stated above, it is clegr that this sequence of functions satisfies the 
three conditions of the preceding lemma with ^;— 1. Thus, for every 
exponent À satisfying 0< <1 it is true that 


tim f f, [fs — £2 + Gas — fa)? M'dzdy = 0. 


"o 


So we have a second proof of our result (5). 


THE Outo STATE UNIVERSITY 


AN ADDITIONAL CRITERION FOR THE FIRST CASE 
OF FERMAT’S LAST THEOREM! 


BARKLEY ROSSER 
In an earlier paper? it NS shown that if p is an odd prime and 
a? b» +c? =0 
has a solution in integers prime to p, then 
m? = 1 (mod p?) 


for each prime m 341. In this paper the result is extended to m € 43. 

We will use the notations and conventions of I throughout, and a 
reference to a numbered equation will refer to the equation of that 
number in I. With assumed to be an odd prime such that (1) has 
a solution in integers prime to p, we assume that a ¢ exists such 
that the values of (2) satisfy (4), (5), and (6) with m=43. Put 


g(x) =f(x)f(—x) and 
A(x) = (x8 — 1)/(a* — 1). 


Then g(x) divides h(x), and g(x) can be completely factored ee P. 
Case 1. Assume that a root of g(x) is a root of 


h(x)/(x + x19 + x8 + af + at + 2? + 1). 


Then this root belongs to either the exponent 21 or the exponent 42 
modulo p. Hence p 21 (mod 42). So there is an w such that 


w+w+1=0. 


Then g(x), g(wx), and g(w*x) all divide h(x). Moreover, the only cases 
in which two of g(x), g(wx), and g(w*x) have a common factor are 
I. a6+1=0, 
II. a’+a?+3a?+3a+1=0, 
III. a^—a5— 3a1— 3a —4 =0, 


or cases derived from these by véplásiug: a by gne : of the other roots ' 


of f(x). So if we show that h(x) has no factor in common with any of 
“841, x*-Ex*-3x?--3x--1, or xt x — 3x1 — 3x —1, then we cam con- 
clude that g(x)g(wx)g(w?x) must givide h(x). - 
Clearly h(x) has no factor in common with x°+1. 


1 Preserited to the Society, April 27, 1940. 
2 A new lower bound for the exponeut in the first case of Fermat's last theorent, ‘this 
Bulletin, vol. 46 (1940), pp. 299-304. This paper will be referred to as I. 
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Suppose h(x) has a factor in common with x5-4-x!J-3x3--3x--1. 
This latter has the factors x--x--1 and a4—x?+2x-+1. The first has 
no factor in common with A(x), since it divides x* — 1, which has no 
factor in common with h(x). To test the second, we try it successively 
with each of the four factors of h(x), getting the eliminants 


13- 197-127-1632, 5.36913, 2-127, 5-7. 


Suppose A(x) has a factor in common with x* —2? — 3x? — 3x — 1. This 
latter has the factors x* — x — 1 and x*--x!4-2x*-L-2x 4-1. The first has 
no factor in common with A(x) by Lemma 3 of I. Trying the second 
factor successively with each of the four factors of h(x), we get the 
eliminants 


73-43, 21. 7.13.43, 7, 43. 
So g(x)g(wx)g(w*x) must divide h(x). Since both are of degree 36, 


they must be equal. Putting b —c4-5 and equating coefficients, we get 


A+1= 26 + 3c? — 24¢+ 13 = 1, 
Bi = A+ 128 + 42c + 188 — 9c — 2220 +173 = 1, 
C t 1 — 26 + 126 4- 171c* + 1326 — 666c? + 132c + 201 = 1. 
Dividing 16B and 8C by A, we get the remainder 
43D = 43(99c? + 192c — 116) = 0 
from each. Then 
2cE = 29A + 3D = 2¢(29c? + 192c — 60) = 0. 


' As c=0 would give A =12=0, we have 


28cF = 15D — 29E = 28c(23c — 96) = 0, 
29G = 8E — SF = 29c(8c — 49) = 0, 
8F — 23G = 359 = Q. 
Case 2. Assume that no root of g(x) is a*oot of 
h(x) / (P+ xl 4 x9 + H at + x3 + 1). 
Then, since g(x) divides h(x) and is of degree 12, 
g(x) = x!i-F x! 4 yep 35 4 x1 4L x? 4-1. 
So 2c+1=1 and c?+5=1. 


PRINCETON UNIVERSITY A 


SOME NEW PROPERTIES OF TRANSÉINITE ORDINALS! 
SEYMOUR SHERMAN 


1. Introduction. Sierpifiski? has stated the following theorem on the 
Cantor normal form: 


Every ordinal A 7 0 can be represented in the form 


"n—1 


A= »» wa, 
f-0 
where 
w > fido Gi, An, ^ 7 , O31 > O, 


AZza>ar>a,>+:: >a 0. 


Henceforth in this paper, when an ordinal is written in summation 
form, it will be assumed that the summation satisfies the above-stated 
requirements. 

Elsewhere Sierpiński? has proved: 


The set of all “divisors on the left” of an ordinal number ts closed.^ 


One of the purposes of this paper is to analyze further, by means of 
the Cantor normal form, the left and right factors of transfinite ordi- 
nals. In addition the Cantor normal form will be used to prove that 
for ordinals A, B, and C 


(A + B)C x AC + BC. 


We can also specify the necessary and sufficient condition that the 
equality hold. F. Siecza* has used the Cantor normal form to discuss 


1 Presented to the Society, December 27, 1939. The author is indebted to Professor 
W. A. Hurwitz for his indispensable advice in the preparation of this paper. 

2 W. Sierpiński, Leçons sur es Nombres Transfinis, Paris, 1928, p. 202; hereafter 
referred to as Sierpifiski (I). The theorem was first stated for ordinals of the first and 
second ordinal class by G. Cantor, Beitráge sur Begründung der transfiniten Mengen- 
lehre, Mathematische Annalen, vol. 49 (1897), p. 237, and for all ordinals by G. Hes- 
senberg, Grundbegriffe der Mengenlehre, Abhandlungen der Fries'schen Schule, New 
Series 1.4, Góttingen, 1906, p. 587. 

3 W. Sierpiński, A property of ordinal *numbers, Bulletin of the Calcutta Mathe- 
matical Society, vol. 20 (1930), pp. 21-22; hereafter referred to as Sierpiński (II). 

4 A set of ordinal numbers is said to be closed if it contains the least upper bound 
of each subset. 

5 F. Siecza; Sur l'unicité de la décofnposition de nombres ordinaux en facteurs irre- 
ductibles, Fundamenta Mathematicae, vol. 5 (1924), pp. 172-175. 
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factorization of transfinite ordinals, but his problem was different 
from the one considered here. 

2. Left and right factors. We shall now consider left factors. 


2.1. THEOREM. A necessary and sufficient condition that x be a 
left factor of A=) wma; is that either 0<x<w% or x=wlp; 
T2 wa, where p;ts a factor of a;and OSjSn—1. 


If 0<x<w*, let x=) T yw; Thus Bo«o. and —fota,;, 
05jSn-—1, exists. We have 


m1 a—1 avl 
{ REI Y artem a sd 
t=) iml tmQ 


and hence x is a left factor of A. 
If x =WIp sty oy was, where a;=,A;, then 


a—1 ja 
lens +È ota.) | 23 (u7*i**9a; + 3 
t=O 


tefl 


f-1 n—1 
=D (onctri)as + atipi H D anis 
i-0 


i-a 
#1 n—1 n—1 

= >; wta, + wia; + PE wa; = x wid 
i=0 i=mj+l i-o 


and x is a left factor of A. 
Thus we have proved the sufficiency of the condition. 
Suppose that x =) Ty oPib; is a left factor of A and that x 20%", 


Then 
-—l i—l 
A= ( De ey D wre; ). 


t=O t=O 


If yi1=0 then 
n—1 m—1 mr * 
> wa; = ( P ^y 2: ora) 
im i-0 i-0 
i-2 m—t 
= 5 (wt Ye; + boci + D> wi, 
i-0 . i=l 


where the last expression is a Cantor normal form. Comparing coefħ- 
cients in the right and left ends of the series of equations, we see that 


5 See F. Hausdorff, Mengenlehre, 1935, p. 63. 
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for some j, 0Sj S n—1, By =a;, bo is a factor of a,, and So wb; 
= n-i 9 
—» M way. 

If y 13» 0, then 


a—1 -—1 i=l i-1 
* wig, = ( >. 2 > orci) = 25 (Petri) ¢,, 
imO i=l i230 iml 

But since x 2=w%*-!, we have Bp Zz a4 a, Bod-y 117 0643, and thus the 
left and right ends of series of equations could not be equal. From this 
contradiction 'y;1 —0 and by the preceding argument our condition is 
necessary. 

Since in >>") wa; there is only a finite set of coefficients and since 
each of these coefficients, being finite, has only a finite set of factors, 
there is but a finite set of left factors of the form wep; +D 4-4, way, 
p; a factor of aj; that is, there is only a finite set of left factors greater 
than or equal to «^2. Hence we have proved: 


2.2. COROLLARY. The set of left factors of A=) dwe a; consists of 
the set of all positive ordinals less than «^» and a finite set of ordinals 
not less than eX», 


2.3. COROLLARY. If A=) owa; the left factors of A, in order 
of magnitude, form a normally ordered set whose ordinal number is 
—1 +n tI r(a;), where r(a;) is the number of factors of a,. 


2.31. COROLLARY. The ordinal number of the normally ordered set of 
left factors of a positive ordinal ts either a finite ordinal or the sum of an 
additively indecomposable’ ordinal and a finite ordinal. 


We can now obtain the previously stated result of Sierpifiski,? who 
makes no use of the Cantor normal form: 


2.4. COROLLARY. The left factors of A form a closed set. 


The following corollary has been proved by Hausdorff? and Ben- 
nett! by means of the euclidean algorithm. 


. 
2.5. COROLLARY. Any two ordinals greater than 0 have a greatest com- 
mon left factor. 2 


We shall prove this by means of the preceding corollary. Let A >0 


7 An ordinal a>0 is said to be additivÉly indecomposable when there do not exist 
ordinals B, y such that B <a, y <a, and e — 84-y. See Sierpiński (I), p. 178. 

* Sierpifiski (II). 

? F, Hausdorff, Grundzüge der Mengenlehre, Leipzig, 1914. 

10 A. A. Bennett, Some arithmetic operations with iransfinite ordinals, American 
Mathematical Monthly, vol. 28 (1921), pp. 4273430. 
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have a set of left factors, A, and B>0 have a set of left factors $8. 
UG, the intersection of A and Y, has at least one element, 1. The least 
upper bound, c, of AV is a member of A and a member of $5, since 
both A and 38 are closed. Hence cis a member of AY; that is, AY has 
a maximum element. Thus c is the greatest common left factor of A 
and B. 

'The development in case of right factors is somewhat analogous. 
'The following can easily be seen to be true. 


2.6. THEOREM. If A —» -do"a,, then a necessary and sufficient con- 
dition that x be a right factor of A is that either x=) d (w-*'™)a, 
where By <an or x —2 A-o(o- tair; where r; is a factor of aj. 

Since each exponent of the Cantor normal form has a finite set of 
residues and each coefficient has only a finite set of factors, we can 
state the following:!! 


2.7. THEOREM. The set of all right factors of any positive ordinal ts 
finite. 


Sierpiński has proved some of these theorems by using merely the 
properties of additively indecomposable ordinals. The use of the 
Cantor normal form not only yields more extensive results in the case 
of left factors, but also provides a unified approach to other problems 
in the theory of transfinite ordinals. 


3. The distributive laws. Among transfinite ordinals the distribu- 
tive law is always valid for one order of multiplication 


C(A + B) = CA + CB, 
but not always for the other order of multiplication 
(4+BC ? AC+ BC. 
We shall prove: 
3.1. THEOREM. (A+B)CSAC+BC. . 


If either A, B, or C$szero, then our theorem holds. Consider A >0, 
B»0, and C>0, where 


n—l m—i1 
A = $5 wa; = oa, + A'S B= Y, wd; = why + B', 
fo-0 t=O 


t=T P 
C= px wici. 
i0 . 


u Sierpiński (I). 
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C is either finite, transfinite and limiting, or transfinite and non- 
limiting. 
Suppose C is finite and 0<C<w. If œo «fo, then 
A-c-BceA-ohb,4-B'- B, (A4 B)C 2» BC = AC + BC. 
If ao — fo, then 
A + B = of(a, + b) + B' 
and 
AC + BC = wag + A’ + PDC + B' 
= way + b))C + B' = (A + BIC. 
If a> fo, then 
A+B = «a, + A’ + why + B', 
and 
(A + B)C = wage + A’ + «fb, + B' = AC + B S AC + BC. 
Thus if 0<C <a, then 
(A + B)C S AC + BC. 


Suppose C is transfinite and limiting, then y:1>0. Let J=max 
(A, B); then 


(A+ BCS (J --J)C = VNC = I(2C) = JC S AC + BC. 
Suppose C is transfinite and non-limiting, then y:1=0, and if we 
take 
12 ^ 
Co = by wre, Cı = Cii, 
t=O 


then 
e Ot, =C. 
If a 2 Bo, then ° 


(A + BC = (A+ B)(Co + Ci) = (A + B)Co + (A + BIG 
< ACo + ACı + BC: < AC + BC. 
If œs «fo, then ` 
(A + B)C,s BC s AC + BC. 
Thus if y;1=0, then p 
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(A + B)C S AC + BC, 


and our theorem is proved. 
We can also prove the following: 


3.2. COROLLARY. A necessary and sufficient condition that 
(A + B)C = AC + BC 


for positive A, B, and C is that either C=1, or 1<C<w and ay S fo, 
or o S C and xot Yo <bot Yo. 


This corollary follows quite easily from the reasoning found in the 
preceding section. 


CORNELL UNIVERSITY 


THE DECOMPOSITION THEOREM FOR 
ABELIAN GROUPS! 


JOEL BRENNER 


Let G be an abelian group such that p*g=0 for all gCG, p prime, 
k fixed. We prove G has a basis, that is, a set of elements such that 
each g €G is uniquely expressible as a linear combination of elements 
of the set.? 


THEOREM. There exists an ascending chain of sets Bj, 0 Si <k, of ele- 
ments of G with ihe properties: 

(i) Every element in B; is of order greater than p*—. 

(ii) The elements in B; are completely linearly independent. 

(iii) If the order of the element g in G is greater than p*—, then there 
exists a (unique) linear combination z of elements of B; such that the 
order of g —z is at most p*—. 


Since we may choose as By the vacuous get, we may assume that 
the sets Bo, - - +, B, have already been constructed in such a way as 
to meet the requireménts (i) to (iii). In order to construct Bis, we 
adjoin to P, any greatest subset C of G with the following properties. 

(a) All the elements in C are of order p*-*. 

(b) The join Ban of the sets B, and C is an independent set. 


1 Presented to the Society, April 6, 1940. 

* Unique in that the number of nonzero terms in an expression for g is unique and 
only the arrangement but not the respective values of the nonzero terms may differ 
in two expressions for g. 
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The set B,,, satisfies (i) and (ii). In order.to prove (iii) let A be 
any element in G whose order is at least p*~*. If firstly the order of h 
is exactly $*-*, then it follows from the conditions (a) and (b) that 
there exists an integer m and a linear combination y=) ay; of ele- 
ments in B. so that 0z£mh —y. Assume without loss of generality 
that m is a power of p « p*-*. Then (p*-*/m)mh —0 =} a(p*-*/m)y;. 
By (ii), p*-* divides a;(p*-*/m),so that a;/m is an integer (all 7). There- 
fore the order of £k —» /(a;/ m)y;is m « p*-*. If secondly the order of k is 
greater than p*-*, then there exists a linear combination z of elements 
in B, such that the order of h —z is at most f*-*, and thus (as above) 
y => cy; can be found with y; in B, for which h—z— y has order 
« p*-*. We have shown? that B, is a basis of G. 


' UNIVERSITY OF CALIFORNIA 


2 The following contain proofs for finite groups: Andreas Speiser, Theorie der 
Gruppen von endlicher Ordnung, 3d edition, Berlin, Julius Springer, 1937, p. 46-49. 
R. Remak, Über die Zerlegung der kommutativen Gruppen in syklische teslerfremde 
Faktoren, Journal für die reine und angewandte Mathematik, vol. 141. L. C. Mathew- 
son, A simple proof of a theorem of Kronecher, ibid., vol. 161 (1929), p. 255. A. Korselt, 
ibid. N. Tschebotaroew, Bewies der Existenz einer Basis bei Abelschen Gruppen von 
endlicher Ordnung, Kasan University, Fizzico-Matematico Obchestvo Izviestiia, vol. 4 
(1929-1930). Third line after 8) in the proof read w=w,r for w=w,=r. In the fourth 
paragraph following, read à,—q«,--4, O0S£«o, As't- - * . The following contain 
proofs for infinite groups: H. Pruefer, Untersuchungen ueber die Zerlegbarkeit, Mathe- 
matische Zeitschrift, vol. 17 (1923), p. 53; R. Baer, Compositio Mathematica, vol. 1 
(1934), p. 274. 
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9 
ON THE CONVEX SOLUTION OF A CERTAIN 
FUNCTIONAL EQUATION! 


H. P. THIELMAN 


The object of this paper is to give a generalization of a result ob- 
tained in a recent article by Mayer.? His result is a particular case 
(for a=1, p=1, K=0) of the following theorem. 


THEOREM 1. The only function which is convex for all x>K=0, and 
satisfies the functional equation 


(1) 1/f(% + a) = x?f(x), x>0,¢>0,p>0, 
15 

B T(x/2a) ? 
(2) F(x) = EXER Gan x5] i 


The following proof follows closely that given by Mayer in the 
paper to which we referred above. All real functions occurring in this 
paper will be assumed to be defined for all positive values of the inde- 
pendent variable unless otherwise specified. A function f(x) is said to 
be convex for all x» K if for every pair of values of x, say x1 and x, 
for which f(x) is defined, and x15 K, x4» K, 


41+ x 


(3) (P=) s te) + fea. 


That f(x) satisfies the functional equation (1) follows from the fun- 
damental equation for the Gamma function, P(*+1) =xI'(x). 
We shall now show that F(x) is convex. From (2) it follows? that 


F(x) S 1 
FO Ok HO a. 


Since a>0, p>0, it follows that F'(a)/ F(x) is increasing with increas- 
ing x. Log F(x) is tlferefore a convex function, and therefore F(x), 
for the convexity of a function follows from the convexity of its loga- 
rithm as can be easily verified. 

Since F'(x) «0, F(x) is a decreasing function of x, and we see by (1) 
that 








1 Presented to the Society, April 13, 1940. 
? A. E. Mayer, Acta Mathematica, vol. 76 (1938), pp. 57-62. 
? Mayer, loc. cit. 
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(4) ac? > FUx + a) > (at ay”. 


We can now prove the main part of our theorem: if f(x) is a function 
convex for x> K 20, and if it satisfies (1) for all x >0, then f(x) = F(x). 
From (1) it follows that the quotient Q(x) =f(x)/F(x) satisfies the 
functional equations 


(5) Q[x + Qn — 1)a] = t/Q(2), 
(6) Q[x + 2na] = Q(x), 


where # is any positive integer. We must show that Q(x) =1. First 
we suppose that Q(x) >0 for some particular value of x. Then for that 
. value of x by (4), (5), and (6) 


reke. 1 

Q(x) Qla) [e + (2k — 2)a]”/? 
oe) 
[x + 2ka]»' 


Making use of the convexity of f(x) for x » K, we may write for 
xJ-(2n—1)a» K, 


(7) f(s4-2na) S bifile + Qn — 1)a] + fle + Qn + tal}, 


and therefore 





fle + (2k — 1)a] = 


fla + 2ka] = Q(x)F(x + 2ka) > 





Q(x) 1 1 1 
(e+ Ina)lt ^ xo FOr- dale (et TIR 


(a) < 1 il x + 2na Ta 

OMe 2 (Lat Qn — 2)a f 

If Q(x) >0, then Q(x+a)=1/Q(x)>0, and in an exactly similar way 
we find that ; 


aerae eras o) th 


Since the last two displayed equations are true for all values of s 
such that x+(2n—1)a>K, 02(x) = 1, and therefore | f(x) | = F(x). lf 
we assume that there exists an x for which Q(x) <0, an argument simi- 
lar to the preceding one shows again that | f(x)| = F(x). Hence we con- 
clude that for all values of x >Y | f(x) | = F(x). We thus see, that, for 
every value of x, f(x) is equal to either plus or minus F(x). If f(x) were 


or 
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equal to minus F(x) for some particular value of x, say x—3, then 
by (1) f(xo+-na) <0 for all n. Hence there would exist an x, Say x 
larger than K such that f(x:) «0, and f(x) = — F(xi). Then for every 
h>0 


f + h) S [GO + f( + 24)] S al Fla) + F(zi + 24)]. 


But F(x) is decreasing, and therefore f(x; 4-) would be negative for 
all 570, and equal to — F(xi--A). This function is, however, not con- 
vex. Hence f(x) can never be negative, and must be identical with 
F(x). 

A function is said to be concave for x >K if it satisfies equation (3) 
with the inequality sign reversed. It is obvious that the only function 
which is concave for x > K 20 and satisfies the functional equation (1) 
is — F(x). 

If the condition of convexity be replaced by requirement that f(x) 
be monotone for x >K=0, we can obtain the following result: 


THEOREM 2. The only function f(x) which is monotone, not increasing, 
for all x » K Z:0, and satisfies the functional equation (1) 4s F(x). 


The proof of this theorem is analogous to that of Theorem 1, with 
the convexity condition (7) replaced by the monotone relation 


(8) f(x + 2na) S f[x + (2n — 1)a] S fle + (2n — 2)a] 


(n sufficiently large). If x0 is such that Q(x) 70, then from (8) it 
follows that Q(x) =1. And if it is supposed that Q(x) <0 for some x, 
(8) leads to the contradictory inequalities Q?(x) » 1, Q*(x) «1. Hence 
f(x) = F(x). The details of this proof are left to the reader. 

It is also obvious from the last theorem that the only function f(x) 
which is monotone, not decreasing, for all x » K 20, and satisfies (1) 
is — F(x). 


COLLEGE oF Sr. THOMAS 


AN UNSYMMETRIC FUBINI THEOREM! 
R. H. CAMERON AND W. T. MARTIN 


Because of the great variety of ways in which repeated Stieltjes in- 
tegrals may occur, the ordinary Fubini theorem for Lebesgue integrals 
has more than one analogue in Lebesgue-Stieltjes (Radon) integrals.? 
One of these (the symmetric one) is well known.? However, there is 
another form which is not symmetric, and its proof does not seem to 
be in the literature, although it is known to many writers, in special 
cases at least.4 This form does not appear to be immediately derivable 
from the symmetric form, and since it is of interest in various connec- 
tions, it seems worthwhile to give an explicit statement and proof. 
We do not follow the usual procedure of beginning with finite limits 
and then allowing the limits to become infinite because the passage to 
infinity seems to present difficulties of the same order as the direct 
proof of the final result itself. The immediate use of infinite limits is 
made possible by the fact that the symmetric Fubini theorem has al- 
ready been proved with infinite limits. 


THEOREM. Let k(x) be a function of bounded variation on every finite 
interval. Let p(x, u) be Borel measurable in (x, u); for almost all x with 
respect io k(x) let it be of bounded variation tn u over every finite 
u-interval. Denote by V(x, u) the variation’ V(x, u) — feto d, p (æ, v)]. 
Assume that f? o V(x, u)| dk(x) | exists (is finite) for al u. Let s(u) be 
Borel measurable on (— oo, co). Then the existence (finiteness) of either 


(1) f "Est d f “Pa, 9) | dea) | 


1 Presented to the Society, February 24, 1940. 

2 The integrals which occur in this paper are understood to be Lebesgue-Stieltjes 
(Radon) integrals. See, for example, Saks, Theory of the Integral, 2d revised edition, 
Warsaw-Lemberg, 1937, pp. 19 and 67. We note that the familiar principles of mono- 
tone and dominated convergence in the Lebesgue theory are also valid in this theory; 
see pages 28 and 29. In this pper we shall not admit + © as members of our num- 
ber system; that is, existence implies finiteness. 

1 Saks, loc. cit., p. 81. 

* See for instance, N. Wiener and H. R. Pitt, On absolutely convergent Fourier- 
Stieltjes transforms, Duke Mathematical Journal, vol. 4 (1938), pp. 420-436. The 
reader will note that a form of this theorema was used in passing from line 13 to line 14 
on page 421. 

5 For negative u we understand that V(x, 4) = — fato tee, v)|. Of course V is 
strictly a variation only for positive u. 

* Clearly it would be sufficient to require that the integral be finite for 4 ranging 
over some sequence having + © as limit points. * 
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or 


(2) f "| dk(a) | f i | s(u) | - | dup(x, v) | 


implies the existence of the other, their equality, and the existence and 
equality of the following integrals 


(3) f im. fie u)dk(x) = f a NC u). 


We shall first prove this theorem under the following additional as- 
sumptions which we shall later successively remove: 

(A) s(u) is a polygonal function (that is, a continuous function 
whose second derivative exists and is zero except at a finite number of 
points), 

(B) s(u) is bounded and vanishes identically outside a finite inter- 
val, 

(C) s(u) is non-negative, k(x) is monotonic increasing and p(x, u) 
is monotonic increasing and right continuous in 4 and p(x, 0) 20. 

Clearly the additional hypotheses (B) and (C) imply the existence 
of (1). Also they imply the existence of (2), as one sees in the following 
manner. Let 5 be such that s(u) 20 when lu] >n—1 and such that 
s{u) is everywhere less than or equal to ». Then since V(x, u) = p(x, u) 
by (C) we see that 


(4) f snae us n f aoe, u) = n[V(x, n) — V(x, — n)]. 


Also 


(5) f ve 1sOdk(x) 


exists by hypothesis. Hence 


f am NI 4) S « aco [V(z, n) — V(x, — «)]; 


that is, (2) also exists. 

Thus under the additional hyp&theses (B) and (C) we need only 
show the equality of (1) and (2) since obviously the right and left 
members of (3) are equal to (1) and (2) respectively. In order to show 
the equality of (1) and (2) under (Aj, (B) and (C) we integrate by 
parts and use the fact that s #anishes at —n and at n. Thus 
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(6) f 5m fie u(x) = — f a fie dk). 


By the symmetric Fubini theorem, we obtain 


(7) Jase fie udk(a) = [aus fre mem. 


Integrating the inner integral of the right member of (7) by parts, 
we have 


D fame) foe, 202 = — fame) f "snap, 9 


and this with (6) and (7) establishes the equality of (1) and (2) and 
thus in view of the preceding remarks proves the theorem under the 
additional assumptions (A), (B) and (C). 

Now since every bounded Borel measurable function is a repeated 
limit of continuous (and even of polygonal) functions’ we shall show 
by the repeated use of the principle of dominated convergence that 
the theorem still holds when we drop (A) and keep only the addi- 
tional hypotheses (B) and (C). As we have noted, for this purpose 
it is again only necessary to prove the equality of (1) and (2). 
For purposes of induction let us assume that s*(u) =lim;.. s;(u) 
(— 0 «u« c) where si(u), s(u), - -* is a sequence of non-negative 
functions each of which is Borel measurable and vanishes when 
|u| >n—1 and each of which is everywhere less than or equal to n. 
Assuming that the conclusion of the theorem holds for each s;(u) when 
p and k satisfy (C), we shall show that it also holds for the limit func- 
tion s*(u). By bounded convergence 


. e i Ï 5 = A 5 i , «)dk(x); 
tim f sa fie u)dk( x) f> (u)d fe u)dk(a) 


and since (4) holds for each s;(u) it follows by dominated convergence 
that 


im = ak(2) [save u“) = f >o im J oige u) 
= fn f eaga 9. 


1 See, for example, de la Vallée Poussin, Intégrales de Lebesgue (Borel Monograph), 
1916, pp. 36, 37. e 
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Thus if the theorem holds under (B) and (C) for one Baire class it 
holds under (B) and (C) for the next; and hence the theorem holds 
under (B) and (C) for all Borel measurable functions. 
In order to remove (B) (retaining only (C)) let 
s(u) if | «| < mn— 1 and s(v) S m, 
) eo) = 1 


0 otherwise. 


Then since s*(u) satisfies (B) and (C), 


(10) . f ome fo w)dk(x) — UE k(x) [sear S | 


Since either (1) or (2) exists, both these expressions are bounded 
(in n). By monotone convergence 


tim f srda fo an) = f seid, f ple, waka), 


oo 


s*(u)dupla, 1) 


—o 


= fiae feroces 9. 


Thus the.theorem holds under (C). 
Finally, we can dispense with (C) and assume merely the original 
liypotheses of the theorem. To show this let 


Jim f ax) f EERTE f “key din 


s:(u) = max {(— 1)*s(u), 0], . i=0,1, 

1 za 5 . x 
* = — vide í a 

a) ade) = f^ pais yee 0). TE 
pila, u) = 4{V(x, u) + (— 1)*[p(x, u+ 0) — ple 0 + 0)]}, 

. 1 — 0,1. 


Obviously all these functions are Borel measurable and satisfy (C). 
We first show that the existence of (1) or (2) for s, p and k implies 
the existence of (1) or (2) respectively for s;, 5;, ki. Since we always 
have p ay 


f le@ia = flo] a 


when f(x) — g(x) is non-decreasing, and 
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f 591a fola 
when $(x) 2 6(x), it follows that 


fi s(v) | du fe u) | dk(x)| = f iom f ve u) | d&(a) | 
= f em. fie v) | d&(2) | 


= f oem foe s)dki(x) 
and B 7 


f| ak) f solae ola fants) f 1501 etl 
= fono f | dup(x, u) | 


= f 9 (senes u). 


Thus s;, p;, kı satisfy the hypotheses of the theorem, as well as (C), 
and hence 


(— Dem DE d: iE orbc 
= (= pese UE dhi(a) S s(u)dups(u, u). 


Adding these eight equations yields (3), and hence completes the 
proof of the theorem. 


THE MASSACHUSETTS INSTITUTE OF TECHNOLOGY 


LINEAR EORMS IN FUNCTION FIELDS! 
LEONARD TORNHEIM 


We shall prove algebraically an analogue for function fields? of a 
well known theorem of Minkowski on linear forms.* 


THEOREM 1. Let F be a field and z an indeterminate over F. Let 
(1) Li = D> agus, g=1,-°-,4%, 
j=l 


be n linear expressions with coefficients a4; în F(z) and with the determi- 
nani | ass| of degree d. Then for any set of n integers cı,  * © , Cx which 
satisfy the condition X $ ci>d—n there exists a set of values for 
Xy ©- , x in F[z] and not all sero such that each Li has degree at most c;. 


First, we may assume that all of the c; are equal. For, suppose 
that cis the maximum of the c;. Write L? for L;s*?-*:. The determinant 
of the coefficients of the L? has degree d' =d+} (c—c:) «2 c4-n. If 
there is a set of values for xi, - - - , x, with the property that the de- 
gree of each L/ is at most c, then these same values will make the 
degree of L; at most c;. 

Next, we may assume, after multiplying each L; by a suitable poly- 
nomial and by using an argument similar to that above, that all the 
a; arein F[s]. 

We shall now convert our system of L; by means of a transforma- - 
tion of determinant unity with elements in F[z] into an equivalent 
system having a;;—0 for i<j. Let bı be the g.c.d. of the ai;; then 
b=) 7.101565 for appropriate cj in F[z]. Necessarily the cj are rela- 
tively prime. It is possible to find other quantities cj (&—2, : - - , n) 
such that the determinant lea] has value unity.5 Thus the transfor- 


1 Presented to the Society, April 13, 1940. 

1 See M. Deuring, Zur Theorie der Idealklassen in algebraischen Funktionenkürpern, 
Mathematische Annalen, vol. 106 (1932), pp. 103-106, for a related result. I believe 
the results I prove are new. ? 

3 A bibliography of both analytic and algebraic proofs of the theorem of Minkowski 
on linear forms is given by E. Jacobsthal, Der Minkowskische Linearformensaiz, 
Sitzungsberichte Berliner mathematischen Gesellschaft, vol. 33 (1934), pp. 62—64. 
See also L. J. Mordell, Minkowsks’s theorem on homogeneous linear forms, Journal of 
the London Mathematical Society, vol. 89(1933), pp. 179-192. 

* The degree of a rational function is the degree of the numerator less that of the 
denominator. Zero is assigned the degree minus infinity. 

5 A. A. Albert, Normalized integral bases of algebraic number fields I, Annals of 
Mathematics, (2), vol. 38 (1937), p. 926 ff.*The statement is proved for rational 
integral cj, but the proof applies to'siny integral domain having the property that a 
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mation x;—? t.-c% has determinant unity and hence it has a re- 
ciprocal transformation with elements in F|z]. The forms L; are 
transformed into L! => ?_,ax/. Here afa => 2.101 jC;n and, being a 
linear combination of d&s; it is divisible by their g.c.d. b1; af bas. 
The transformation 


Fead / H a Sa 
af = xi — Do axe’, Xp = Xp T—2,::-:,, 


of determinant unity transforms the L/ into Li’ with Ly’ —bixi'. 

The procedure is repeated for the n — 1 linear forms M;—9 5-12 1xl' 
(i=2,-+-, n). Finally, if this process is continued, the resultant 
transformation converts the original system (1) into one with a;;—0 
for i<j. As a consequence, if the degree of a; is d;, then $.d;-d. By 
using another transformation of determinant unity we may assume 
that the degree of each a;;is at most d;. 

Let G, be the set of all n-tuples (sı, - - * , $4) ^s where the s; are 
in F[s] and have degree not greater than c; hence Gi is a linear set 
over F whose order 14 —n(c--1). Write Li(s) for 07. ,a.;8;. Let G, of 
order u, over F be the linear subset of G4 composed of all quantities s 
for which L;,---, L-a all take values of degree not greater than c. 
Designate by P, the set of all L,(s) with s in G,, and by Q, the set of 
all polynomials in P, of degree not exceeding c. Since the maximum 
degree possible for a polynomial in P, is c-+d,, the number of linearly 
independent polynomials of P, which are not in Q,, that is, the order 
of P,/Q,, is less than or equal to d,. Now G./G.44cP./Q;, a fact 
which follows from the mapping of G, on P, and G,4; on Q,. Hence 
[G:: Gua] <} z d:=d. Therefore the order u,41 of Gay: is not less 
than n(c+1)—d. To be sure that G, has elements other than zero, 
we must have 144412 1, that is, nc—» czd+1 —n. 

The following theorem applies if some of the L; must be made equal 
to zero. 


THEOREM 2. If in Thegrem 1 the first m of the L; are to be made equal 
to zero and 4f their coefficients are in F|z], then the conclusion will hold 


if 2 mci» d— (n—m). 


For,.the first m polynomials s; must be zero if we have the trans- 
formed system used in the proof ef Theorem 1. Application of Theo- 
rem 1 for the remaining L; yields Theorem 2. 


UNIVERSITY OF CHICAGO 





g.c.d. of any finite number of elements exists and is linearly expressible in terms of 
those elements, that is, that every ideal with a finite basis is principal. 


A NOTE ON A THEOREM OF RADÓ CONCERNING THE (1, m) 
CONFORMAL MAPS OF A MULTIPLY-CONNECTED 
REGION INTO ITSELF! 


MAURICE H. HEINS 


Let G, denote a region in the z-plane and let w=f(z) be a function 
of z defined for sC G, which has the following properties: (1) w —f(z) 
is analytic and single-valued for zC G,, (2) sCG, implies that f(2cG, 
(3) to each point woCG, there correspond m and only m points z® 
(k=1,2, ++ -,m) contained in G,such that f(z) =w (b —1,2, . . - m) 
where following the usual convention we count the z(* according to 
their multiplicities. Then w —f(s) is said to define a (1, m) conformal 
map of G, onto itself. Such maps have been studied by Fatou? and Julia? 
for the case where G, is simply-connected, and by Radó‘ who treated 
multiply-connected regions as well. Among the results which Radó 
established is the following theorem: 


Let G, be a region of finite connectivity p (21); then there exists no 
(1, m) conformal map of G, onto itself for m>1. 


Let us remark with Radó that the theorem is no longer valid if 
G, is of infinite connectivity, as simple examples from the theory of 
the iteration of rational functions show.’ Radó's proof of the theorem 
just cited is based on the possibility of mapping one-to-one and con- 
formally a region of finite connectivity p, none of the components of 
its boundary reducing to points, onto a region of connectivity p, the 
boundary of which consists of p disjoint circles. Other types of canoni- 
cal regions yield the same result, notably one due to Koebe.? It is the . 
object of the present note to establish Radó's theorem directly with- 
out appeal to the possibility of mapping one-to-one and conformally 
the region G, onto a canonical region. Our tools are the theory of 
iteration and a simple modification of Nevanlinna's principle of har- 
monic measure.’ 

Let G,, the region we are going to study? have as its boundary p 
(71) disjoint continue T, (k=1, 2, -- - , p). It is evident that we 


1 Presented to the Society, April 27, 1940, under the title A note on a theorem of 
Radó. 

í * P. Fatou, Bulletin de la Société Mathéfnatique de France, 1919. 

*G. Julia, Comptes Rendus de l'Académie des Sciences, Paris, vol. 166 (1918). 

* T. Radó, Acta Szeged, vol. 1 (1922). 

* G. Julia, Journal de Mathématiques Pures et Appliquées, 1918. 

* P. Koebe, Acta Mathematica, vol. 41. ° 

T R. Nevanlinna, Eindeutige analjtische Funktionen, chap. 3. 
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may assume without loss of generality that the I'; are all closed 
Jordan curves. Further let w —f(z) define a (1, m) conformal map 
of G, onto itself. In Rad6’s paper cited above, it is shown that if 
w —f(z) defines a (1, m) conformal map of G, onto itself, then when- 
ever z tends to the boundary of G,, so does f(z), in such a manner 
that whenever z tends to a given component I; of the boundary, then 
f(z) tends to one and only one component of the boundary Tı, where 
the index lą depends on k. Now the relation k—>l, (k=1, 2,---+, f) 
defines a permutation of the indices 1, 2,---, f. 

We shall understand by f,(s), the nth iterate of f(z), that function 
defined by the recursive relations 


(A) folz) = 2, fis) =f), +++» fe = fel. 


By the definition of w —f(z) it is clear that the definition given by (A) 
for f,(g) is meaningful. Since the relation &—41, defines a permutation’ 
of the indices 1, 2, - - - , p, a suitably chosen power of this permuta- 
tion is the identity. Hence for a properly chosen whole number 1, 
f». (z) has the property that when z tends to a component I; of the 
boundary of G, then f,,(z) tends to exactly the same component T+. 
Let us denote f.,(z) by F(z). 

We are now in a position to demonstrate Radó's theorem directly. 
. By the harmonic measure of z with respect to T+, denoted by w(z, Tr, Gs) 
we understand that harmonic function defined for CG, which is 
single-valued and bounded for zC G, and further takes on the bound- 
ary value 1 on T'; and the boundary value 0 on all the components of 
the boundary of G, exclusive of I',.? 

The relations 


(B) e(F(s), Ti, Gs) = o(z, Tr, Gs), k=1,2,-++,p, 


are an immediate consequence of the principle of the maximum for 
harmonic functions. For, ass tends to a given component of the bound- 
ary of G,, F(z) tends to the same component. Hence w(F(z), Ir, Gs) 
has the same boundary values as w(z, I+, Gs), hence the identity. To 
establish Radó's theorem we need consider only one of these identi- 
ties, say 


(C) . w(F(z), Ti Ga) = o(z, Ti, G;). 


e 
Let zo bea point lying in G,, and let o (zo, T'i, Gz) =Ao (0 «Ao « 1). Then 
our identity (C) implies 


e(F. (29), Ts, Gs) = Ao, 
8 R. Nevanlinna, ibid. : 
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where F,(z) is the nth jterate of F(z) for n—1, 2,---. Hence if z is 
on a given level curve defined by w(z, Ti, G) =A (0<A<1), F4(z) is 
on the same level curve for 2 —1,2, - - - . This permits us to conclude 
that no limit function of the sequence { F(z) } is a constant. From 
this fact we infer that w= F(z) defines a (1, 1) conformal map of G, 
onto itself, and hence so does w —f(z); that is, m cannot exceed one. 

Suppose contrary to our assertion that m1. Then w= F(z) would 

define a (1, m**) conformal map of G, onto itself and w= F,(z) would 
define a (1, m^7*) conformal map of G, onto itself. Let LEG] bea 
convergent subsequence of (FG) and let F(s) denote the limit 
function of this subsequence. A point wo has, under the map defined 
by w= Fi,(z), m**"* antecedents all of which lie on the level curve 
‘defined by w(z, T3, Gs) 2 o(wo, T1, Ge). But by Hurwitz's theorem, 
for b, sufficiently large F;,(z)—: and Fe(s)—w have the same 
number of zeros, and this is manifestly impossible. Hence m cannot 
exceed one. ' 

It is interesting to note that the technique employed in the present 
proof of Radó's theorem, that is, a combined use of the theory of 
iteration and of an extended form of the principle of harmonic meas- 
ure (the modification consisting in the fact that we did not require 
the continuity of F(z) on Tı) may be applied to other problems in the 
theory of the conformal mapping of multiply-connected regions. In 
particular, such a technique permits us to conclude that the number 
of (1, 1) conformal maps of a given multiply-connected region of finite 
connectivity p, where p>2, bounded by p disjoint continua is finite. 
Koebe's proof of this theorem is based on the fact that the region in 
question can be mapped one-to-one and conformally onto a canonical 
region. We shall not give in the present note the details of a direct 
proof of this theorem. Let us remark however that it is based on 
the fact that for p>2 each of the harmonic functions w(z, I's, Ga) 


(k=1, 2,--+, f) has precisely p—2 (70) critical points. A study of 
the level curves containing these critical points yields the desired re- 
sult. ° 
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NON-CYCLIC ALGEBRAS OF DEGREE FOUR AND 
EXPONENT TWO WITH PURE MAXIMAL 
SUBFIELDS! 


ROY DUBISCH 


In a recent paper? A. A. Albert proved the falsity of the converse 
of the well known proposition that a cyclic normal division algebra 
contains a quantity j whose minimum equation is x*=j in the base 
field of the algebra. The proof consists in giving an example of a non- 
cyclic normal division algebra containing a quantity j as described 
above. The algebra described in that example was of degree and ex- 
ponent four. It is the purpose of this paper to show that the exponent 
does not affect the property, and this we shall do by constructing 
similarly an algebra of degree four whose exponent is two. 

We shall actually prove the following theorem.. 


THEOREM: Let £ and n be independent indeterminants over the field R 
of real numbers, K=R(E, n). Then there exist non-cyclic normal division 
algebras of degree four and exponent two over K such that #=y 4n K, 
U not in K, for some quantity t in each algebra A. 


To make our proof we use the known? property stating that a nor- 
mal division algebra of degree four has exponent two if and only if 
it is expressible as a direct product of two algebras of degree two. 
Therefore we may take our desired algebra A to be 


A =BXC= (1,47, ij) X (1, *, Y, £y), 
(1) ji= -ij Pau, pHa, u~#0,¢+0in K, 
yg = — xy, x% =7 y=), 0~#0,b640imnK. 


We seek first a quantity t with minimum equation /^—*y in K. Now 
if we take t=ayi-+a,j-+astj, where ai, đa, @3 are in K(x), and if we put 


(2) Gi = 61+ £s, 03 = di + dax, Gs = fit fas, €i, di, fi in K, 


we can easily compute that if $ 
cn + cuv 
(3) a = — ——— al 
Ê + do — fiu — fiuo 


1 Presented to the Society, April 13, 1940. 

2 A. A. Albert, Non-cyclic algebras with pure maximal subfields, this Bulletin, vol. 44 
(1938), pp. 576-579. 

3 A. A. Albert, Normal division algebras of degree four, Transactions of this Society, 
vol. 34 (1932), p. 369. ` 
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and if : 

(4) be = 2¢16q% + 2d1dsa — 2fifoua * 0, 

the algebra A defined by (1) contains a quantity t such that #=yin K, 
t notin K. 

In proving A a non-cyclic division algebra we use the following 
method.‘ Let 2? — §62+e?=A in K, 6and ein K with L = K(s) a quad- 
ratic field over K. The algebras Bo — B XL and C»=CXL over L are 
generalized quaternion algebras over their reference field L. Further- 
more, 4; —A XL is the direct product 4, =B X Cp. Then it is known’ 
that a necessary and sufficient condition that A, over L shall be a 
' division algebra is that the quadratic form 


(5) Q = uM + ads — wads — (9M + BAP — bd?) 


in the variables ^, As, - - - , Asin L shall not vanish for any An eee, Ae 
not all zero in L. . 

If J — R[£, 7] is the integral domain of all polynomials in £ and ņ 
with real coefficients, it is obvious that we may, without loss of gen- 
erality, take the ^; in (5) to be in J. Hence we may write 


(6) N = a; + Ba, P-4,-.,6, 
where the a; and £; are in J. Then M = (o2--82A) -- 2a. s so that if 


(7) i= abbÜS Qi = 2a, 
the equation Qz0 becomes E ] 
uP, + GPs = “aP; — vP, — bP; + 9bP, 
+ (“Qı + aQ: — uaQs — 0, — bOs + vbQ.)z = 0. 


But 1 and z are linearly independent* with respect to K so that (8) 
implies that 


(9) el n) = uP, aP, — uaP, — oP, —°bP; — vbP, = 0. 


(8) 


Now if in (3) we let a=@=d,=1, d — fi f3—0, we obtain 
(10) a = — (u + up). 


* This is the device used by A. A. Albert in his paper A construction of non-cyclic 
normal division algebras, this Bulletin, vol. 38 (1932), pp. 452-453. 
. 5 A. A. Albert, On the Wedderburn norm condition for cyclic algebras, this Bulletin, 
vol. 37 (1931), p. 311, Theorem 3. be 

* It is obvious that we can have this condition hold by a suitable choice of å and « 
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Note that these choices also satisfy (4). Substituting this value for a 
in (3) we have ; 


(11) lé, n) = u(P1— Py) — uP, + Ps + ut Ps — oP — bP; + v6.4. 


With these choices for the parameters of our algebra A is easy to 
prove by the well known method of an argument’ on the degrees of 
the polynomial in (7) that $(£, 7) cannot be identically zero unless 
all of the coefficients are zero. From this it follows that A» over Lisa 
division algebra over L; so is algebra A a division algebra over K. 
By its form it is a normal division algebra of degree four and exponent 
two over K. 

The proof of the non-cyclic character of A is exactly the same as 
that given by A. A. Albert in a previous paper,? and with this we have 
the desired theorem. 


WILSON JUNIOR COLLEGE 


7 A similar argument was employed by A. A. Albert in the paper last cited. 
* This Bulletin, vol. 38 (1932), p. 454. 


NOTE ON NORMALITY IN QUASI-GROUPS 
D. C. MURDOCH 


An interesting problem in the theory of quasi-groups is to deter- 
mine how strong an associative law must be assumed in order to ob- 
tain a theory of normal subquasi-groups similar to that of ordinary 
groups. The properties of normal subgroups which it is desirable to 
retain in the non-associative case are, first, that they form a Dede- 
kind structure, and second, that each one gives rise to a quotient 
group homomorphic to the whole group. In this note we shall take the 
latter property as the definition of normality and show that the 
former follows from it under very general conditions. 

We shall understand by a quasi-group G a system of elements 
satisfying the following two postulates: 


I. PRODUCT AXIOM. Any ordered pair of elements a, b of G has a 
unique product ab which also belongs to G. 


II. QUOTIENT AXIOM. For any two elements a and b of G there extst 
unique elements x and y of G such that 


ax = b, ya = b. 


We shall make one further assumption, namely that there exist 
left coset expansions with respect to any subquasi-group H of G. 
In other words, if H is any subquasi-group, the cosets «H and bH 
are either identical or have no elements in common. This assumption 
has been shown by Hausmann and Ore [1] to be equivalent to the 
following: 


III. WEAK ASSOCIATIVE LAW. If a and b are arbitrary elements of 
G and cy a fixed element, lei do be determined so thai (ab)co ado. Then 
for any c 


(ab)c — ad, 
where d belongs to iheqquasi-group leo, do, c} generated. by co, do and c. 


Since no confusion can arise, we shall for convenience use the term 
subgroup for subquasi-group and quotient group for quotient quasi- 
group, without implying thereby*that the systems in question are 
associative. 

It should be noted that a theory of normal subgroups has been 
given by Hausmann and Ore [1] based on the definition of a normal 
subgroup as a subgroup H such that aH — Ha for all a in G. This 
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theory requires that G should satisfy associative laws considerably 
stronger than III in order that the normal subgroups so defined shall 
have the desired properties. To overcome this difficulty we shall adopt 
instead the following: 


DEFINITION: A subgroup H of G shall be called normal if 
(aH)(bH) = (ab)H, 
for all elements a and b of G. 


This is the same definition used in a previous paper by the au- 
thor [2] where it was applied, however, only to quasi-groups satisfy- 
ng rather special associative laws. It will be shown here that the 
resulte of that paper concerning normal subgroups can be extended 
to any quasi-group satisfying III. 

Comparing this definition with that of Hausmann and Ore, it is 
seen that neither one implies the other. Under the latter all subgroups 
of à commutative quasi-group are normal, while under the former 
this property is enjoyed by the "abelian? quasi-groups [2] which 
satisfy the law (ab) (cd) — (ac) (bd). In a Suschkewitsch quasi-group [3] 
(having unique right unit e and satisfying a(bc) = (ab) (ec), the right 
unit eis a subgroup which is normal in the sense of this paper but not 
in the sense of Hausmann and Ore. 

Examples of quasi-groups satisfying III but not satisfying the 
stronger laws previously discussed can easily be constructed by re- 
arranging the elements in the Cayley square of a group, or known 
quasi-group, so as to destroy the associativity without disturbing the 
existence of cosets. The following, for example, 





1 2 3 4 5 6 7 8 9 
1 1 3 2 5 6 4 9 7 8 
2 3 2 1 6 4 5 7 8 9 
3 2 1 3 4 5 6 8 9 7 
4 6 4°5 7 8 9 2 3 1 
5 4 5 6 8 9 7 %® 1 2 
6 5 6 4 9 7 8 1 2 3 
7 8 9 7 3 1 2 6 5 4 
8 9 7 8 te 2 3 4 6 5 
9 7 8 9 2 3 1 5 4 6 


satisfies III since cosets exist with respect to all subgroups. It is easily 
verified that it satisfies none of the laws previously discussed by the 
author nor the laws Ag, As, A4 or As of Hausmann and Ore. 
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It is natural to require next that every element of a coset aH shall 
define the same coset aH, or in other words that (ah) H=4H for all k 
in H. In this connection we have the following: 


THEOREM 1. The necessary and sufficient condition that every coset aH 
may be defined by any one of its elements ts. that H contain the right unit 
of every element of G. 


Proor. If H contains all right units of G, then aH = (ah)H for all h 
in H, since each coset contains the element ah. Conversely if 
aH = (ah)H for all kin H and all a in G, then ah must belong to (ah) H. 
Hence H contains the right unit of ah for all a in G and therefore 
contains all right units of G. 

The main object of this note is to prove that in any finite quasi- 
group the normal subgroups which contain all right units of G form 
a Dedekind structure. With a slight strengthening of the definition 
of normality the result may also be proved in the infinite case. We 
shall assume for the present, however, that G is finite. 


THEOREM 2. If H and K are normal subgroups of G and contain all 
right units of G, their crosscut HOK =D is also normal. 


Pnoor. From the normality of H and K we have 
(aD) (bD) € (ab)D, 


and since D is finite the equality must hold. Moreover D is not void 
since it contains all right units of G. 


THEOREM 3. If H and K are normal and contain all right units of G, 
their union HUK consists of all products hk where h belongs to H and 
kto K. 

The proof of this theorem is similar to that of Theorem 7 of the 
author’s previous paper already cited. The union HUK may there- 
fore be written as the product HK. 


THEOREM 4. If H and K are normal, andgoniain all right units of G, 
their union is also normal. 


. 
Proor. Using the notation e, for the right unit of a, we have, from 
the normality of H and K, 


[o(HK) [b(A K)] = [(ce.)(HK) ]f(be (2 K)] 
= [(4H)K][(6H)K] = [(az)(02)]K = [(ab)H]K 
= [(0)eas|[HK] = (ab)(HK), 


which completes the proof. 
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THEOREM 5. The normal subgroups of G which contain all right units 
of G form a Dedekind structure. 


Proor. From Theorems 2 and 4 these subgroups form a structure. 
It is only necessary, therefore, to show that if MDH, 


MO(HUKCHU(MN®. 


This follows as usual since every element of the left-hand side has the 
form kk and belongs to M. Hence k belongs to MOK since k belongs 
to M. 

In establishing Theorem 5 we have used the finiteness of G in the 
proofs of Theorems 2, 3 and 4. This can be avoided by strengthening 
the definition of normality as follows: 

A subgroup H shall be called normal in G if for all elements a, b 
of G and every element 5 of H we have 


(ah)(bH) = (ab)H,  (aH)(bh) = (ab)H. 


This of course implies the other definition and is equivalent to it in 
case G is finite. This strengthening of the definition enables us to 
prove the quotient axioms for the union and crosscut in Theorems 2 
and 3. For example, for the union, the equation x(hiki) = hk has a 
unique solution of the form x= Ak. For choosing k so that hhi = hs, it 
follows from (2) that there exists an element k of K such that 


(hk) (Ark1) = haka. 
For the proof of Theorem 4 we have as in the finite case 
a(HK) = (ae)(HK) C (aH)K. 


But in the infinite case it is necessary to show also that (@H)K 
Ca(HK). This follows from III, applied in the form of Theorem 7, 
Chapter I, Hausmann and Ore. 

From Theorem 5 the usual theorems concerning normal subgroups 
follow. In particular, the Jordan-Hólder theorem for principal chains, 
and the Schmidt-Remak decomposition theorenfs, as proved by Ore 
[4] for arbitrary Dedekind structures, will all hold. One interesting 
question arises which has no counterpart in ordinary groups, namely 
whether the subgroup R, generated'by the right units of G, is neces- 
sarily normal. Although there seems to be no obvious reason to be- 
lieve that this is true, I have no counterexample. If R is not always 
normal the question arises whether infinite quasi-groups exist in which 
the Dedekind structure of normal subgroups has no unit element. 
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YALE UNIVERSITY 


ON THE FIRST CASE OF FERMAT’S LAST THEOREM 
D. H. AND EMMA LEHMER 


In 1909 Wieferich [1] proved his celebrated criterion for the first 
case of Fermat's last theorem, namely: 
The equation 


(1) x? + oy? = gh, x, y, z prime to p, 
has no solutions unless 
(2) 2»-! = 1 (mod $°). 
Since that time numerous other criteria of the form 
(3) m?—! = 1 (mod p?) 


have been proved by Mirimanoff [2] (for m=3), Vandiver [3] (for 
m=5), Frobenius [4], Pollaczek [5], Morishima [6], and Rosser [7] 
for all prime values of m S41. 

Wieferich's criterion alone has been applied by Meissner [8] and 
Beeger [9] for $«16,000 and was found to be satisfied only for 
$1,093 and 3,511, both of which cases failed to satisfy Mirimanoff's 
criterion. 

Until recently no effort has been made to combine these various 
criteria in a practical way. Mirimanoff observed, however, in 1910 
that his criterion and that of Wieferich could be combined to state 
that equation (1) has no solutions for all primes p of the form 2734+ 1 

or | 2*+34]. 

"m the presence of more criteria this statement can be extended thus: 

We call a number an “A, number" (after Western) if it is divisible 
by no prime exceeding the nth prime f,. If the criterion (3) has been 
established for all m € p,, then equation (1) does not hold if p is the 
sum or difference of two A, numbers [10]. Since all the numbers less 
than P441 are Ay numbers, we may state that equation (1) has no 
solution for any prime in a region where the A, numbers are so dense 
that they do not differ by more than 2,;1—1. This method was used 
in 1938 by A. E. Western [11] to show that (1) is impossible for 
16,000 <p «100,000. 

A more powerful method of confbining the criteria was suggested 
recently by Rosser [12], who observes that while the congruence 


(4) a?-1 = 1 (mod $°) 
has only (p—1)/2 solutions less than p?/2, every A, number is a 
139 l 
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solution of (4) if (1) holds and if (3) has been established as far as 
m — p,. Hence if ¢,(x) denotes the number of A, numbers not exceed- 
ing x, then — i 

(5) ¢n(p?/2) S (p — 1)/2, l 

a condition which cannot hold for small p's if the A, numbers are 
sufficiently dense. 

Other inequalities of this kind can be derived by separating the 
solutions of (4) into classes. We shall do this here only in the case in 
which the solutions are distinguished by their parity. For every posi- 
tive odd solution w< p?/3 of (4) there exists also a solution (p?—w) /2! 
(using Wieferich’s criterion) which lies between p2/3 and p?/2, and 
hence differs from w. The number (p—1)/2 of solutions of (4) not 
exceeding 3/2 is then at least the number of even A, numbers less 
than p?/3 plus twice the number of odd A, numbers less than p?/3.. 
This can be written as . e 


(6) $«(9*/3) + & (91/3) < (p — 1)/2 
where ġa (x) denotes the-number of odd A, numbers less than x. 
If one is to apply an inequality such as (5) or (6) outside the limit 
of existing tables [13] of 4, numbers, it is necessary to find lower 
bounds for ¢, and $z. Rosser [12] has given a lower bound for 
$4(10*) in the form of a polynomial f,(x) of the nth degree. 
By an improved method [14] which makes use of Bernoulli poly- 
nomials we have constructed polynomials P,(x) and Q,(x) of degree 
^^ giving lower and upper bounds for $,(107), and also a polynomial 
P3_1(x) of degree n—1 giving a lower bound for $4 (107). As we shall 
actually need not Px_, but the sum P,--P* ,, we tabulate the fol- 
lowing polynomials for 1 — 13: : 


+ 
Pix) Pu(x)+Pu(x) Qu(x) 
.0*1380608198 x2 -0°1380608198 xu .0*1380608198 xu 
.071272704088 a" .071326732670 x" .071326732670 x" 
.055247670000 xu .055691940617 xu .0*5729012056 xu 
-041277269076 x1? .011439087748 xt -041469359894 x19 
.012039391192 x? è .022383232393 x! .032493297644 x? 
.022244543403 x8 -072716892889 x8 092952478417 x? 
.01740607057 x7 .02179700460 x7 .02510548659 x7 
.09545572654 x6 .1235281024 x5 -1557243217 x$ 
.3654889719 x5 -4882685632 x8 .7120647453 x 
-9452666752 xt 1.302427247 xi 2.432810990 xi 
1.542870198 Pd 2.191273599 x 6.376807029 x 
1.361483164 xt 1.996360212 x 13.24421612 xi 
.3459458265 x .5410860433 x 21.15029718 x 


— .2049399029 — .2911608671' 19.69764203 


1941] ;FERMAT'S LAST THEOREM . i 141 


If we now E (5) by 
Pis(log ??/2) < (p — 1/2, 


we find, by actual substitution into Pys, dat this inequality holds 
only for p2=93,785,629, and hence (1) has no solution! for <93,- 
785,629. 

Since 


Qis(log p?/2) S (p — 1)/2 


, holds only for p > 141,000,000, it follows that the inequality (5), even 
“if we knew the exact value of ¢,(x), could not be uséd beyond this 
limit for 5 —13. 

The inequality (6) becomes 


Prs(log 92/3) + Pis(log 22/3) S (p — 1)/2. 


This holds only for p>102,108,200. 
Hence the first case of Fermat's last theorem is now proved for 
p<102,108,200. - 
' Further criteria of OD (3), when established, may be used to ex- 
tend this limit by calculating approximating polynomials of higher 
degree from the ones given above by the method described in [14]. 
Note added March 1. Since writing the above, Dr. Rosser has kindly 
sent us the manuscript of his forthcoming paper [15] in which he 
completes Morishima's proof that the prime 43 gives also a criterion 
of the form (3). We have therefore calculated Py(x) and P(x) 
from, the P; and P, given above. These polynomials are as follows: 


* * 
Prs(x) Paulx) Pra(x) +Pis(x) 
.04 6037145739 x! .046037145739 xi 
.0°6683705079 x5. .0192544306733 x" .0°6938135752 x" 
.073337944336 x" .082536688143 x" .073591613150 x 
.059940243443 xu .091131551216 x .051107179466 x! 
.041965570473 x! .052080593461 x1? .042263629819 xl? 
.032719317505 x? 045152041706 x .0?3234521676 x? 
.0:2700968174 x? 096140455952 x8 .023315013769 x8 
.01944029859 x .095157919367 x7 .02459821796 x 
.1009940169 x .03064345185  x* .1316374687 x8 
.3720257684 x .1271048263 x5 .4991305947  x* 
.9365601794 xt .3559975936 xt 292557773 x^ 
1.500217863 x .6290315435 x! .129249406 x 
1.299882088 xt .6014604442 xi .901342532 xà 
.3050249350 x .1730336327 x .4780585677 x 
— .2081092173 — -08700841024 — .2951176274 


1 The corresponding result obtained by Rosser is about 41,000,000. 
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We find that (5) is satisfied only if p 7230 millions, while (6) gives 
the better inequality = 253,747,889. 
The first case of Fermat's last theorem is therefore now established 
for all p<253,747,889. f 
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LEHIGH UNIVERSITY 


PROOF OF A THEOREM OF HALL 
HARRY GOHEEN 


In the Journal of the London Mathematical Society for July, 1937, 
Mr. Philip Hall gave a proof of the theorem, “If a group G of order g 
has a subgroup of order m for every divisor m of g such that 
(m, g/m) =1, then G is a soluble group.” The proof is a very simple 
one in contrast to the rather difficult proof of the converse theorem 
which Hall had published in the same journal for April, 1927. It seems 
worthwhile to give a simpler proof of this converse. l 


THEOREM. If g is the order of a soluble group G and m is a divisor of g 
such that m and g/m are relatively prime, then G has a subgroup of order . 
m and furthermore all the subgroups of order m in G are conjugate un- 
der G. 


Pnoor. Since the theorem is true by default for prime power groups, 
let us suppose that it is true for all soluble groups of orders less than g 
and use the method of complete induction. Then the theorem is true 
for an invariant subgroup G’ of prime index r in G. 

If r divides g/m, then G' has a subgroup of order m. Since G’ is 
invariant and (m, r) —1, every element of order dividing m in G must 
be in G’. Hence all the subgroups of order m in G must be in G' where 
by hypothesis they form a complete set of conjugates under G' and 
consequently a complete set of conjugates under G. 

If r divides m, then G' has a complete set of conjugates of order 
m/r. Since G' is invariant, the subgroups of order m/r in G' are a com- 
plete set of conjugates under G. Let M' be one of these subgroups of 
order m/r in G’. 

If M' is the only subgroup of order m/r in G', then, it must be in- 
variant in G. Then the quotient group is of order rg/m and sincer isa 
Sylow divisor of the order of this quotient group, it has a subgroup of 
order r. Then G has a subgroup of order r-m/r or m. On the other 
hand if M' is not the only subgroup of order m/r in G’, let it be one 
of k subgroups of order m/r in G’. Then k divides the order g/r of G’ 
and the normalizer of M' in G is of order g/k divisible by m. Since 
this normalizer is a soluble group of order g/k less than g, it has a 
subgroup of order m. i 

There remains only to show, for the case r divides m, that all the 
subgroups of order m in G are conjugate under G. Let M be a sub- 
group of order m. If there is nother subgroup of order m in G, then 
the theorem is true by default. However, if Mi is another subgroup 
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of order m in G it will be shown that M and M; are conjugate under G. 

Let the crosscut of M and G' be T of order y and the crosscut of Mi 
and G' be T; of order yı. Then since G is generated by M and G’ as 
well as by Mi and G’ and since G’ is invariant under both M and M; 
we have 


(g/r)(m)/y = g& |— (g/r)ó(mm = g, 
whence 
y =y = mjr. 


Then since T and T'; are of order m/r, they are conjugate under G’. 
If S105 =T, then S-14,Sand M have a common invariant subgroup 
T. If T is invariant in G, the quotient group G/T is of order gr/m. 
Since r is a Sylow divisor, the subgroups M/T and S-1M,S/T of order 
r are conjugate under G/T and hence M and S-1M,S are conjugate 
under G as was to be proved. If, however, T is not invariant under G, 
its normalizer is a proper subgroup of G containing M and S7! M,S 
which are therefore conjugate under the normalizer of I’ as was to 
be proved. 


REED COLLEGE 


ON REGULAR FAMILIES OF CURVES! 
HASSLER WHITNEY 


A family F of non-intersecting curves filling a metric space is called 
regular if, in a neighborhood of any point p, it is homeomorphic with a 
family of straight lines. We have given in another paper? a necessary 
and sufficient condition, which we shall call (A’) (to be described be- 
low), that a family F be regular. We shall prove in this note that the 
following condition is sufficient: 

(A) Given any point f, and a direction on the curve through f, 
there is an arc pq in this direction with the following property. For 
every €»0 there is a 5>0 such that for any p’, with p(p’, p) <ô, there 
is an arc f'g' of C(p’) such that 


(1) Pe CV, d CV. 


The condition (A!) is the same, except that after (1), we add: 

(2) If r' and s' are on p’q’ and p(r’, s") « 6, then 5(r's") <e. 

From the present theorem it is clear that the families of curves 
recently defined by Niemitzki? are regular. 

To prove the theorem, suppose (A) holds, but (A") does not. Then 
the following is true: 

(B) There is a point p, and a direction of the curve C(p), such that 
for any arc pg on C(p) in this direction, there is an e>0, such that 
for any 5>0, there is a point p’, with p(p’, p) <ô, such that for any g’ 
on C(p’), 

(3) either P'g'G- V.(pq), or g’F V.(q), 


1 Presented to the Society, April 27, 1940. 

2 Annals of Mathematics, (2), vol. 34 (1933), pp. 244-270. We refer to this paper 
as RF. By RF, Theorem 7A, F is regular as there defined. The converse is proved as 
follows. By Theorem 174A, there is a cross-section S through f. In a neighborhood of p, 
the curves are orientable (this is easily seen, for instance, with the help of Theorem 
9B). Choose an open subset S’ of S, and let U be all points g’ =g’(g, a), gin S", [a] <e 
(see RF, $15); U is a neighborhood of p, expressed as the product of S’ and the open 
line segment —e<a<e. 

By a curve, we shall mean here the topological image of an open line segment or 
of a circle. We shall use p(p, q) for distance, 8(A) for the diameter of the set A, and 
V«(A) for the set of all points p, p(p, A) «€t. Let C(p) mean the curve of F through p. 

? V. Niemytzki, Recueil Mathématique de Moscou, vol. 6 (48) (1939), pp. 283—292. 
We mention two further papers in the subject: H. Whitney, Duke Mathematical 
Journal, vol. 4 (1938), pp. 222-226, showing that if the curves fill a region in 3-space, 
a cross-section may be chosen so as td’ be a 2-cell; W. Kaplan, Duke Mathematical 
Journal, vol. 7 (1940), pp. 154-185, studying families filling the plane. 
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(4) or there are points r’, s’ on p’q’ such that p(r’, s’)<6, and 
ó(r's)z e. T 

Choose a point p and a direction on C= C(), by (B). Choose q on C 
in this direction, by (A). Choose e€»0 by (B). For each positive in- 
teger 4, choose 6; by (A), with e replaced by e/7. Choose f; by (B), 
with 6 replaced by 6;. Choose q: by (A), with p’ replaced by p;; then 


(5), pigi C Vo, | q C Valg). 
By (B), as e; €« e, we may choose p/ and q/ on p,q; so that 
(6) p(pi, qi) < ôi d(pigi) Be. 


By (6), we may choose r; on pi q/ so that p(p/, rj) 2/2. By (5) 
and (6), we may choose a subsequence so that for some points p’ and r 
on fq, 


(7) P, Qi? ; ff, 


then rp’. Say, for definiteness, that r is in the direction of q from p’. 
The set of such points r which are limits of such sequences {1,,} forms 
a closed set, which, by (5), is in p’q; we shall let r be the point furthest 
from p’. (It might be q.) 

Assuming that (A) holds for the point r and the direction away 
from p’, we shall arrive at a contradiction. Choose a point s on C in 
this direction from r, by (A). (If C is a closed curve, it might happen 
that s is on the arc pr.) Choose r’ and s’ on C just behind and just in 
front of r, so that r’ is on neither pp’ nor rs, and s’ is not on p'r. We 
shall show that for any e’>0 there is an integer j and a point s; on 
big} within e' of s’; as s is in fq, by (5), this will contradict the 
definition of r, and thus prove the theorem. 

Set 


(8) ån = min [p(r’, rs), 2e ]. 


Choose r_, f4, s_, S+ on C in the order r r'r,rs s's,s, so that r_ is not 
in rs and s, is not in pr (if C is closed), andeso that 


(9) rst, C VQ), sss} C Vs). 
Set 
(10) 2” = min [o(pr_, ?*), p(rs_, $45), 1]. 


Using r, s, and e”, choose ô” >0 by (A). By (7), we may choose j so 
that ` 


Q0 /— ej «e, vof, p) « e", wai i) « e", plear) « 9". 
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By the choice of 6’’, we may choose s* on C(r;) so that 
(12) ris* C Vers), s* C Ves). 


As r;s* is a connected set, (11), (12) and (10) show that there is a point 
s; on it such that p(s; rs-+s4s) 2e’’; hence, by (12), p(s;, S-84) <6”, 
and by (9), 


(13) p(s;, D « e! Hahaa e. 
By (12) and (8), 

(14) p(r’, risi) > 2m. 

By (5) and (11), 

(15) bigi C Ve«(pa). 


By (11), (10), (5) and (9), there are points 5f in pj r; and gf in rgi 
such that 


(16) p(pf,r) «2m plaž, r) € 2n. 


By this and (14), the arc r;s; is contained in the arc pfriq*Cpj qj. 
Hence sj;C pj} qi, which, with (13), gives the contradiction. 


HARVARD UNIVERSITY 


TRANSLATED FUNCTIONS AND STATISTICAL 
INDEPENDENCE! 


R. P. AGNEW AND M. KAC 


1. Introduction. Professor Steinhaus? proposed the question wheth- 
there exists a function f(t) defined in (— ©, œ) such that, for each 
sequence Ai, Ax, - - + of different real numbers, the “translated” func- 
tions f(£--X), f(¢+As), -- * form a sequence of statistically independ- 
ent functions.* We shall answer this question in the affirmative by 
giving concrete examples, and shall discuss some related problems. 


2. Notation and lemmas. Let 


1 T 

(1 M(N) = tim — f fa 

T^c 2T -T 
denote as usual the mean value of f(t) in case the limit exists. If E isa 
point set on the line (— ©, ©) and g(/) is the characteristic function 
of E, the mean value M { g(t) } (if it exists) is called the relative measure 
of E and will be denoted by | Z|. A non-decreasing function ¢(a) such 
that e(— ©) =0, c(4- ©) =1 is called an asymptotic distribution func- 
tion of f(t) if 


(2) | EUG < a} | = ola) 

at each point of continuity of o(a). A set fi(f), - - - , fa(t) of functions 
having asymptotic distribution functions ei(a), - - - , e«(a) is called 
statistically independent if 

(3) [ELO < an; +++ 5 fal) < an} | = ola) os) 

for each set oj, +: + , e, of real numbers such that a, is a point of con- 


tinuity of ox(a). An infinite set of functions is called statistically inde- 
pendent if each finite subset is statistically independent. 

Our proofs will be based on the following theorem of Kac and Stein- 
haus, loc. cit. . 


1 Presented to the Society, February 24, 1940. 

? In a letter to one of the authors. The problem arose in connection with the theory 
of turbulence, but because of the outbreak of the war we have not been able to get 
details. 

3 See M. Kac and H. Steinhaus, Sur les fonctions indépendantes IV, Studia Mathe- 
matica, vol. 7 (1937), pp. 1-15; and P. Hartman, E. R. van Kampen, and A. Wintner, ' 
Asymptotic distributions and statistical independence, American Journal of Mathe- 
matics, vol. 61 (1939), pp. 477-486. 
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LEMMA 1.A set fi(t), - - - ,fa(t) of bounded functions having absolutely 
continuous distribution functions is statistically independent af and only 
af the equality l 


. _ ae TAO} = ao) 
. iai j=l 
holds for each set ki, ks, - ++, kn of positive integer exponents. 


Repeated use will be made of the following simple lemma. 


LEMMA 2. If f(t) is a real differentiable function and constants T >0 
and a» 0 exist such that ¢'(t) is monotone and |¢'(t)| >a over each of 
the intervals (— ©, —7) and (T, ©), then 


(5) fD} = o. 


Let L, Is, and Is denote the integrals of exp i¢(f) over (— T, —7), 
(—7, T), and (r, T) respectively. Applying the second mean value 
theorem we obtain, when T>r, 


— (* &/() cos 6) T $/() sin 9() 
uU E ca f wo 


B al staan um. sad. $/(8) cos $(/) di 





-f p (i) sin $(£) dt + —— snl. p' (À sin $(/) di, 


—0Ty eT) 
and &valustng the last four integrals gives | Zs| <8/a. Likewise 
|z| <8/a, and since | Is <27 our lemma follows. 

If #(¢) is a real polynomial in ¢ of positive degree, Lemma 2 is obvi- 
ously SPEM The same is true if ¢ (t) 2? 5-12, exp (¢+A,)? where 
Au 7, An are different real numbers and a, > - , a4 are real coefh- 
cients not all 0. 


e 
3. An example. We can now establish our main result. 


THEOREM 1. The translations of the function 


(6) fo = ES e? 

form a statistically independent si: that is, for each set M, - An of 
different real numbers, the functions f(t-EX), ^*^, fid) a are stals- 
tically independent. 7 


Our first step is to verify that (4) holds.. We find that 


\ 
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IL cost etot = FT 27 [exp (itn) + exp (— itho Jer 
j=l j=l 
Li kj : 
= II7-9 X Cs... lexp (dene 


j=l aj=0 


- [exp (— i(k; — aetan] 


^ ky 
= II 2 25 €,,., exp ida; — &jecno? 


jl a 5-0 
ki kn 
= 2-H... 2m... Dy Cait Cp a 
a1j-0 an) 
n 
- exp i >, (2a; — kj)e Cn? 
jut 


Since tí f } is an additive homogeneous operation, we can apply 
Lemma 2 to show that 


(7) md II cos* seno = 0 
j=l 

if at least one of hi, ka, - +- , E, is odd; but 
(8) 2d II cos* eeno) = II 27 HC, y ia 

jl j=l 
if kı, ke, © -© , b. are all even. Noticing that the particular case n=1 
gives 

Mf cos? eco = 0, k odd, 
(9) 

= 27. k even, 


we see that the mean value of the product is the product of the 
mean values as in (4). Moreover the fact that the moments of 
f(t) =cos exp (12-1)? are the same as the ‘moments of cos ¢ implies* 
that the distribution, function of f(£) is the same as that of cos t and 
hence is absolutely continuous. Therefore we can apply Lemma 1 to 
obtain the conclusion of Theorem 1. 


4. Functions which oscillate lefs rapidly. The function cos exp 2? 
of Theorem 1 oscillates very rapidly as |] «. A natural question 
* A. Wintner, Über die statistiche Unabhängigkeit der asymptotischen Verteilungsfunk- 


tionen inkommensurabler Partialschwingungen, Mathematische Zeitschrift, vol. 36 
(1933), pp. 618-629. 
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arises whether exp /? can be replaced by a positive integer power of t, 
say t". If we put f(t) =cos t", then the answer to the question of statis- 
tical independence of the translations f(£--Xi), f(£--A2),- -- is only 
partially positive. 


THEOREM 2. If f(t) 2cos t", m being a positive integer, then each set 
of m different translations f(L4-N), © - - ,f(t+An) is a statistically inde- 
pendent set; but (m-- 1) different numbers M, « ` + , Ai can be chosen in 
such a way that the corresponding set of (m-+1) translations ts not sta- 
listically independent. 


Proof of this theorem is similar to that of Theorem 1. For each 
1—1,2,--- we find on setting 


(10) P,(é) = [I cos" (t+ p)” 
j=l 
that 
ki ka 
(11) MÍ P.) —-2-h...2- SED De Cutis Cry AIC ef ] 
aj-0 aX 
where $(f) =r °° °, Ans E occ Rn} au °° +, Gn; D) is given by 


(2-90: = Y acc 3) UE AOT = [Conds (a; — e| = 


jm 1-0 j=l 


Applying Lemma 2, we see that M {exp id (0) } #0 if and only if 
(13) SY (2a; — k)N-0, s-0,1--,m- t. 
j=l 
In case n=, (13) is a system of m homogeneous linear equations 
in m quantities (2æ;—k;) whose determinant (Vandermonde's de- - 
terminant) does not vanish; and if (13) holds, then 2a;=k; when 


j=1, 2,---, m. Hence, in case n=m, M {exp i$ (2) ] =0 unless 
hy cc, b. are even and g;=k;/2 when j=1, 2,---, m. Therefore, 
in case n=m, formulas analogous to (7) and (8) hold and statistical 
independence of f(t4-X), -- - , f(é-+Am) follows ds in the proof of The- 
orem 1. 

In case m>1 and Xi, `s, ^ - - , An are linearly independent (in the 
sense that no one of M, - - - , An is ‘a linear combination with rational 
coefficients of the remaining) then (13) again implies that 2o; — k; and 
we conclude that f(t+d1), - - - , f(t4-X,) are statistically independent. 


In case m » 1, this shows existerrce of infinite sets of statistically inde- 
pendent translations of cos 7^. 
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We complete the proof of Theorem 2 by proving the following theo- 
rem. 


THEOREM 3. If m is a positive integer and M, a, © © © , Aui are M1 
different rational numbers, then the set of (m-+1) translations 


(14) cos (+ Xj)", cos (1 + M)”, ©- , cos (t F Aa) 
is not statistically independent. 


We use the formulas obtained by setting n=m-+1 in (10), (11), 
(12), and (13). The system 


"Ho, 
(15) D Ajay = 0, 5—20,1,---,m— 1, 
1 j=l 
of m equations in (m+1) unknowns x, --+-, %m4i is such that if a 


nonzero rational value is assigned to one of the x’s, then the re- 
maining x's are uniquely determined and are rational. It follows that 
(15) has non-trivial solutions in integers. Let X denote the set of 


points xz(Xxw-:--, x44) in (m--1)-dimensional space for which 
Xu 77, X%m41 are integers, not all 0, satisfying (15). For each x C X, 
let |[x]|1 =+ - - - +23,,,. Since ||x||? is necessarily a positive integer, 
the minimum value of ||x||? for x€ X is an integer R>0. Choose 
ys(y»:*5, Ymy) € X such that \|y||2=R, and let kı, - - - , Rms be 
defined by 

(16) k; =| yi], J=1,2,+++,m+1. 


If 0Sa;Sh; for eachj=1,2,---,m+1 while 0 «a; <k; for at least 
one j, then 


wl 2 m+1 2 m-+l 1 2 
(17) 2 Qe;— k) <D 5; = D y = || ^ R 
j=l fel j-1 


and the minimal property of R implies that the point 
(18) (201 pus hi 2as Ka ho, TANG iy 2d, => Rati) 


is not in the set X ; tlfis means that at least one of the equations in (13) 
fails to hold, and accordingly M {exp ip(t)} =0. The remaining 2™+! 
terms in the sum (11) are those for which each a; is either 0 or k; 
and accordingly (18) is a point on the sphere (hypersphere) S with 
center at (0, - - - , 0) and radius RV, But the set X, being on each of 
m independent planes (hyperplanes), is on their line of intersection; 
hence at most two of the points on $ can be in the set X. It follows 
that the point (18) fails to be in X, and hence that M (exp ip(t)} ^0, 
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unless the indices a, - - - ; &n41 are such that (i) 2&; —&;— y; for each 
j=1,--+, m+1 or (ii) 2a;—k;=.—y; for each fj=1,---, m--1. In 


case (i), (13) holds so that $(/) is independent of t, and we see that 
p(t) 20 where 


m+l * 
(19) o= J yaj; 
fel 


in case (ii), (t) = —6. Therefore 


mtl 
(20) nd IIcos* (¢ + nat 27h... Shwe (At [et] +. At fe} 


fal 


27h... 2-h«^(2 cos 0) ¥ 0, 


the last step being a consequence of the fact that the right member of 
(19) is rational and hence that 0 cannot be an odd multiple of 7/2. 


At least one of kı, b---, Ray: must be odd, for otherwise 
27(y1/2, * *-, y«/2) would be a point of X with lg]? ||| 2/4 
— R/A«R; therefore 

m+l 
(21) JI at {cost (¢ 4-27] = 0. 
fel 


` Comparing (20) and (21), we see that (4) fails when 1 —m--1 and 
f;(D) —cos (t+);)”; hence Lemma 1 implies that the (m+1) transla- 
tions in (14) are not statistically independent. This completes proof 
of Theorems 3 and 2. 

Anyone who wishes to check Theorem 3 by consideration of a sim- 
ple special case will, find that if m=2, 3-1, M—2, As=3 then 
y & (yi, ys, Yı) may be either (1, —2, 1) or (—1, 2, —1); that &—1, 
hy —2, kg=1; and that elementary formulas for products of cosines 
and use of Lemma 2 gives 


(22) M [ cos (t + 1)? cos? (t + 2)? cos (¢ + 3)?] = 8-1 cos 2, 
which is a special case ofe(20). 


5. Other functions. Our methods can be used? to show that certain 
rapidly oscillating functions f(t) other than the function cos exp # of 
$3 have statistically independent translations. Our first solution of 
the problem of $1 was a “direct” {but too tedious to be given here) 
proof of the fact that the set of all translations of the function 
cos exp exp ?#? is statistically independent. Our “direct” method uses 
the definition of statistical independence rather than the criterion of 
Lemma 1, and applies only to functions which oscillate very rapidly. 


154 R. P. AGNEW AND M. KAC 


To handle such functions as cos £^, where the question of statistical 
independence of translations is more delicate, we need the criterion 
of Lemma 1. 


` 6. Applications. As soon as statistical independence of a set of func- 
tions is established, we can apply the general theory of addition of 
independent random variables.’ As an illustration, we mention the 
following result: If f(£) 2cos exp #?, and Àj, `s, - - - is a sequence of 
different real numbers, then 


(23) lim | E(f(t FN) + +++ E f M) < ani] lx. odes, 


1/2 
CORNELL UNIVERSITY 


5 See Kac and Steinhaus, loc. cit., and further references given there. Also P. Lévy, 
Théorie de l Addition des Variables Aléatoires, Paris, Gauthier-Villars, 1937. 


NOTE ON A CERTAIN TYPE OF 
DIOPHANTINE SYSTEM! 


E. T. BELL 


1. The quadratic case. Several writers? have considered the prob- 
lem of making a?x?+dx, b?x*--ex, - - - simultaneously squares, a, d, 
b, e,:-- being constants, without discussing the conditions under 
which an integer solution exists. The fact that the coefficients of x* 
are squares is of no consequence. It is shown in $2 how necessary and 
sufficient conditions for the existence of integer solutions in much 
more general problems ($2, (9), (13)) can be determined and how, 
when these conditions are satisfied, the solutions may be found. The 
.details are given first for three very special cases, (1), (5), (6) below. 

If all letters denote integers, and a, b, c, d are constant, we seek 
necessary and sufficient conditions that the system 


(1) ax! + bx = y, cx? + dx = zi 


shall have a solution x, y, z. We shall assume that abcd 0, as the ex- 
cluded possibilities require only slight modifications, all of which are 
included in the general method. 

The required conditions are that b, d be simultaneously represent- 
able in two forms of degree seven. Precisely, (1) has a solution in in- 
tegers x, y, z if and only if integers f, g, h, k, m, n exist such that 


(2) b = Aft(m* — agtk*), | d = hgi(nà — cf* &?). 
Provided such f, g, ^ - - exist, the complete solution of (1) is 
x = hfigik?, y = hfigkm, z = hfgtkn, 


where f, g, h, k, m, n run through all solutions of (2). 
To prove this, we rewrite (1) as 


a(ax + b) = y! x(cx + d) = 33, 


which is of the form . 
(3) xu = y’, sv= 37, ° 
with 


u =ax +b, ev-cx--d. 
The complete integer solutions of the respective equations in (3), 


1 Presented to the Society, April 6, 1940. 
2 Summary of results to 1920 in L. E. Dickson, History of the Theory of Numbers, 
vol. 2, 1920, chap. 18. 
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f 5 n 


with x, y, 3, u, v unrestricted variables, are 
A e - 


2 a a 
x = f$ i= fili y = risih; g 


2 2 i 
X = fa53, v= fais, Z = fasols, 


in which all the letters with suffixes denote arbitrary integers. Since 
in the system (3) the two values of x must be equal, we have l 


2 2 
(4) Tii = fs53, 
of which the complete integer solution is ` 
n= hP, s1 — kg, fa — hg?, $3 = kf, 


where f,'g, h, k are arbitrary integers. From the (restricted) values 
u=ax+b, v=cx-+d of u, v, we find the stated conditions on b, d, after : 
the change of notation (t, 4)—(m, n). The completeness of the solu- 
tions of (3), (4) implies the completeness of the solution of (1) when 
f,g,:-- run through all solutions of (2). This treatment is possible 
only because (3), equivalent to (1), is a pure multiplicative system. 
A full discussion of such systems, with a non-tentative method for 
finding their complete solutions, was given in a former paper.* 

The above solutions of (3), (4) were obtained by this method. 

Proceeding similarly with 


(8) Sy “ax? + bx = y, cx? + dx = gt, ex? + jx = w, 


in which a, b, c, d, e, j are constant integers, different from zero (not 

an essential restriction), we find that all solutions X, y, 8, w are given 
by a 
hfrgth*prgtr3s?, y = hf'gkpe*rs'l, 


x = 
z = hfigik?pgrsm, - Ww = hfgtkpqtrisn, 
where hy: ++, mrun through all integer’solutions of 


b= MISIT abge), d= RPE en — ihe), 
ej = hepr — eium) C 


Here the simultaneous representation of b, d, j which is necessary 
and sufficient for the existence of 3 solution of (5) is by forms of degree 
fifteen. This may suggest that anything approaching a complete solu- 
tion of the systems quoted? is not to be expected in the near future. 
‘However, any number of solvable systems can be constructed immedi- 





r 


* American Journal of Mathematics, vol. 55 (1933), pp. 50-66. 


f 


` 
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ately from the conditions, and likewise for such systems having infini- 
ties of solutions. 
The pure multiplicative system corresponding to (3) for (5) is 


ns = Tasa = fais, 
of which the complete solution is 
, ry = hf*q?s?, Ti = hfigibi, T3 = hg*g?r?, 
Sı = kegpr, S2 = pars, 53 = kfps. 


The special features of (1), (5) and the systems cited? which make 
it possible to treat the equations as a pure multiplicative system are 
that each equation lacks a constant term in one of its members and ` 
that its other member consists of a single term. The second of these 
restrictions is removed in $2. It is immaterial that the single term has 
the coefficient unity; for multiplicative systems with arbitrary con- 
stant integer coefficients can also be solved completely by a straight- 
forward, non-tentative process.? 

For example, the pure multiplicative system corresponding to the 
system 


(6) ax? + bx = ry, cx? + dx = ss?, 

in which the constant integers a, b, c, d, r, s are all different from zero, 
is 

(7) f xu = ry, Xv = sz? 


We first solve (7) as if all the letters were variable integers, and find 
the.complete solution 


22 22 222 2 
& = irursfa$iSsSAWXiXayiys, Y = 79518984L1 X91 231, 


2 
(8) E = Pah Salida 1222 
23 e 21 - 
U = farss3Xiyi2n D = f15353X 1 ya22, 
1 2 ° 
T = rF, S = 51595354, 


in which ¢ and all the letters with suffixes denote arbitrary integers. 
If now r, s are constant, we resolve them in all possible ways into 
products of five factors as indicated above, and it suffices (as appears 
in the method cited?) to take t equal to the G.C.D. of r, s. With each 
such pair of resolutions of r, s thete is associated a solution x, y, 2, u, v 
' asgiven in (8); all the solutions of (7), witli r, s constant, fall into sets 
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determined by these pairs. Proceeding as in (1)-(4), we find that (6) 
has an integer solution x, y, z if and only if. integers Xi, Xs, Yı, ys, Zr, £s 
exist such that, for some resolution of r, s‘as‘in (8), 


2 2 222 2 

b = resixeryi (res, — Gtr rar 45854822), 
2 2 12 22 

d = risaxyys(5s23 — char 4545354331); 


and if these conditions are satisfied, the complete solution x, y, z of 
(7) is as given in (8), in which ¢ and the ri, s; refer to all resolutions 
of the constants r, s of the type indicated. The extension to a system 
of n (72) quadratics is immediate. 


2. The general case. The notation is as follows. 

P(x) is a polynomial in x of degree m;+r,, m; 0, r; 0, with con- 
stant integer coefficients. 

The term of lowest degree in P;(x) is aix", a;740. 


Píz)-x"Q(z), Ox) = Rix) + a; 


so that R,(x) is a polynomial in x of degree r;>0 with constant integer 
coefficients and no constant term. 

bi, ni, s denote constant integers, 5,240, n;>0, s>1. 

By the method exemplified in §1, we may obtain necessary and 
sufficient conditions that the system 


(9) Pix) = br, i=1,---,5, 
shall have a solution in integers x, y - - - , Ya. The conditions concern 
the representability of the constant integers a1, - - - , a, in certain 
forms; the complete solution of (9) is known when all these repre- 
sentations of a1, - - - , a, are known. 
Rewriting (9) as 

(10) x^ [Ri2) + a] = bor, i=1,---,5, 
we associate with (10) the pure multiplicative system 

(11) i gmig, = biy™, t=1,---,s 
. The complete integer solution Xp2i, Yia $—1,-:--,5, of (11) is found 
as in $1 in terms of t£, 2t(m, - - - r Ma, Mi, ` © t, Ma), parameters; say 


the solution is 


v= S(t, ay ui), Zi = gta, Sa eg 1i), y= hi(u, PV Trag ui), 


t=1,---,s. 


(12) 
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The f, g;, hi are power products in u1, - - - , 4, with integer coefficients 
which are power products formed from the factors in certain resolu- 
tions of the constants.b;, ^; - , b, into products; the forms of f, g;, h; 
and the coefficients described depend only on the given constant in- 
tegers m;, ni. Necessary and sufficient conditions that the system (9) 
have a solution in integers x, ya 4—1, - - - , s, are found as in $1, and 
refer to the representation of the constants a; in certain forms. Com- 
paring (10), (11), we find 


Gi = gs(ti, +--+ , w) — RQQnn uw), u=1,---,s, 


as the required conditions. When these are satisfied, the solutions are 
obtained from (12). 

An obvious modification gives necessary and sufficient conditions 
for the existence of an integer solution, and so on, of the more general 
system 


(13) oP (x) = dT 93), i= 1, sees, 
in which c;, b; are constants, P;(x) is as before, and T;(y,) is a poly- 


nomial in y; of degree n,-4-£; n; 0, £; 70, in which the term of lowest 
degree is d yf, d; 7*0. The associated pure multiplicative system is 


mi Ri . 
CX Zi = biyi Wi, t=1,---, 5; 


the conditions concern the representability of the a;, d; in certain 
forms. As in all cases the conditions are both necessary and sufficient, 
the complete solution of the given system is equivalent to finding the 
total representation of the coefficients a;, d; in a determinable system 
of forms. i 


CALIFORNIA INSTITUTE OF TECHNOLOGY 


POWER SERIES THE ROOTS OF WHOSE PARTIAL 
SUMS LIE IN A SECTOR! 


LOUIS WEISNER 


If the roots of the partial sums of a power series f(s) =) 4,8" lie 
in a sector with vertex at the origin and aperture œ <2r, the power 
series cannot have a positive finite radius of convergence.? But if f(z) 
is an entire function, the roots of its partial sums may lie in such a 
sector. The question arises: what restrictions are imposed on f(z) by 
the requirement that a be sufficiently small, say à «v? According to 
a theorem of Pélya the order of f(z) must be not greater than 1 if the 
radius of convergence of the power series is positive. Without this 
assumption the investigation which follows shows that if æ <r, f(z) is 
an entire function of order 0. This result was obtained by Pélya for 
the case in which a=0.4 


LEMMA. If the complex numbers 21, * * +, Zn (2° ++ 2,750) he ina 
sector with vertex at the origin and aperture a «m, then 








fi cos a/2 1 ^ 
(1) / E|[n--:z|U* S — sec o/2 > zs |. 
| 225 8] n kal 
When a=0 equality occurs if and only if zi — ->> —2,. When a>0 


equality occurs if and only if n is even and n/2 of the numbers are equal 
to re** (ry >0;0S56<2n) and the other n/2 numbers are equal to re, 


Suppose first that the sector is —a/2 Sam z Sa/2. Let the n num- 
bers be 


ap = | ze | eit, —a/2 S 0s S a/2; k= 1,---,n. 
Since 
(2) poe ), Xn cos B + iÈ | n sin s 
k=l k=l gin 


1 Presented to the Sctiety, April 27, 1940. 

2 This follows from Jentzsch’s theorem: every point on the circle of convergence of 
a power series is a limit point of roots of its partial sums. See R. Jentzsch, Unter- 
suchungen sur Theorie der Folgen analytischer Funktionen, Acta Mathematica, vol. 41 
(1917), p. 219; E. C. Titchmarsh, Theory of Functions, 1932, p. 238. 

3 G. Pólya, Ueber Annäherung durch Polynome deren sämtliche Wurzeln tn einen 
Winkelraum fallen, Nachrichten der Gesellschaft der Wissenschaften zu Góttingen, 
1913, pp. 325-330. 

* G. Pólya, Ueber Annäherung durch Polynome mit lauter reellen Wurzeln, Rendi- 
conti del Circolo Matematico di Palermo, vol. 36 (1913), pp. 279-295. 
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(3) | Xu 





= Mal cos Q, = cos a/2 >>| z |. 
k=l oki 











Now 
1 n 
(4) —Xl|za| Sl are n [U. 
5 L1 s 
Consequently 
A 
= xn = cos a/2| £t z, |!/^. 
kml 
Since the numbers zi, - -- , gy! also lie in the sector —a/2Xam z 
Xa/2, we have 
"x De 2 cos a/2 | Zl: Bat {tn 
kel t 





Combining the last two inequalities, (1) results. 
When a=0, (1) reduces to the well known relation among the har- 
monic, geometric and arithmetic means of s positive numbers. Here 


equality occurs if and only if a= --- —z,. 
If eque occurs in (1) it also occurs in (3) and (4). By ( (9, [zi] 
= ee z,|. By (3),cos 0, =cosa/2; hence 0,= +a/2 (kR=1,---,7). 


By (2), za, Sin 0, —0. Therefore if a>0, n must be even, and n/2 of 
the numbers equal re-**/*, while the other 1/2 numbers equal re*!?, 
Conversely, when these conditions are satisfied, equality is attained 
in (1). 

If the numbers are in the sector ó Xam z Sam (ġ +a), we apply 
the transformation 


3! = elalitd)g 
which rotates this sector into the sector —a/2<am z €o/2 without 
affecting the value of any member of (1). 


THEOREM. If, for each n Zn, the roots of the pgrtial sum of degree n 
of the formal power series f(z) =) 4 oa.2"^ lie in some sector with vertex 
at the origin and aperture a<r,’ then f(z) is an entire function of order 0. 


The case in which f(z) is a polyndmial is trivial and is excluded from 





5 While a is independent of n, we do not require that there shall be one sector which 
contains the roots of all the partial sums of degree s =»; the lines bounding the sector 
may be different for different values of s. 
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consideration. We shall suppose a@9~0; otherwise a power of z could 
be removed from f(z) without affecting the theorem. Let 


f.(z) = >> ays, ne n. 
bmo 


By the Gauss-Lucas theorem the roots of fx (z) are also in the sector 
which contains the roots of f,(z), and the only roots of f,/ (z) that lie 
on the boundary of the sector are multiple roots of f,(z); hence 
fx (0) #0. Repeated applications of this argument yield the result that 
ar#0 (k=0, 1,---). 

According to the lemma, if 2,777, 8, denote the zeros of f,(z), 
a 


a, 


1/n 1 On—1 
s 


(5) nc 


1 


E 





j € = cos a/2; n Z m. 




















NC| Gn 


From the first two members of this inequality it follows that 
G4] V "—> c with n. Therefore f(z) is an entire function. If p is its 
order, 


1 log | a, |7! 
(6) Site Sl, 
p a n log n 


From the last two members of (5) we have 
1 \ 1 1 1 1 
"je scit]. 














(7) i 
= lo l ; 
n(n — 1) g | a| rear d 
Let m — max (no, 4), n>m. Substituting =m, m+1,-+-, nin (7), 
and adding, we obtain 
1 1 1 1 ud 1 
— log = —— log ——- + log la. ——— 
n la] m-—1 S iui] e | ix s(s — 1) 
e. 
log s 
. qe log ¢ >> 
om = 1 om JS — 1 
Now 


^. logs ^ lg(s—1)e 1 

2| D e 

mm S— 1 imn $5 — 2 
" 1 


P» 


am S— 1 


1 
log? n — E log? (m — 1), 





> log n + log (m — 1). 
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Consequently 


1 1 1 7 
(8) = NOB eA he Oe it, Dg NOE, Me 
n 


| an| 


where A is bounded as n— ©. Comparing (6) and (8), we conclude 
that p=0. 


HUNTER COLLEGE OF THE CITY or NEW YORK 


ON A RESULT OF HUA FOR CUBIC POLYNOMIALS! 
ALVIN SUGAR 
In a paper by L. K. Hua,? we find the following principal result. 


THEOREM. For any positive integer e, every integer can be expressed 
in infinitely many ways as a sum of seven values of the cubic function 


I(x) = «(a* — 2)/6 + x 


for integral values of x; also, every integer can be expressed in infinitely 
many ways as a sum of seven values of 


F(x) = (x? — x)/6 
for integral values of x 


In this paper we get a better result by applying a known identity 
for cubes to generalizations of the above polynomials. We state our 
results in the following two theorems. Note that, in Theorem 1, e may 
be positive or negative, or, for that matter, zero. 

Unless otherwise stated all letters in this paper stand for integers, 
positive, negative, or zero. 


En : . 
THEOREM 1. For any e, c, and any k prime to e, every integer can be 
expressed 4n infinitely many ways as a sum of fwe values of the function 


p(w) = e(x!—3)/6 + kx tee 
for integral values of x. 
THEOREM 2. For any k and c, every integer can be expressed as a sum 
of four values of the function 
P(x) = (ë — 2)/6 + kx t c 
for integral values of x. 


Theorem 1 is trivially true when e=0. For, in this case, (e, k)=1 
implies & =1. Henceferth we take e5«0. 


1 Presented to the Society, April 27, 1940. 

! On the representation of integers by ipe sums of seven cubic functions, Tohoku 
Mathematical Journal, vol. 41 (1935~1936), pp. 361-366. 

? Hua fails to mention in his formulation of this theorem whether his « may take 
negative values. It seems that Hua implicitly assumed e positive, as was noted by Pall 
in his review of the Hua paper in the Zentra]blatt für Mathematik, vol. 14, p. 10. 
(This assumption was probably unnecessary, however.) 
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Let us first prove Theorem 1 for Hua’s polynomial f(x). Since xài —x 
is divisible by 6, it is evident that . 


(1) — (at — a) + s = s (mod | |), 


for any integer x. Hence it is evident that there exist | e| incongruent 
values modulo | e| of f. Consequently for any integer n it is true that 
there exist integers ¢ and m such that 


(2 n = f(t) + me. 


We can show that me is a sum of four values of f by employing the 
following identity: 


(3) f(m + 1) + f(m.— 1) + 2f(— m) = me. 
From (2) and (3), we get 
(4) n= f(t) + f(m + 1) + f(m — 1) + 2f(— m, 


which tells us that every integer is a sum of five values of f(x), x in- 
tegral. Since we can replace ¢t in (2) by any number congruent to it 
modulo ||, it follows that the representation (4) can be made in 
infinitely many ways. 

With but slight modification of this proof, we can obtain the 
more general result stated in Theorem 1. In this case (1) becomes 
p(x) =kx-+c (mod | e| ). And, since k is prime to e, kx-+c ranges over 
a complete set of residues modulo | e| when x does. Now if we replace f 
by p in (3), the right member of this identity becomes-me--4c. From 
these facts we can deduce Theorem 1. 

If we replace f by P in (3), the right member of our identity be- 
comes tn T- 4c, which ranges over all of the integers with m; hence we 
have proved Theorem 2. It is evident from Theorem 1, with e— 1, that 
we could duplicate Hua's "infinitely many ways" in our Theorem 2 

_if we increased the number of summands to five. 


COOPER UNION INSTITUTE Of TECHNOLOGY 


DIVISORS OF ZERO IN MATRIC RINGS 
NEAL H. MCCOY 


1. Introduction. An element a of a ring S is a divtsor of zero in S if 
there exists a nonzero element x of S such that ax —0, or a nonzero 
element y of S such that ya —0. The purpose of the present note is 
to obtain several theorems about divisors of zero in matric rings 
which, although quite elementary in character, have apparently not 
been previously noted. Throughout, unless otherwise stated, R will 
be used to denote an arbitrary commutative ring with unit element. 
Let R, denote the ring of all matrices of order n with elements in R, 
and R[A] the ring of polynomials in the indeterminate À with co- 
efficients in R. If A is an element of R,, we shall denote by 
fA) =|\—A| the characteristic polynomial of A, and thus f(A) is 
an element of R[A], with leading coefficient 1. The ideal m of all ele- 
ments g(X) such that g(A) =0 is the minimum ideal of A. If the minors 


of A—A of order 5—1 are denoted by ka) (i, 21, 2,---, n), it 
has been shown in a previous paper! that g(A) =0 (m), if and only if 
EA) 30) =0 GA), i, j = 1, 2, tta, ff 


If R[A] denotes the subring of R, generated by A together with 
the unit element of R,, which we identify with the unit element of R, 
then the elements of R[A] are the polynomials in A with coefficients 
in R. It is quite easy to show that A is a divisor of zero in R, if and 
only if Ja] is a divisor of zero in R. But we shall show, in §2, that A 
is actually a divisor of zero in R[4] if it is a divisor of zero in R,—a 
fact which is almost trivial if R is a field. This theorem is used in the 
following section in which we define, by means of the Sylvester de- 
terminant, the resultant R(f, g) of two elements f(A) and gA) of RA] 
and show, following Frobenius, that if f(A) has leading coefficient 
unity, 


&(f, g) = | g(A) |e 


where A is any mafrix having f(A) as characteristic polynomial. It. 
then follows readily that an element g(A) of R[A] is prime to? m if and 


! Neal H. McCoy, Concerning matric&8s with elements in a commutative ring, this 

_ Bulletin, vol. 45 (1939), pp. 280-284. Hereafter, this paper will be referred to as M. 

* For definitions of this term, see W. Krull, Idealtheorie in Ringen ohne Endlich- 

keitsbedingung, Mathematische Annalen, vol. 101 (1929), pp. 729-744. This will be 
referred to later as K. A definition will also Be found in §3 of the present paper. 
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only if it is prime to f(A), which in turn is true if and only if R(f,g) 
is not a divisor of zero in R. . 

If A is such that m = (f(À)), we may say, following Sylvester, that A 
is not derogatory. Let us, as above, denote the minors of A—A of 
order 5 —1 by h;(X), and set 


& = (Au), hl), A | has (X). 


We conclude our remarks by showing that, if each ideal in R has a 
finite basis, A is not derogatory if and only if a contains an element 
of R which is not a divisor of zero in R. 


2. Divisors of zero in R[A ]. We shall now prove 
THEOREM 1. An element A of R, is a divisor of zero in R[A | if and 
only if | A| ts a divisor of zero in R. 


The necessity follows easily by a familiar argument. Suppose that 
A is a divisor of zero in R[A] and hence that there exists a nonzero 
element X of R[A] such that AX =0. In other words, if A = (a;j), the 
following system of equations, 


Pags; = 0, #=1,2,+--,%, 
fel 
has a solution (Zi 4, - - - , Za) in R with some #.0. Multiply these 
equations in order by the respective cofactors of Gia, daa, ^ ^ ^ , Gna in 


|A|, and add. There results £,| 4| —0, and hence |A| is a divisor 
of zero in R. 

We now pass to the second part of the proof. Accordingly, we as- 
sume that there is an element k0 of R such that k| A| — 0, and shall 
show that A is a divisor of zero in R[A]. Our method is to assume 
that A is not a divisor of zero in R[A] and obtain a contradiction. 

First, we prove the following 


LEMMA. If B and C are elements of R, and k is an element of R such 
that kB —kC, then k| B| =&| C]. 


This follows from the fact that kbi;= kci; ewhere B= (b;;) and 
C — (cu), together with the following calculation. If b —biibiga > > bius 
is any term, except possibly for sign, in the expansion of B|, and 
€— 6464 ^7 Ci, the corresponding term in the expansion of |c |, 
then 


kb = (kbu)bus: + + bus = (ken) bisa > > bus 
Ci (RO iga) bis mes bis = Ciil kbi) Pues bis, 
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and a continuation of this process shows finally that this is equal to ke. 
We now turn to the proof of Theorem 1. The matrix A satisfies its 
characteristic equation,? and hence there is a relation of the form 


(1) A*+a,A*14--- +4, =0, 
where a4, — + |a | , and thus ka, =0. Hence, from (1), we get an equa- 
tion of the form 

kA(A™! + mA? + +++ + Gp) = 0. 


But, by our assumption that A is not a divisor of zero in R[A], it 
follows that 


(2) k( n-l + 814 "7? +-+ G4—1) = 0, 
or, as we may write it, ` 
kA(A"? + mA" 4 +--+ 4+ ana) = — kani. 


Now, applying the lemma, we see that 


k|A| | 4 aa ^ +--+ + o,-4)| = KC 1 asa. 


But k| A| =0, and therefore kay. , =0. Suppose £a ., 40, but kai] = 
(j£ 0). Then &' — ka] 750 has the property that k’a,=k’a,_1=0, and 
hence from (2), 
MA(AT - -> baa) = 0. 

A repetition of this argument shows that there is an element k’’ <0 
of R, which is a multiple of k’, such that £''a, — &/'a, 1—Ek''a, .—0. 
Continuing this process we finally get an element 10 of R such that 
1A =0, which violates our assumption that A is not a divisor of zero 


in R[A ]. The theorem is therefore established. 
Our method of proof also establishes the following 


COROLLARY. If A is a divisor of zero in R,, there exists an element 
g(A) of R[A | such that . 


,A&(4) = 0, — (4) #0, 


where g(A) is an element of R[\] with the property that, for some positive 
integer i, 

AEA) = Rf), 
F(A) being the characteristic polynomial of A and k an element of R. 


3 See M, p. 282. 
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3. Resultants and their properties. We first make some preliminary 
remarks. Let a be an ideal in the commutative ring R, with unit 
element. An element b of R is said to be prime to a if bx =0 (a) im- 
plies that x=0 (a), otherwise b is not prime to a. An element b is 
prime to the element a if b is prime to the principal ideal (a). If every 
element of an ideal b is not prime to a, but every proper divisor of b 
contains an element prime to a, then b is necessarily a prime ideal 
which we shall.call a maximal prime ideal belonging to a. Krull has 
shown, by methods which are necessarily transfinite if R is unre- 
stricted, that every ideal has maximal prime ideal divisors and that 
the elements of R which are nol prime to a are precisely the elements which 
are contained in some maximal prime ideal belonging to® a. 

We now consider the ring R[A], where is an indeterminate, and let 


f) =d* bad tH bas gO) = BAM PATH ob. 


be two elements of R[A], the leading coefficient of f(A) being 1. In 
case R is a field, the vanishing of the resultant of f(A) and g(A) fur- 
nishes a necessary and sufficient condition that f(A) and g(A) be not 
prime to each other.’ We shall now obtain an analogous result in case 
R is unrestricted. 

Let us denote the resultant of f(A) and g(A) by (f, g) and define 
it in a purely formal way by the Sylvester determinant 


1 a: + * Gy 
Loa: + + + Gy 
RU, 8) " 7 
Cee Bice. tst meni 
bebice e^ Be hy 
bo be od 
the blank spaces consisting of zeros. 


The connection with the preceding part of the paper is indicated by 


4 Cf. K, p. 732. 

5 In fact, it can be shown that if in R*every ideal has a finite basis, the maximal 
prime ideals belonging to a are precisely the maximal among the prime ideals associ- 
ated with the primary ideals in a normalized decomposition of a into the intersection 
of primary ideals. All of these prime ideals are the prime ideals belonging to a. 

6 In case R is a field, this implies that f(A) and g(A) have a common factor of de- 
gree at least one. ' 
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THEOREM 2. If A is any element of R, which has characteristic poly- 
nomial f(X), then 


(3) &(f, 8) =| «(4)]. 


This is an almost immediate consequence of Frobenius’ theorem for 
the case in which R is the field of complex numbers.’ For if we con- 
sider the elements of a matrix A, as well as the coefficients of g(A) to 
be independent complex variables, relation (3) is seen to be an iden- 
‘tity in these variables and thus remains true if these variables are re- 
placed by elements of? R. 

Now let A be any fixed element of R, with characteristic polyno- 
mial f(A). The ideal m of all elements AA) of R[A] such that h(A) 20 
is the minimum ideal of A. It is now clear that an element g(a) of 
R[A] is prime to m if and only if g(A) is not a divisor of zero in R[A], 
and Theorem 1 states that this is the case if and only if | (A) | is 
not a divisor of zero in R. We shall now prove i 


THEOREM 3. An element g(d) of R[A] is prime to m if and only if 
at is prime to fN). 


By the preceding remarks, and Theorem 2, we see that g(A) is prime 
to m if and only if R(f, g) is not a divisor of zero in R. But clearly 
RG, g) depends only on f(A) and gA) and not on the particular choice 
of matrix A with characteristic polynomial fA). Let A’ be a matrix 
with characteristic polynomial f(A), and such that its minimum ideal 
is? m' — (f(X)). Then g() is prime to m' if and only if R(f, g) is nota 
divisor of zero in R. But it was found above that this is precisely the 
condition that g) be prime to m, and the theorem is established. 

Since g(\) is prime to m if and only if R(f, £) is not a divisor of 
zero in R, we have incidentally proved the following result which is 
independent of the theory of matrices: 


THEOREM 4. If R is a commutative ring with unit element and & is 
an indeterminate, an element g) of R[X] is prime to the element fA), 
with leading coefficient unity, if and only if Rf, g) is not a divisor of 
zero in R. y l 


4. A characterization of matrices which are not derogatory. Let 
. 
1 G. Frobenius, Ueber lineare Substitulionen und bilineare Formen, Journal für die 


reine und angewandte Mathematik, vol. 84 (1878), p. 11. 
5 Cf. M, p. 281. 


* This will certainly be the case if A’ is thé companion matrix of f(A). See relation 
(4) of &4. ' 
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A be an element of R,, with characteristic polynomial f(A) and 
minimum ideal m. Following Sylvester, we may say that A is not 
derogatory if m= (f(A)). Let h:;(A) denote the minors of \—A of order 
n—1. It was remarked above that an element gA) of R[A] isan 
element of m if and only if 


(4) (A) 5509 =0 GQ), t, j x 1, dyes i 5. 
We shall now make use of this fact in a proof of the following theorem: 


THEOREM 5. If in R each ideal has a finite basis, the matrix A is 
not derogatory tf and only if the ideal 


a = (ha), Aha), s, Ban(A)) 
contains an element of R which is not a divisor of zero. 


Suppose b is an element of R which is not a divisor of zero and that 
b=0 (a). Then, from (4), it follows that if g(X) =0 (m), then bg) =0 
(f). But f(A) has leading coefficient 1, and from this fact, and the 
fact that b is not a divisor of zero, an easy calculation shows that 

.g() =0 (fA)). Since always f(A) =0 (m), this shows that 4 is non- 
derogatory. 

Now let us assume that A is not derogatory which means that 
g(\)a=0 (f(X)) implies that g(X) 0 (fQ)). Under hypothesis of a 
finite basis for each ideal in R, this means that a is not divisible by 
any prime ideal belonging to! (f(A)). This implies, in turn, that there 
is an element q(À) of a which is not in any prime ideal belonging to 
(f(A)) and is thus prime to! f(A). But since q(X) is prime to f(A), it 
follows by Theorem 4 that RG, q) = | q(A)| is not a divisor of zero 
in R. Let | g(A)| =a. Extend R to a ring R' consisting of elements of 
the form r/a? (150, 1, --- ; r in R).? In R’, a has an inverse and 
therefore g(A) has an inverse’? which is a polynomial in A with co- 
efficients in R’, say 


P(A) = (Boa) A + (b/a) At + «++ + Qua). 
Since g(A)p(A) =1, in R we have a relation of the form 
' q(AY(e4* + A7 +--+ +e) — al — b, 


18 Cf. van der Waerden, Moderne Algebra, vol. 2, p. 41. 

u In fact, it may be shown by induction on & that if every element of an ideal a 
is contained in some one of the prime ideals pı, Pa, © - + , py, then a is divisible by some 
one of the pi. ` 

2 See R. Holzer, Zur Theorie der primären Ringe, Mathematische Annalen, vol. 
96 (1927), p. 722. 

13 Cf, M, p. 282. 
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where 5 is not a divisor of zero. If we set 
0d) = c + ot + - ++ + ce, 
we have in R[A] 
gir) =b (m), 
which, by hypothesis, implies that 
qQQ) =b (QJ). 


Now q(X) =0 (a) and clearly also f(A) =0 (a), from which it follows 
that b=0 (a). The theorem is therefore established. 
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: THE NOVEMBER MEETING IN LOS ANGELES 


.^ The three hundred seventy-fourth meeting of the American Math- 
ematical Society was held at the University of California, Los 
Angeles, California, on Saturday, November 23, 1940. The attend- 
ance was about one hundred including the following fifty members 
of the Society: 


O. W. Albert, H. M. Bacon, Harry Bateman, Clifford Bell, H. F. Blichfeldt, 
J. L. Brenner, J. G. Charney, Myrtie Collier, P. H. Daus, T. C. Doyle, G. C. Evans, 
A. L. Foster, H. E. Glazier, W. H. Glenn, E. C. Goldsworthy, H. J. Hamilton, 
E. R. Hedrick, P. G. Hoel, G. H. Hunt, Glenn James, J. P. LaSalle, D. H. Lehmer, 
S. H. Levy, Hana Lewy, G. F. McEwen, Rhoda Manning, W. A. Manning, A. D. 
Michal, Jerzy Neyman, W. G. Palm, W. T. Puckett, V. V. Quilliam, P. V. Reichelder- 
fer, A. C. Schaeffer, G. E. F. Sherwood, D. V. Steed, P. M. Swingle, Gabor Szegé, 
A. E. Taylor, B. P. Taylor, T. Y. Thomas, S. E. Urner, F. A. Valentine, Morgan 
Ward, D. E. Whelan, W. F. Whitmore, W. M. Whyburn, J. R. Woolson, E. R. Worth- 
ington, Max Zorn. 


A general session was held in the morning. The meeting was called. 
to order at 9:30 A.M., and was presided over at different times by Pro- 
fessor G. C. Evans and Provost E. R. Hedrick. By invitation of the 
Program Committee, Dr. A. C. Schaeffer of Stanford University de- ' 
livered an hour address on Inequalities of A. Markoff and S. Bernstein 
for polynomials and related functions. 

Professor Gabor Szegó announced that Stanford University would 
celebrate its fiftieth anniversary next year and proposed to hold sym- 
posia in mathematics (topology, probability, and analysis) at that 
time. 

In the afternoon a symposium on aeronautics was held under the 
direction of Professor Harry Bateman of the California Institute of 
Technology, who also presided. As Dr. Stewart was unable to be pres- 
ent, the chairman read the abstract of his paper and Professor von 
Kármán discussed it. 

Following the meeting Provost and Mrs. Hedrick served tea at 

their home for members of the Society and their friends. 
' The titles and cross references to abstracts of*papers read at the 
meeting are given below. Papers 11-17 were read in the symposium, 
and the symposium speakers were introduced by Professor Bateman. 
Abstracts whose numbers are followed by ¢ were read by title. 

1. H. J. Hamilton: On monotonic and convex solutions of certain dif- 
ference equations. (Abstract 47-1-27.) 

2. G. F. McEwen: Statistical problems of ihe range divided by the 
mean in samples of size n. (Abstract 47-1-77.) 


173 


174 AMERICAN MATHEMATICAL SOCIETY 


3. J. P. LaSalle: A note on pseudo-normed linear spaces. (Abstract 
4717-1-33.) 

4, D. H. Lehmer: 4 general summation formula for numerical func- 
tions. (Abstract 47-1-82.) 

5. P. M. Swingle: Indecomposable connexes. (Abstract 47-1-109.) 

6. A. E. Taylor: Conjugations of complex Banach spaces. (Abstract 
47-1-48.) 

7. W. F. Whitmore: Convergence theorems for functions of two com- 
plex variables. II. (Abstract 47-1-53.) 

8. J. R. Woolson: A theory of projections in complex Banach spaces. 
Preliminary report. (Abstract 47-1-55.) 

9. Max Zorn: Idempotency of infinite cardinals. (Abstract 47-1-88.) 

10. Jerzy Neyman: A statistical problem in mass production and 
routine analyses. (Abstract 47-1-78.) 

11. Harry Bateman: Aerodynamical effects of changes in the funda- 


- menial equations. (Abstract 47-1-56.) 


12. J. Bjerknes: Some uses of mathematics in meteorology. (Abstract 
47-1-58.) 

13. H. J. Stewart: Steady state oscillations 4n an atmosphere on a 
rotating sphere. Preliminary report. (Abstract 47-1-64.) 

14. Theodore von Kármán and W. R. Sears: Solution of the prob- 
lem of the airplane wing of finite span by expression in eigen-functions. 
Preliminary report. (Abstract 47-1-61.) 

15. M. A. Biot: Finite difference equations applied to aircraft engine 
vibrations. (Abstract 47-1-57.) 

16. W. D. Rannie: Tensor methods in ihe theory of turbulence. Pre- 
liminary report. (Abstract 47-1-62.) 

17. F. H. Clauser: Exact solutions of the equations for the flow of a 
compressible fluid. Preliminary report. (Abstract 47-3-149.) 

18. R. M. Robinson: On the simultaneous approximation of two real 
numbers. (Abstract 47-1-84-1.) 

19. G. A. Baker: Maximum likelihood estimation of the ratio of the 
components of nonhomogeneous populations. (Abstract 47-1-76-1.) 

20. G. A. Baker: Fundamental distributions of errors for agricultural 

field trials. (Abstra@t 47-1-75-1.) 

21. J. P. LaSalle: Pseudo-normed linear sets over valued rings. I. 
(Abstract 47-1-34-1.) 

22. E. T. Bell: Selective equaticns. (Abstract 47-1-79-1.) 

23. Morgan Ward: The fundamental theorem of arithmetic. (Abstract 
47-1-12-t.) ` 

. T. M. PUTNAM, 
Associate Secretary 


THE ANNUAL MEETING OF THE. SOCIETY 


The forty-seventh Annual Meeting of the American Mathematical 
Society was held at Louisiana State University, Baton Rouge, Louisi- 
ana, from Monday, December 30, 1940 to Wednesday, January 1, 
1941, in conjunction with meetings of the Mathematical Association 
of America and the National Council of Teachers of Mathematics. 

There were four general and six sectional sessions of the Society 
at which three addresses and ninety research papers (forty in person) 
were given. All sessions were held in Nicholson Hall of Louisiana 
State University. 

Arrangements for the meetings were made by a committee of which 
Professor S. T. Sanders was chairman and Professors W. V. Parker 
and N. E. Rutt were the local members. Through the generosity of 
Louisiana State University, rooms were available in three of the Uni- 
versity dormitories. 

The attendance was about 500, including the following one hundred 
ninety-three members of the Society: 


Leonidas Alaoglu, A. A. Aucoin, W. L. Ayres, R. W. Babcock, I. A. Barnett, 
R. E. Basye, P. O. Bell, E. E. Betz, S. F. Bibb, D. H. Blackwell, H. E. Bray, R. W. 
Brink, J. C. Brixey, F. L. Brooks, R. H. Bruck, H. E. Buchanan, R. S. Burington, 
J. E. Burnam, L. E. Bush, W. E. Byrne, W. D. Cairns, C. C. Camp, M. E. Carlen, 
W. B. Carver, J. E. Case, C. R. Cassity, J. H. Chanler, E. W. Chittenden, M. D. 
Clement, L. M. Coffin, L. W. Cohen, Nancy Cole, J. B. Coleman, E. G. H. Comfort, 
H. H. Conwell, L. P. Copeland, W. A. Cordrey, N. A. Court, W. H. H. Cowles, 
M. J. Cox, G. F. Cramer, D. R. Curtiss, J. H. Curtiss, R. D. Daugherty, W. M. Davis, 
C. C. Dearman, L. J. Deck, Douglas Derry, L. L. Dines, J. L. Dorroh, W. L. Duren, 
John Dyer-Bennet, E. D. Eaves, Samuel Eilenberg, E. R. Elliott, H. J. Ettlinger, 
G. C. Evans, W. K. Feller, B. F. Finkel, H. T. Fleddermann, T. C. Fry, H. K. Fulmer, 
R. E. Gaskell, B. E. Gatewood, F. C. Gentry, J. S. Gold, Cornelius Gouwens, C. H. 
Graves, J. W. Green, R. E. Greenwood, D. W. Hall, O. H. Hamilton, E. H. Hanson, 
O. G. Harrold, W. L. Hart, W. W. Hart, M. C. Hartley, J. O. Hassler, K. E. Hazard, 
L. B. Hedge, G. A. Hedlund, R. A. Hefner, M. L. Hill, I. M. Hostetter, M. G. 
Humphreys, Witold Hurewicz, W. A. Hurwitz, Dunham Jackson, R. L. Jackson, 
Nathan Jacobson, Fritz John, F. B. Jones, M. L. Kales, H. S. Kaltenborn, D. E. 
Kearney, J. L. Kelley, A. J. Kempner, E. C. Kennedy, E. S. Kennedy, G. S. Ketchum, 
P. W. Ketchum, J. R. Kline, E. C. Klipple, J. C. Knipp, C. C. Krieger, M. E. Ladue, 
J. P. LaSalle, C. G. Latimer, Walter Leighton, R. G. Lubben, Dorothy McCoy, 
Dora McFarland, Roy MacKay, Saunders MacLane, A. E. Many, William Marshall, 
L. E. Mehlenbacher, A. N. Milgram, D. D. Miller, W. L. Miser, Virginia Modesitt, 
Deane Montgomery, Richard Morris, T. A* Mossman, E. J. Moulton, S. B. Myers, 
]. P. Nash, Albert Neuhaus, C. V. Newsom, E. N. Nilson, N. M. Oboukhoff, Rufus 
Oldenburger, E. G. Olds, E. R. Ott, F. W. Owens, H. B. Owens, W. V. Parker, 
E. W. Pehrson, I. E. Perlin, O. J. Peterson, B. J. Pettis, G. B. Price, A. S. Rayl, 
Maxwell Reade, D. P. Richardson, R. G* D. Richardson, F. D. Rigby, R. F. Rinehart, 
C. V. Robinson, J. B. Rosser, N. E. Rutt, S. T. Sanders, Samuel Saslaw, G. E. 
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Schweigert, J. A. G. Shirk, M. M. Slotnick, C. D. Smith, C. E. Smith, E. R. Smith, 
H. L. Smith, H. W. Smith, W. F. Smith, W. S. Snyder, R. H. Sorgenfrey, C. E. 
Springer, D. W. Starr, N. E. Steenrod, R. C. Stephens, R. W. Stokes, E. B. Stouffer, 
W. T. Stratton, Otto Szász, J. D. Tamarkin, J. M. Thomas, A. W. Tucker, L. I. 
Wade, T. L. Wade, C. C. Wagner, R. W. Wagner, R. K. Wakerling, R. J. Walker, 
J. A. Ward, L. E. Ward, W. G. Warnock, Marjorie Watson, M. J. Weiss, F. P. Welch, 
`M. E. Wescott, R. L. Wilder, F. B. Wiley, R. M. Winger, F. L. Wren, Leo Zippin. 


The meetings of the Society opened Monday afternoon with two 
sections, Analysis, and Algebra and Topology, with Professors G. B. 
Price and L. W. Cohen presiding. This was followed by a general 
session at which Dr. Leo Zippin gave an address entitled Topology 
of rigid motions. Professor J. R. Kline presided. 

On Monday evening there were two sections, Algebra with Profes- 
sor Nathan Jacobson presiding, and Geometry with Professor S. B. 
Myers presiding. 

On Tuesday morning there was a general session for short papers 
at which President G. C. Evans presided. Following this Professor 
Saunders MacLane gave an address entitled Extensions of groups at a 
general session at which Professor J. D. Tamarkin presided. 

The annual business meeting and election of officers was held on 
Wednesday morning. President G. C. Evans presided. This was fol- 
lowed by a general session at which Professor G. C. Evans gave his 
retiring address as President of the Society. The title of this address 
was Surfaces of minimum capacity. Vice President T. C. Fry presided 
at this address. 

The sessions of the Society closed on Wednesday afternoon with 
two sections, Analysis and Topology, with Professors H. J. Ettlinger 
and N. E. Steenrod presiding. 

Sessions of the Mathematical Association of America were held on 
Wednesday morning, jointly with the National Council of Teachers 
of Mathematics, and on Thursday morning. The National Council of 
Teachers of Mathematics held sessions on Monday morning, after- 
noon and evening, Tuesday morning, and Wednesday morning. 

On Monday afternoon a tea was giver in the Faculty Club by 
President and Mrs. ,P. M. Hebert of Louisiana State University. 

On Tuesday afternoon there was an excursion by automobile to 
visit some fine antebellum homes and gardens near St. Francisville. 

A joint dinner for members of aJl three mathematical organizations 
and their guests was held on Wednesday evening in Foster‘Hall. The 
attendance was two hundred ninety-one. Professor F. A. Rickey was 
toastmaster. He introduced Dr. P. M. Hebert, President of Louisiana 
State University, who welcomed the mathematicians on behalf of the 
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University. Other speakers, representing the three organizations, 
were Professors H. E. Buchanan and C. V. Newsom, and Miss Mary 
A. Potter. Between the speeches Miss Marguerite Muncelle enter- 
tained with music on the harp and Miss Weslyn Stephens with vocal 
solos. President G. C. Evans presented to Dean R. G. D. Richardson, 
on behalf of the Council of the Society, a beautiful hand-illuminated 
copy of the resolution of appreciation adopted by the Council on the 
occasion of his retirement as Secretary of the Society, together with a 
silver coffee set and for Mrs. Richardson a hand bag. President Evans 
also read telegrams of congratulations to Dean Richardson from the 
Department of Mathematics of the University of Wisconsin and from 
Professor Marston Morse, the newly elected President of the Society. 
At the close of the dinner Professor R. M. Winger presented resolu- 
tions, which were adopted unanimously, thanking Louisiana State 
University and the members of its Department of Mathematics for 
their excellent arrangements and gracious hospitality. 

At the meeting of the Board of Trustees at 6:00 P.M., December 30, 
1940, in the library of the Faculty Club of Louisiana State University, 
there was no quorum present. An adjourned meeting, therefore, was 
held on January 6, 1941, at 5:00 P.M. in the Men's Faculty Club of 
Columbia University, New York City. 

The Council met on Tuesday, December 31, at 7:30 P.M. in the 
Faculty Club at Louisiana State University; an adjourned meeting 
was held at 4:15 p.m. on Wednesday at the same place. 

The Secretary announced the election of the following eighteen per- 
sons to membership in the Society: 


Dr. Alfredo Ba fios, Jr., Institute of Physics, National University of Mexico; 
Mr. Virgil P. Barta, Portland, Ore.; 

Professor Clair J. Blackall, College of St. Thomas, St. Paul, Miun.; 

Mr. Aaron Herschfeld, U. S. Social Security Board, Washington, D. C.; 
Mr. Gerhard Paul Hochschild, Princeton University; 

Dr. Houston T. Karnes, Louisiana State University; 

Mr. Jacob Louis Miller, Brooklyn, N. Y.; 

Mr. Vernon V. Quilliam, Adoh» Milk Farms, Los Angeles, Calif.; 

Mr. John S. Ripandelli, Forest Hills, Long Island, N. Y.; 

Dr. Raphaël Salem, Montreal, Quebec, Canada; . 

Professor Conway C. Sams, Mars Hill College, Mars Hill, N. C.; 

Dr. Kenneth Charles Schraut, University of Dayton; 

Professor Sire, University of Lyon, Lyon, France; 

Professor Frederick Franklin Stephan, Cornell University; 

Dr. Alfred Tarski, Harvard University; 

Sister Mary Felice Vaudreuil, Mount Mary College, Milwaukee, Wis.; 
Brother Bernard Alfred Welch, Manhattan College, New York, N. Y.; 
Professor Antoni Zygmund, Mount Holyoke College. 
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It was reported that the following had been elected as nominees 
on the Institutional ‘Memberships of the institutions indicated: 


Brooklyn College: Mr. Bernard Greenspan. 

Brown University: Dr. George Polya. 

University of California: Miss Julia Hall Bowman, Messrs. George Bernard Dantzig, 
Stanley Phillips Frankel, Robert J. Levit, James Vernon Lewis, Martin Lewis 
Nelson, and Samuel A. Schaaf. 

University of California at Los Angeles: Messrs. Clarence Maurice Ablow and Robert 
Simple Arthur. 

University of Cincinnati: Mr. Harry Sears Kieval. 

College of the City of New York: Mr. Joshua Barlaz. 

Columbia University: Messrs. Lawrence Annenberg and Richard M. Cohen, Miss 
Martha Isabel Fields, Messrs. Abraham Hillman and Chung-Tsi Hsu. 

Cornell University: Messrs. Norman Gustav Gunderson and Theodore Hailperin. 

Harvard University: Professor Percy Williams Bridgman, Messrs. Paul Ernest 
Guenther and Irving Kaplansky, Professor Edwin Crawford Kemble, Messrs. 
George Whitelaw Mackey and Frank Moore Stewart. 

University of Illinois: Messrs. Thad Paul Alton, William Franklin Atchison, Ernest 
Evred Blanche, Dickran Hagop Erkiletian, Arthur Edward Hallerberg, and 
Richard W. Hamming, Miss Mary Jeannette Hurst, Mr. Paul Ben Johnson, 
Miss Lois Kiefer, Messrs. Ernest Reuben Kolsrud, Brooks Javins Lockhart, 
Charles Willard Mathews, Gottfried Emanuel Noether, and James Ferris Price, 

Institute for Advanced Study: Professor Shizuo Kakutani. 

Iowa State College: Mr. Charles J. Thorne. 

‘State University of Iowa: Mr. Franklin E. Satterthwaite. 

The Johns Hopkins University: Messrs. Clagett Bowie, Carl Henry Bradshaw, and 
Earl Alexander Coddington, Miss Mary Theresa Curran, Dr. Frederick Weiss 
Light, Jr., Mr. Bernard Sherman. 

University of Kentucky: Mrs. Aughtum S. Howard. 

Massachusetts Institute of Technology: Messrs. Kenneth James Arnold, Elliott 
Lyndon Buell, and Henry Earl Singleton. 

University of Michigan: Messrs. Ivor Schilansky and Bernard Vinograde. 

Michigan State College of Agriculture and Applied Science: Mr. Joseph Willard 
Sheedy. 

Northwestern University: Messrs. Arthur Saastad and Zenon Szatrowski. 

University of Pennsylvania: Messrs. Nathan Jacob Fine and Joseph Lehner. 

Pennsylvania State College: Dr. Allen Byron Cunningham. 

The College of St. Thomas: Professor Rolf Landshoff. 

Smith College: Miss Alexandra Illmer. » 

University of Toronto: Messrs. Nathan Saul Mendelsohn and Albert Wallace Walker. 

University of Virginia: Messrs. Truman Arthur Botts and Walter Helbig Gottschalk. 

University of Washington: Mr. Fumio Yagi. 

University of Wisconsin: Messrs. John Oswald Danielson, Robert Stewart Gardner, 
Allison Potter Loomer, Nels David Nelson, Thomas Edmond Oberbeck, Lowell 
J. Paige, and Robert L. Wilson. 

Yale University: Messrs. Andrew Mattei Gleason, Gerald Robinson MacLane, and 
Sidney Trachtenberg. 


The following appointments by President G. C. Evans or the Coun- 
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cil were reported: as Committee on Arrangements for the Spring 
Meeting in Washington, D. C., May 2-3, 1941, Professors F. E. 
Johnston (chairman), E. J. Finan, T. R. Hollcroft, Florence M. Mears, 
J. H. Taylor, E. W. Titt, and F. M. Weida; as Committee on Ar- 
rangements for the Annual Meeting of 1941 at Lehigh University, 
Dean Tomlinson Fort (chairman), Professors T. R. Hollcroft, Everett 
Pitcher, G. E. Raynor, and W. M. Smith; as representative of the 
Society at the inauguration of Samuel Nowell Stevens as sixth presi- 
dent of Grinnell College (Grinnell, Iowa) on October 25, Professor 
W. J. Rusk; as representative of the Society at the inauguration of 
Raymon M. Kistler as president of Beaver College (Glenside, Pa.) on 
November 8, Professor Anna Pell Wheeler; as representative of the 
Society at the inauguration of Carl Stephens Ell as president of 
Northeastern University (Boston, Mass.) on November 19, Professor 
E. V. Huntington; as representative of the Society at the inaugura- 
tion of James Franklin Findlay as president of Drury College (Spring- 
field, Mo.) on November 29, Dr. F. T. H’Doubler; as an additional 
member of the Committee on Publicity, Professor R. J. Walker; as 
auditors of the Society’s books for 1940, Professors R. G. Archibald 
and A. E. Meder, Jr.; as tellers for the election at the 1940 Annual 
Meeting, Dr. E. R. Lorch and Professor W. V. Parker; as new mem- 
bers of the Committees to Select Hour Speakers: for Annual and 
Summer Meetings, Professor M. H. Ingraham (committee now con- 
-sists of Professors J. R. Kline, chairman, Einar Hille, C. R. Adams, 
and M. H. Ingraham); for Western Sectional Meetings, Professor 
W. J. Trjitzinsky (committee now consists of Professors W. L. Ayres, 
chairman, E. W. Chittenden, and W. J. Trjitzinsky) ; for Far Western 
Sectional Meetings, Professor T. Y. Thomas (committee now con- 
sists of Professors T. M. Putnam, chairman, Gabor Szegó, and T. Y. 
Thomas); as Colloquium speaker for 1943, Professor E. J. McShane; 
as representatives on the Editorial Board of the Duke Mathematical 
Journal for 1941-1943, Professors F. J. Murray and Morgan Ward. 
The Secretary reported that the ordinary membership in the So- 
ciety is now 2,336, including 213 nominees of institutional members 
and 78 life members. There are also 87 institusional members. The 
total attendance of members at all meetings in 1940 was 1,441; the 
number of papers read was 498; the number of invited addresses was 
13; the number of members attending at least one meeting was 921. 
. At the annual election which closed on January 1, and at which 
384 votes were cast, the following officers were elected: 


President, Professor Marston Morse. 
Vice President, Professor T. Y. Thomas. 
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Secretary, Professor J. R. Kline. 

Associate Secretary, Professor T. R. Hollcroft. 

Treasurer, Professor B. P. Gill. 

Member of the Editorial Committee of the Bulletin, Professor L. M. 
Graves. 

Member of the Editorial Committee of the Transactions, Professor 
Einar Hille. 

Member of the Editorial Committee of the American Journal of Mathe- 
matics, Professor Hermann Weyl. 

Member of the Editorial Committee of the Colloquium Publications, 
Professor G. T. Whyburn. 

Members of the Council at Large, Professors L. R. Ford, G. B. Price, 
Tibor Radó, A. W. Tucker, and Morgan Ward. 

Members of the Board of Trustees, Professors W. R. Longley, 
Marston Morse, and G. W. Mullins, Dean R. G. D. Richardson, and 
Dr. Warren Weaver. 


At the business meeting following the annual election of officers, 
the following resolution, adopted by the Council at the Summer Meet- 
ing at Hanover, was read, and by a unanimous rising vote, the Society 
added its approval of this Council action: 


To ROLAND GEORGE DwiGHT RICHARDSON 


The American Mathematical Sociely has been exceedingly fortunate 
in having had three devoted and able secretaries. Thomas Scott Fiske 
(1888-1895), Frank Nelson Cole (1895-1920), and Roland George 
Dwight Richardson (1921-1940). The achievements of the first two have 
been noted elsewhere in the archives of the Society. It is desire of the 
Council of the Society at its present meeting to record its grateful appre- 
ciation of the services of Richardson who will retire from office in De- 
cember 1940. He was elected to the secretaryship in 1921, in the period 
of danger and uncertainty following the world war of 1914-1918. It was 
a time in the history of the Society when the never-ending tension between 
too slowly increasing financial resources and the costs of continuously 
increasing facilities for encouragement of mathematical research was 
most acute. By his persistent continuation of the campaigns for member- 
` ship, his watchful interest in the resqurces of the Soctety, his sympathetic 
understanding of our research needs, and his constant and unifyingly 
friendly influence in the management of our affairs, Richardson has 
taken a most prominent part in insuring the financial safety and de- 
neue the scientific influence of the Society. He has devoted himself, 
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often to the limit of his strength, to our interests. In contrast to these self- 
sacrificing services our comments here must inevitably seem inadequate 
and incomplete. Richardson's real memorial lies, however, in the affection 
and admiration for him which are widespread among the present mem- 
bers of the Society, and universal among those who have known him per- 
sonally and worked with him. For future generations of members the 
Soctety itself and its scientific resources will constitute an ineffaceable re- 
minder of his effective interest. 

In mew of these invaluable services the Council hereby directs that a 
copy of these statements shall be spread upon the records of the Society, 
and that a copy shall also be sent, as an expression of our high regard, 
to our retiring Secretary. 


The reports of the Treasurer and Auditors showed a balance of 
$6,966.39 in the general account and exclusive of the balances in the 
Colloquium, Sinking Fund, and other special funds. The Society’s 
investments including Endowment Fund, Mathematical Reviews 
Fund, Colloquium Fund, and other special funds had a market value 
on November 30, 1940 of approximately $170,000. The interest in- 
come for the year was $6,909.41; dues from Institutional Member- 
ships amounted to $6,705.00; dues from Contributing Memberships 
$1,114.92; dues from Ordinary Memberships $14,380.96. The Col- 
loquium Fund showed a balance on hand of $9,718.95. The total re- 
ceived from the sale of the Society’s publications was $18,148.02. The 
regular account of Mathematical Reviews showed income from sub- 
scriptions of $7,849.48, from investments of $2,469.99, and disburse- 
ments of approximately $11,800.00. The Board of Trustees adopted 
a budget for 1941 showing authorized expenditures and estimated 
receipts of the Society as $50,700 and $41,900 respectively. A sum of 
$1,000 from the income of the Marion Reilly Fund was appropriated 
for Mathematical Reviews and a similar sum for a volume of the 
Colloquium Publications. A copy of the Treasurer’s report will, on 
request, be sent to any member of the Society. 

On recommendation of the Committee on Places of Meetings (Pro- 
fessor E. W. Chittenden, chairman), the Annual Meeting of 1941 was 
set at Lehigh University, Bethlehem, Pa., December 30-January 1, 
and the Annual Meeting of 1942 for New York City in connection 
with the sessions of the American Association for the Advancement 
of Science. Times and places of meetings during 1941 were also set as 
follows: fall midwestern meeting at Kansas State College, Manhat- 
tan, on November 21-22, and fall far western meeting at Pasadena 
on November 22. 
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The Librarian reported that the Library of the Society now con- 
tains about 9721 volumes. 

The American Journal of Mathematics, which is published jointly 
by the Johns Hopkins University and the Society, and to which the 
Society contributes an annual subvention of $2,500, printed 912 pages 
during 1940. 

The Committee on War Preparedness presented a report. A copy 
may be obtained on request to Secretary Kline. The present member- 
ship of the Committee is as follows: 

Chairman, Professor Marston Morse. 

Subcommittee on Research, Professors Dunham Jackson (chairman), 
E. J. McShane, M. H. Stone, J. H. Van Vleck, Norbert Wiener, 
S. S. Wilks. 

Subcommittee on Preparation for Research, Professors M. H. Stone 
(chairman), B. O. Koopman, R. E. Langer, Hans Lewy, F. D. 
Murnaghan, H. P. Robertson. 

Subcommitee on Education for Service, Professors W. L. Hart 
(chairman), R. S. Burington, J. L. Coolidge, H. B. Curry, E. C. 
Goldsworthy, F. L. Griffin, M. H. Ingraham, E. J. Moulton. 

Consulianis, Aeronautics—Professor Harry Bateman, Chief; Bal- 
listics—Professor John von Neumann, Chief, Professor W. T. Reid; 
Computation—Professor Norbert Wiener, Chief; Cryptanalysis— 
Professor H. T. Engstrom, Chief, A. A. Albert, W. A. Hurwitz, 
Solomon Kullback, Oystein Ore; Industry—Dr. T. C. Fry, Chief; 
Probability and Statistics—Professor S. S. Wilks, Chief. 

The Secretary reported that during his term of office the member- 
ship of the Society had more than tripled (733-2,336). 

President Marston Morse appointed as the Committee on Nomi- 
nation of Officers and Members of the Council for 1942, Professors 
G. A. Bliss (chairman), G. C. Evans, Philip Franklin, T. H. Hilde- 
brandt, and P. A. Smith. 

The Committee on Scientific Aids to Learning with a view to aid- 
ing the use of microfilm as well as to supporting Mathematical Re- 
views has appropriated $10,000 for purchase of Student Microfilm 
Readers (see this Brlletin, p. 1). It was reported that over 6,000 no- 
tices regarding the Student Microfilm Readers had been sent to in- 
dividuals and libraries and that applications for more than 350 of 
these machines had been received by Mathematical Reviews during 
the last ten days of 1940. 

Revision of the By-Laws to take care of the Society’s arrangements 
for Mathematical Reviews, to reduce the number of ex-officio voting 
members of the Council, and to make other minor changes, was rec- 
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ommended for favorable action; the revised By-Laws are to be pre- 
sented for adoption at the February meeting of the Society. 

A committee consisting of Professors E. W. Chittenden (chairman), 
T. H. Hildebrandt, H. P. Robertson, J. D. Tamarkin, and J. L. Walsh 
was appointed to consider and to make recommendations to the 
Council concerning the possible introduction of a new series of mathe- 
matical books. 

The Committee on Addresses in Applied Mathematics reported 
through its chairman, Professor Richard Courant, recommendations 
for a vigorous program in connection with various meetings of mathe- 
maticians. 

Titles and cross references to the abstracts of papers read at the 
regular sessions follow below. The papers were read as follows: Papers 
numbered 1-6 in the section for Analysis on Monday afternoon; pa- 
pers 7-11 in the section for Algebra and Topology on Monday after- 
noon; papers 12-17 in the section for Algebra on Monday evening; 
papers 18-23 in the section for Geometry on Monday evening; papers 
24-29 in the general session on Tuesday morning; papers 30-34 in the 
section for Analysis on Wednesday afternoon; papers 35-40 in the 
section for Topology on Wednesday afternoon; and papers 41-90, 
whose abstract numbers are followed by the letter /, were read by 
title. Mr. R. L. Swain and Miss Harlan C. Miller were introduced by 
Professor R. L. Moore, Mr. Nelson Robinson by Professor W. V. 
Parker, Professor Szolem Mandelbrojt by Professor H. E. Bray, and 
Dr. Russell Cowan by Professor W. G. Warnock. Paper 2 was pre- 
sented by Mr. E. N. Nelson, and paper 18 by Dr. C. V. Robinson. 

1. J. W. Green: A special type of conformal map. (Abstract 47-1-25.) 

2. J. L. Walsh and E. N. Nilson: Approximation to an analytic func- 
Hon by functions analytic and bounded in a region. (Abstract 47-1- 
52.) 

3. W. S. Snyder: On independence of the path for line integrals of 
continuous functions. (Abstract 47-1-45.) 

4. J..P. LaSalle: Pseudo-normed linear sets over valued rings. II. 
(Abstract 47-1-95.) 

5. I. E. Perlin: Indefinitely differentiable furctions of several real 
variables. (Abstract 47-1-40.) 

6. L. B. Hedge: Transformations of multiple Fourier series. Pre- 
liminary report. (Abstract 47-1-28.) 

7. N. E. Rutt: Rectangular arrays of combinations. (Abstract 47-1- 
8.) i 

8. R. W. Wagner: The differentials of analytic matrix functions. 
(Abstract 47-1-11.) 
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9. R. H. Sorgenfrey: Concerning triodic continua. (Abstract 47-1- 
105.) 

10. R. L. Swain: Distance axioms in Moore spaces. (Abstract 41-1- 
106.) 

11. J. L. Kelley: A theorem on transformations. (Abstract 47-3-178.) 

12. T. L. Wade: Tensor algebra and Young's symmetry operators. 
(Abstract 47-1-10.) 

13. C. C. Camp: A root cubing method of solving equations. (Abstract 
47-1-2.) 

14. L. I. Wade: Certain quantities transcendental over the field 
GF(p^, x). (Abstract 47-1-87.) 

15. Douglas Derry: On the boundary case of Minkowski's linear form 
theorem. Preliminary report. (Abstract 47-1-81.) 

16. Rufus Oldenburger: The minimal number problem. (Abstract 
41-1-6.) 

17. R. H. Bruck: The structure of the rational representations of a 
wide class of linear groups. (Abstract 47-1-1.) 

18. L. M. Blumenthal and C. V. Robinson: Helly theorems on the 
sphere. (Abstract 47-1-67.) 

19. N. A. Court: On the skew cubic. (Abstract 47-1-73.) 

20. E. R. Ott: A locus determined by an algebraic correspondence. 
(Abstract 46-11-497.) 

21. P. O. Bell: On differential geometry intrinsically connected with 
a surface element of projective arc length. (Abstract 47-1-65.) 

22. C. R. Cassity: The double points of a pencil of cubics invariant 
under the quadratic transformation. (Abstract 47-1-68.) 

23. Nelson Robinson: On the contact of a quartic surface with a gen- 
eral analytic surface. (Abstract 47-3-164.) 

24. L. L. Dines: On the mapping of quadratic forms. (Abstract 47-1- 
19.) 

25. J. B. Rosser: Explicit bounds for some funcitons of prime num- 
bers. (Abstract 47-1-85.) 

26. S. B. Myers: Complete Riemannian qnanifolds of positive mean 
curvature. (Abstract 47-1-74.) 

27. J. M. Thomas: Orderly differential systems. (Abstract 47-1-49.) 

28. A. N. Milgram: Extensions of decompositions. (Abstract 47-1- 
97.) 

29. Szolem Mandelbrojt: On a Dirichlet series. (Abstract 47-3-13 7.) 

30. B. E. Gatewood: Thermal stresses in regions bounded by epitro- 
chords. (Abstract 47-1-59.) 

31. Russell Cowan: A method of selving a linear difference equation 
with polynomial ‘coefficients of degree m. (Abstract 47-1-16.) 
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32. J. H. Curtiss: Trigonometric interpolation by means of the com- 
plex Lagrange polynomial. (Abstract 47-1-18.) 

33. Fritz John: On the character of solutions of hyperbolic equattons. 
Preliminary report. (Abstract 47-1-32.) 

34. Otto Szász: On the partial sums of harmonic developments and 
related power sertes. (Abstract 47-1-47.) 

35. Harlan C. Miller: Concerning ceriain types of end points of com- 
pact continua. (Abstract 47-1-98.) 

36. G. E. Schweigert: Border transformations. (Abstract 47-1-104.) 

37. O. G. Harrold: On a class of continuous maps. (Abstract 47-1- 
92.) 

38. R. L. Wilder: Characterisations of those euclidean domains whose 
boundaries are Ick. (Abstract 47-1-112.) 

39. Samuel Eilenberg: Imbedding of spaces into euclidean spaces. 
Preliminary report. (Abstract 47-1-90.) 

40. F. B. Jones: Topologically flat spaces. (Abstract 47-1-93.) 

41. S. E. Warschawski: On conformal mapping of infinite strips. 
(Abstract 47-3-146-1.) 

42. R. P. Boas and D. V. Widder: Completely convex functions. Pre- 
liminary report. (Abstract 47-1-15-t.) 

43. W. D. Duthie: Segments in ordered sets. (Abstract 47-1-3-t.) 

44. P. M. Swingle: An abstraction of types of connected sets. (Ab- 
stract 47-1-108-2.) 

. 45. L. M. Blumenthal: Betweenness in metric ptolemaic spaces. (Ab- 
stract 47-1-66-t.) 

46. J. J. Eachus: Classification of solutions and of pairs of solutions 
of y! +2p(x)y’+p'(x)y=0 by means of boundary conditions. (Ab- 
stract 47-1-21-t.) 

47. C. N. Moore: On the Cesàro and Abel-Poisson summalAhty of 
the differentiated double Fourier series. (Abstract 47-1-38-t.) 

48. H. L. Garabedian: Relations between hypergeometric methods of 
summation. (Abstract 47-1-24-1.) 

49. C. W. Vickery: A new proof of a theorem of Chittenden. (Abstract 
47-1-111-.) i 

50. J. Marcinkiewicz and Antoni Zygmund: On the behavior of trigo- 
nometric and power series. (Abstract 47-1-36-t.) 

51. Hyman Serbin: Upper bounds for the remainder of certain power 
series. (Abstract 47-1-44-1.) i 

52. H.S. Wall: A theorem on real functions bounded in the unit circle. 
(Abstract 47-1-51-t.) 

53. R. E. Greenwood: Hankel and other extensions of Dirichlet se- 
ries. (Abstract 47-1-26-t.) 
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54. Walter Leighton: On the convergence of continued fractions. (Ab- 
stract 47-1-35-1.) 

55. Warren Ambrose: Representation of ergodic flows. Preliminary 
report. (Abstract 47-1-14-#.) 

56. A. E. Heins: On the solution of partial difference equations. Two 
interval “boundary conditions.” Preliminary report. (Abstract 47-1- 
29-1.) 

57. N. E. Rutt: Sets with a certain sort of derived set. (Abstract 47-1- 

1034.) 

58. Nathaniel Coburn: A note on conformal gtomety. (Abstract 47- 
1-69-t.) 

59. Nathaniel Coburn: Unitary spaces with corresponding geodesics. 
(Abstract 47-1-70-t.) 

60. H. M. Schwartz: Convex functions and the law of the mean. (Ab- 
stract 47-1-42-t.) . 

61. H. M. Schwartz: Sequences of Stieltjes integrals. (Abstract 47- 
1-43-1.) 

62. Arthur Sard: The measure of the critical values of differentiable 
maps of euclidean spaces. (Abstract 47-1-41-1.) 

63. M. F. Smiley: Measurability and disiributivity in the theory of 
lattices. (Abstract 47-1-9-1.) 

64. Jesse Douglas: Solution of the inverse problem of the calculus of 
variations. (Abstract 47-1-20-t.) 

65. J. H. Curtiss: Degree of polynomial approximation on a lemnis- 
cate. (Abstract 47-1-17-1.) 

66. N. A. Court: On the harmonic pole. (Abstract 47-1-72-1.) 

67. G. D. Nichols: A sufficient condition for Cesdro summability. 
(Abstract 47-1-39-t.) 

68. R. L. Wilder: On the domains complementary to continua having 
certain avoidability properties. (Abstract 47-1-113-t.) 

69. R. L. Wilder: The duality between the S-properties of closed sets 
and their complements in the euclidean n-sphere. (Abstract 47-1-114-1.) 

70. Hermann Weyl: Theory of reduction for arithmetical equivalence. 
II. (Abstract 47-1-13-1.) 

71. C. J. Everett 2An extension theory for rings. (Abstract 47-1-4-1.) 

72. D. V. Widder: Necessary and sufficient conditions for the repre- 
sentation of a function in Lidstone series. (Abstract 47-1-54-1.) 

73. Eric Reissner: A new derivation of the equations je the deforma- 
tion of elastic shells. (Abstract 47-1-63-1.) 

74. Harlan C. Miller: On the existence of a certain ype of irreducible 
continuum. (Abstract 47-1-99-1.) . 
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75. Harlan C. Miller and R. L. Swain: Properties of two intersecting 
arcs. (Abstract 47-1-100-t.) 

76. R. L. Swain: Linear metric space. (Abstract 47-1-107-1.) 

77. Abraham Spitzbart: Approximation in the sense of least pth pow- 
ers by polynomials with a single auxiliary condition of interpolation. 
(Abstract 47-1-46-i.) 

78. F. B. Hildebrand: The approximate solution of singular integral 
equations arising in engineering practice. (Abstract 47-1-60-1.) 

79. Leonard Carlitz: Finite differences and polynomials in a Galois 
field. (Abstract 47-1-80-t.) 

80. Samuel Eilenberg: Monotone families of manifolds. (Abstract 
47-1-91-t.) 

81. S. B. Myers: Compact groups whose elements are of finite order. 
(Abstract 47-1-101-2.) 

. 82. M. R. Hestenes: Extenston of the range of a differentiable func- 
tion. (Abstract 47-1-30-1.) 

83. Richard Courant: Critical points and unstable minimal sur- 
faces. (Abstract 47-1-71-t.) 

84. W. J. Trjitzinsky: Analytic theory of singular elliptic partial dif- 
ferential equations. (Abstract 47-1-50-t.) 

85. Gordon Pall: Simultaneous representation in a quadratic and 
linear form. (Abstract 47-1-83-t.) 

86. N. M. Oboukhoff: On the validity of total differential as the prin- 
cipal part of the increment of a function of two or more variables. (Ab- 
stract 47-3-138-I.) 

87. Oscar Zariski: Pencils on an algebraic variety and a new proof 
of a theorem of Bertini. (Abstract 47-3-167-t.) 

88. Edward Kasner and J. J. DeCicco: The classification of ana- 
lytic arcs or elements under the group of arbitrary point transformations. 
(Abstract 47-3-162-t.) 

89. R. P. Agnew: On methods of summability and mass functions de- 
termined by hypergeometric coefficients. (Abstract 47-3-125-t.) 

90. E. S. Allen and Harvey Diehl: The enumeration of glycols. (Ab- 
stract 47-3-147-1.) ° 

e W. L. AYRES, 
Associate Secretary 


ROBERT EDOUARD MORITZ—IN MEMORIAM 


The sudden death of Professor Moritz in Seattle on December 28, 
1940, not only marked the close of a life that had measured the al- 
lotted span, but terminated an honorable career of nearly half a cen- 
tury in the service of mathematics and higher education. Retired to 
half time two years before, he had taught through the fall quarter and 
had made plans to spend the winter in California. He occupied the 
position of head of the department of mathematics at the University 
of Washington for over thirty years, at various periods of which 
astronomy was included. He witnessed the growth of the university 
population from a total of some eight hundred for the academic year 
to approximately eleven thousand, including one thousand graduate 
students, in a single quarter. It was largely due to his high standards, 
energy and vision that the department of mathematics was compe- 
tently manned and adequately equipped with library and other facili- 
ties to keep pace with this development. 

Robert Edouard Moritz was born at Christianstahl in Schleswig- 
Holstein, the son of Karl R. and Maria Stahlhut Moritz on June 2, 
1868. His early education was received in the public schools of Ger- 
many. At the age of twelve he came to the United States with his 
parents who settled on a farm in Nebraska. On the casual advice of 
a friend, young Moritz entered Hastings Academy in 1885, expecting 
to spend only a single term. But one term sealed his fate. By dint of 
the utmost frugality, of doing his own cooking, of sharply curtailing 
the normal hours of sleep, he was able to eke out his meagre earnings 
to cover the bare necessities and to remain in school—remain for 
seven years, at the end of which he was graduated from Hastings 
College in 1892. “He worked his way through college” has become a 
commonplace in American biography. It sounds like a simple formula, 
and there are of course many versions. But anyone lacking the actual 
experience can have only a faint conception of what those few words 
might connote in the short-grass region of Nebraska in the late 
eighties and early nineties—those years of acute and prolonged dis- 
tress in the prairie states, under the scourge of hot winds, crop failures 
and mortgage foreclosures. 

After a year spent in graduate study at the University of Chicago 
he returned to his Alma Mater where he held the chair of mathemat- 
ics and physics from 1893 to 1898. In the meantime he attended the 
University of Chicago during two summer quarters, completing the 
requirements for the master’s degree in 1896. That same summer he 
married Miss Cassia L. Kennedy of Aurora, Nebraska, who with two 
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` sons survive him—one, Harold K. Moritz is associate professor of 
civil engineering at the University of Wasbington, the other, Donald 
'B. Moritz lives in Minneapolis. An appointment as instructor in 
' mathematics enabled him to continue his graduate work at the Uni- 
‘versity of Nebraska, which awarded him the Ph.D. in 1901. The next 
` year he studied abroad, chiefly under H. Weber and Th. Reye at the 
' University of Strassburg, earning a second Ph.D. in 1902. Returning 
to the University of Nebraska, he served as adjunct professor for one 
year and as assistant professor for another. 

In 1904 he was appointed professor and head of the Depártment of 
'Mathematics and Astronomy at the University of Washington, suc- 
ceeding the late Arthur Ranum. He threw himself at once into the 
scientific and educational work of the community and state. One of 
' "his first duties.was to repair the university telescope, the lenses hav- 
ing beeh stolen the preceding summer. He prepared for a Seattle Sun- 
day paper an article with diagrams on the forthcoming solar eclipse. 
And hé opened the observatory to the public on certain nights, a 
custom that has prevailed to the present time. Holding a profound 
conviction of the value of mathematics in the curriculum, he wrote 
numerous articles for educational journals, both state and national. 
. He was a principal speaker at the three-day sessions of one of the 
county institutes, discussing various aspects of the teaching of ele- 
mentary mathematics on several of the programs. His final address 
seems to have made a deep impression for it was printed in full by 
popular demand in the local weekly paper. . : 

The bibliography of his published books and papers contains about 
75 titles, including his educational ‘papers which comprise about a 
third of the total. In addition, he was a clever problem solver and for 
a dozen years beginning in 1920 he was a regular contributor to the 
problem department of the American Mathematical Monthly. His 
mathematical articles range over the fields of analysis, number the- 
ory, geometry and economics. Perhaps the most noteworthy are: Gen- 
eralization of the differentiation process [Quotientiation ], American 
Journal, 1902; Ueber gewisse Infinitesimal-Operationen der hoeheren 
Operations-Stufen (three parts totaling 60 pages) Téhoku Mathemat- 
ical Journal, 1921, 1922, 1923; and the monograph on Cyclic-Harmonic 
Curves, University of Washington Publications in Mathematics, 1923, 
pp. 1-58 plus 21 plates. The last is a discussion of the curves repre- 
sented by the polar equation p=a cos (f/q)0 +k, where p and q are 
integers. A machine for drawing these curves, when f, g — 1, 2,---,10, 
built according to his design in he University shops, is in the posses- 
sion of the Department of Mathematics. 
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His book on Plane and Spherical Trigonometry (John Wiley and 
Sons, 1911, 1913) is one of the most comprehensive treatises on trigo- 
nometry ever published in America. His Short Course in Mathematics 
(Macmillan, 1919) was an outgrowth of the course prescribed for the 
Students’ Army Training Corps in the fall of 1918 when the Univer- 
sity was turned into a training camp for soldiers, sailors and marines. 
Perhaps the best known is his Memorabilia Mathematica (Macmillan, 
1914) the results of the painstaking labor of ten years, which is read 
and valued by every lover of mathematics. 

He was an expert teacher, especially for the stronger Gudene, 
whom he stimulated to their best efforts. Many factors unite to make 
the great teacher but a major secret of his success was his manifest 
sincerity and perennial enthusiasm. 

He, usually accompanied by Mrs. Moritz, traveled widely—went 
several times to Europe, twice to the Orient, once around the world. 
They visited Alaska and Mexico and explored every section of the 
United States in their Model T. 

He was a member of the American Mathematical Society since 
1904 and a charter member of the Mathematical Association of 
America, serving on the first board of trustees, 1916-1918. He main- 
tained his mathematical interest and activity to the last, reading a 
paper at the recent international congress at Oslo. His latest paper ` 
was presented before the departmental Research and Journal Club 
last spring on the centroid of a simplex in n-dimensional space. 

R. M. WINGER 


BOOK REVIEWS 


Stencils for Solving x?=a (mod m). By Raphael M. Robinson. Ber- 
keley and Los Angeles,. University of California Press, 1940. 14 pp., 
272 cards. : 


These stencils enable one to find directly all the solutions of the 
given congruence for mS 3000. The range of m may be extended by 
additional computation. 

In brief, the theory back of the construction is as follows: to solve 
' the congruence we must find a y such that a-+my is a quadratic resi- 
due of all numbers E; that is, if m is prime to E, a/m--y and m must 
have the same quadratic character (mod E) when the quadratic char- 
acter for E —16 is the value of m (mod 8). It is not hard to see that 
we need consider only y S m/4. Each card contains the numbers from 
1 to 750, it is headed with a value ofs (9, 16 or one of the seven 
primes from 5 to 23 inclusive), a value of a/m (mod E) and a quad- 
ratic character of m (mod E). Holes are punched in the values of y for 
which a/m-+y has the same quadratic character as m (mod E). Then 
to solve x? =a (rhod m) one selects the cards appropriate to a and m 
for the nine values of E, stacks them and looks through the holes. 

The stencils are very simple in principle and convert drudgery into 
fun. 


Burton W. JONES 


The Consistency of the Axiom of Choice and of the Generalized Continu- 
um-Hypothesis with the Axioms of Set Theory. By Kurt Gödel. 
(Annals of Mathematics Studies, no. 3.) Princeton, University 
Press; London, Humphrey Milford and Oxford University Press, 
1940; 66 pp. $1.25. 


Abstract. In this study it is proved that the axiom of choice and 
Cantor’s generalized continuum-hypothesis are consistent with the 
other axioms of set theory if these latter axioms are themselves con- 
sistent. The system Z of axioms here adopted for set theory is essen- 
tially that of P: Bernays (Journal of Symbolic Lagic, vol. 2, p. 65). 

In Z the primitive notions are: class, set, and the relation e between 
class and class, class and set, set and class, or set and set. The first 
two axioms of Z specify the relation between classes and sets: Axiom 
A1. Every set is a class. Axiom A2. Every class, which is a member 
of some class, is a set. As a consequence of this distinction between 
class and set, there exists a universal class V of all sets in the system 
Z. The remaining axioms of Z are of a form conventional in ordinary 
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set theory, and deal with intersection, complement, power set, etc. 

Chapter I of this study includes a statement of the axioms of Z 
together with a few preliminary notions, such as ordered pair and 
' single-valued class of ordered pairs. Chapter II is concerned with the 
following topics: extension of propositional functions, definition and 
properties of relations and functions, and properties of operations - 
with classes and sets. Chapter III is devoted to an exposition of 
ordinal numbers (based on the work of J. von Neumann) in which an 
ordinal a is the class of all ordinals less than a; for example, 0 — the 
null set, 1 — {0}, 2= (0, 1], etc. Chapter IV develops the theory of 
cardinal numbers. In Chapters V and VI a model A is constructed for 
the system Z on the assumption that Z is consistent, for the classes 
and sets of A are merely those classes and sets of Z characterized as 
constructible (the definition of constructibility being based on certain 
properties of ordinal numbers). Let L denote the class of all construct- 
ible sets in the universal class V. In Chapter VII it is proved that, 
when the axioms of X are applied just to the model A, V being the 
class of all sets in A and L being the class of sets constructible within 
A, then V =L, i.e., every set in A is constructible. Thus, if there exists 
a model for the system Z, then there also exists a model for the 
system Z augmented by the axiom V — L, this latter model consisting 
of the classes and sets constructible within the given model for X. 
'The existence of this latter model shows that, if the system Z is con- 
sistent, then the augmented system X’ is consistent, where Z' com- 
prises the axioms of Z together with the axiom V —L. In the last 
chapter itis proved that the axiom of choice and Cantor's generalized 
continuum hypothesis are deducible as theorems in the system Z/. 

While a number of subjects are discussed in this study, the material 
actually developed is largely confined to just those lemmas needed 
to attain the final result. 

C. C. TORRANCE 


Metric Differential Geometry of Curves and Surfaces. By Ernest Preston 
Lane. Chicago, University Press, 1940. 216--8 pp. $3.00. 


'This book is designed as a text for beginning graduate students; it 
is not intended to be an exhaustive treatise on the subject. The order 
and content of the material has been used by the author in his classes 
for several years. It has therefore been thoroughly subjected to the 
acid tests of the classroom for teachability and for readability. It 
should on that account be of much service to the classroom teacher 
and to the student in his independent reading. 

Although the material selected is classic, the point of view in pres- 
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entation is definitely modern. Definitions are so given as to be valid 
in projective space or in hyperspace if such definitions are possible. 
Scattered throughout the text are some 330 exercises. Many of these 
exercises are mere applications of the material in the text proper, but 
many require developments found in the textual material in the 
classic treatises. Several of these exercises show the influence of pro- 
jective methods and material on the author. 

'The subject matter is well indicated by the chapter headings: 
Chapter I, Curves; II, The Moving Trihedron; III, Surfaces; IV, 
Curves on Surfaces; V, Curvature; VI, Transformations of Surfaces. 
A short bibliography of the classic treatises on Metric Differential 
Geometry is appended. 

Of especial interest is the treatment of the moving trihedron and its 
application to curves in one-to-one correspondence. Let a curve C’ 
be in one-to-one correspondence with a given curve C so that P' on 
C' corresponds to P on C. The direction cosines of the tangent line, 
principal normal, and binormal of C' at P’ referred to the local trihe- 
dron of C at P, are derived as functions of the local coordinates of 
P', the derivatives of the same, and the curvature and torsion of C 
at P.-Applications are made to involutes, evolutes, parallel curves, 
transformation of Combescure, Bertrand curves. Other applications 
are left to the student as exercises. 

In the chapter on surfaces, a lucid exposition is given of envelopes 
of one parameter families of surfaces. As often occurs, loci associated 
- with space curves are simple when written in local coordinates. 
Methods of finding envelopes applicable in this case are given. A 
fresh treatment is also made of ruled surfaces other than develop- 
ables. 

In the chapter on curves on surfaces, the relation between ortho- 
gonality, conjugacy, and harmonic separation is stressed. In this 
chapter too, the Gauss and Weingarten differential equations and the 
Gauss-Codazzi integrability conditions are derived. 

The discussion of the Gaussian and mean curvatures is well pre- 
sented in Chapter V, the problems of the chapter excellently supple- 
menting the textual material. 

Conformal mapping, applicability, equiareal maps, and parallel 
surfaces are briefly discussed in the concluding chapter. If time per- 
mitted for such a discussion, material in this Chapter VI could no 
doubt have been unified in a manner similar to that used for curves 
in one-to-one correspondence by using the methods developed by the 
author in his paper The moving trihedron, Transactions of this So- 
ciety, vol. 36 (1934), pp. 696-710. 
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Although some teachers may fail to find some of the familiar ma- 
terial, the text is ample for a first course. Moreover the exercises give 
much of the factual material of the missing topics. 

The result (7.12) in exercise 2, p. 32 seems to be incorrect. Problem 
17 on page 121 would have been more accurately expressed by speak- 
ing of an analytic function of a complex variable. The exercises 4 and 
5 on page 140 are incorrect. The University of Chicago Press may 
well feel proud of this book in every respect. It is my hope that the 
time taken in its preparation will be repaid by its wide use. Written 
by a master of oral and written exposition it should receive wide 


acclaim. 
VERNON G. GROVE 


Lattice Theory. By Garrett Birkhoff. (American Mathematical Society 
Colloquium Publications, vol. 25.) New York, American Mathe- 
matical Society, 1940. 6+155 pp. $2.50. 


This is the first book on the far-reaching subject of lattices. The 
author has succeeded in giving a comprehensive, yet not too terse, 
account of the theory of lattices and its relation to other branches of 
mathematics. The general plan is to devote six chapters to the ab- 
stract theory, and three to applications. Chapter I deals with partially 
ordered systems, Chapter II with lattices and their general properties; 
the important modular axiom is assumed in Chapter III, and the 
axiom of complementation is added in Chapter IV. Distributive lat- 
tices and Boolean algebras end the abstract theory in Chapters V 
and VI. Thus the author takes the reader through the most impor- 
tant general classes of lattices, by imposing successively restrictive 
conditions. The last three chapters apply lattice theory to function 
theory, logic and probability theory. 

A partially ordered system is introduced in Chapter I as a set L 
with a binary relation = on L which is reflexive and transitive and 
has the property that xzy, y zx implies x=y. Most important in 
connection with general partially ordered systems are the principle 
of duality, viz., that L together with the converse X of the relation = 
forms a partially oxdered system, and a study of the so-called chain 
conditions, one or both of which are satisfied in many examples. The 
ascending chain condition asserts that no infinite sequence (a;) with 
G;Xa;4, exists; the descending chain condition is dual. Many ex- 
amples of a partially ordered system are cited, a few of which are 
the set of all subsets of a set, classes of distinguished subsets of a set, 
real numbers, integers (relative to the relation of divisibility), parti- 
tions, and topologies on a space. 
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Most of the familiar examples of a partially ordered system are lat- 
tices, i.e., there exist for any two elements x, y CL a gr.l.b. xUy and 
l.u.b. xy. Indeed, many examples form complete lattices, i.e., lattices 
in which every subset has a gr.l.b. and l.u.b. The prototype of com- 
plete lattices is the lattice of all subsets of a set having a given exten- 
sionally attainable property (E. H. Moore), i.e., all closed sets relative 
to an abstract closure operation A having the properties 4 ZA, 
A=A, and A 2 B when A X B. The MacNeille solution to the problem 
of embedding a partially ordered system in a complete lattice is given, 
and a number of other topics are discussed, including interesting ques- 
tions regarding free lattices. Finally, it is shown that there exists in a 
lattice an intrinsic topology defined wholly in terms of the order rela- 
tion. 

The modular axiom states that a Sc implies (ab) c =a (be). 
Among the examples cited which satisfy the modular axiom are the 
set of all invariant subgroups of a group (with operators), the set of 
all subspaces of a linear space, the set of right (left) or two-sided 
ideals in a ring, and the linear subspaces of an abstract projective 
geometry. The main result of Chapter III is that modularity implies 
the Jordan chain condition, which states that two principal chains 
connecting the same elements of the lattice are equal in length. 

Complemented modular lattices are those lattices with zero O and 
unit I in which each element a has at least one “complement” x such 
that a Ux — I, ax —O. The fundamental result in Chapter IV char- 
acterizes abstract projective geometries (in the sense of Veblen and 
Young) as complemented modular lattices which are simple (in the 
sense of abstract algebra). This result is due to the author. The gen- 
eralization to *continuous geometries" due to von Neumann is briefly 
described. : 

Chapters V and VI contain a study of distributive lattices, i.e., 
those in which (a Ub) — (ac) (b^), and boolean algebras, i.e., 
complemented distributive lattices. The representation theory, which 
connects abstract boolean algebras with algebras of sets, and the ap- 
plications of boolean algebras to topology are due chiefly to Stone. 

The application in Chapter VII of lattice theowy to function theory 
is more in the nature of an abstract theory of linear spaces which are 
partially ordered. Applications to logic in Chapter VIII are quite nat- 
ural; logics considered are Brouwerian logic, classical logic and quan- 
tum logic. The final chapter continues Chapter VIII: A probability 
functional on a boolean algebra is a positive functional p(x) such that 
`- PUY) +o (xw) =p(@)+P(), «and. p(0)=0, (I) —1. Probability 


functionals are found to lie in a vector lattice; the properties of this 


NOTES 


On Friday, December 27, there was held at the University of Penn- 
sylvania the meeting of Section A of the Association for the Advance- 
ment of Science. At that time Professor Marston Morse of the 
Institute for Advanced Study gave his address as retiring Chairman 
of the Section. He spoke on A mathematical theory of equilibrium with 
applications to minimal surfaces. By special invitation Dr. C. G. 
Rossby of the United States Weather Bureau addressed the Section 
on The mathematical problems in meteorology. Papers read before Sec- 
tion A at these meetings were, by special arrangement, regarded as 
having been read before the Society by title. In this manner papers 
61, 62, 84 and 90 of the report of the annual meeting were presented. 
About one hundred persons were present at the meetings. 


Stanford University is celebrating its fiftieth anniversary during 
the year 1941. In this connection a larger than usual summer quarter 
program is planned. Professor G. T. Whyburn from the University 
of Virginia will give a course on Combinatorial Topology, Professor 
Einar Hille from Yale University a course on Selected Topics in The- 
ory of Functions. During the summer, presumably in the first part 
of August, a two-day symposium is planned with conferences on 
Topology, Calculus of Probability and Statistics, Theory of Func- 
tions, and general subjects. The following speakers have been secured 
so far: E. T. Bell, H. F. Blichfeldt, Einar Hille, A. D. Michal, Jerzy 
Neyman, George Polya, G. T. Whyburn, Antoni Zygmund. The pro- 
gram will be announced later. 


The National Council of Teachers of Mathematics held its twenty- 
first annual meeting in Atlantic City on February 21-22, 1941. De- 
tails of the program and places of meeting are given in the February 
issue of The Mathematics Teacher. 


A Survey of Methods of Apportionment in Congress by Professor 
E. V. Huntington has recently been published. Copies can be ob- 
tained from the Superintendent of Documents, Washington, D. C. 
for ten cents each. 


A plaque has recently been presented to Washington University 
by the United States Naval Academy in honor of William Chauvenet 
who was appointed professor of mathematics and astronomy at this 
University in 1852 and chanceller in 1862. The plaque is a replica of 
one at the Academy and it bears the inscription: “William Chauvenet, 
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Professor of Mathematics, United States N avy and President of the 
Academic Board from 1847 to 1850, largely through whose efforts and 
plan the Naval Academy was established and organized at Annapolis.” 


The Sylvester Medal of the Royal Society has been awarded to 
Professor G. H. Hardy of the University of Cambridge for his impor- 
tant contributions to pure mathematics. 


Professor Abraham Cohen of Johns Hopkins University has been 
given the title of professor emeritus. 


Professor R. A. Fisher of University College, London, will be visit- 
ing professor of experimental statistics at North Carolina State Col- 
lege during the summer session June 16-July 25, 1941. 


Dr. A. D. Bradley of Hunter College has been promoted to an as- 
sistant professorship. 


Dr. A. A. F. Brown has accepted a position in the statistical depart- 
ment of L. Bamberger and Company in Newark, New Jersey. 


Dr. G. W. Brown has taken a position in the research department 
of R. H. Macy and Company of New York City. 


Assistant Professor Gertrude M. Cox of Iowa State College has 
been appointed professor of experimental statistics and director of the 
statistical laboratory at North Carolina State College. 


Mr. R. D. Dorsett of the University of Oklahoma has been pro- 
moted to an assistant professorship. 


Mr. L. T. Dunlap of Pennsylvania State College has been promoted 
to an assistant professorship. 


Assistant Professor E. J. Finan of the Catholic University of Amer- 
ica has been promoted to an associate professorship. 


Dr. H.C. Fryer of Kansas State College has been promoted to an 
assistant professorship. 
. 


Associate Professor Gordon Fuller of Alabama Polytechnic Insti- 
tute has been promoted to a professorship. 


Dr. Beatrice L. Hagen of Pennsylvania State College has been pro- 
moted to an assistant professorship. 


Assistant Professor J. J. L. Hinriehsen of Iowa State College has 
been promoted to an associate professorship. 
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Assistant Professor F. H. Hodge of Purdue University has retired. 


Dr. L. P. Hutchison of Indiana Technical College has been ap- 
pointed to an assistant professorship at The Citadel, Charleston, 
South Carolina. 


Dr. Fulton Koehler of the University of Minnesota has accepted a 
position in the actuarial department of the Northwestern National 
Life Insurance Company. 


Dr. Szolem Mandelbrojt, formerly of the College of France, has been 
appointed visiting lecturer at the Rice Institute. 


Dr. G. E. Moore of the University of Illinois has been promoted 
to an assistant professorship. 


Dr. H. R. Phalen has been appointed to an associate professorship 
at the College of William and Mary. 


Professor H. R. Pyle of Earlham College has been appointed to a 
professorship at Whittier College. 


Associate Professor C. B. Read of the University of Wichita has 
been promoted to a professorship. 


Dr. S. T. Sanders, Jr., of Delta State Teachers College has been ap- 
pointed to a professorship at Southwestern Louisiana Institute. 


Associate Professor I. M. Sheffer of Pennsylvania State College has 
been promoted to a professorship. 


Assistant Professor D. T. Sigley of Kansas State College has been 
promoted to an associate professorship. 


Assistant Professor S. B. Townes of the University of Oklahoma 
has been promoted to an associate professorship. 


Assistant Professor G. C. Vedova of St. John’s College has been 
appointed to an assistant professorship at the University of Mary- 
land. 

Dr. Henry Wallman of the Institute for Advanced Study has been 
appointed to an assistant professorship at the University of North 
Carolina. 

Associate Professor Morgan Ward of the California Institute of 
Technology has been promoted to a professorship. 


Dr. G. C. Webber of the University of Delaware has been promoted 
to an assistant professorship. 
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Professor Oscar Zariski of Johns Hopkins University is on leave of 
absence for 1940-1941 and is at Harvard as a visiting lecturer. 


Dr. M. M. Day of the University of Illinois has been made an asso- 
ciate in mathematics. 


The following appointments to instructorships are announced: Uni- 
versity of California at Los Angeles: Dr. Ralph Byrne, Jr.; Columbia 
University: Dr. Walter Strodt; Cornell University: Mr. N. G.. 
Gunderson, Mr. R. R. R. Luckey; University of Dayton: Dr. K. C. 
Schraut; Georgia School of Technology: Mr. L. B. Williams; Uni- 
versity of Illinois: Dr. R. S. Pate; Iowa State Teachers College: Dr. 
H. C. Trimble; Itasca Junior College: Dr, H. L. Olson; University 
of Kansas: Mr. L. R. Shobé; Northwestern University: Mr. H. E. 
Burns; Ohio State University: Dr. W. J. Schart; Oregon State Col- 
lege: Dr. P. C. Hammer; Rutgers University: Dr. J. H. Giese; Uni- 
versity of Texas: Mr. J. R. Foote, Mr. H. J. Jones, Dr. A. M. Mood, 
Mr. I. C. Roberts; Trinity College, Washington, D. C.: Dr. Mary 
Varnhorn; Vermont Junior College: Mr. D. F. Johnson; University 
of Wichita: Mr. Edison Greer; University of Wisconsin: Dr. C. B. 
Smith; College of Wooster: Mr. M. P. Fobes. 


The death on December 4, 1940 of Mr. E. H. Hayes, formerly 
mathematical tutor of New College, Oxford, at the age of eighty-six 
years has been reported. 


The death of Dr. Myron Mathisson, formerly of the University of 
Warsaw, is reported in Nature. 


Professor I. Schur of the University of Berlin died on January 10, 
1941, in Tel Aviv. 


Rev. Canon: Alfred Young, formerly lecturer in mathematics in 
Selwyn College, Cambridge, died on December 19, 1940, at the age of 
sixty-seven years. 


Dean W. C. Graustein of Harvard University died January 22, 
1941. He had been a, member of the Society since 1911. A more ade- 
quate notice will appear in a later issue. 


Professor G. A. Knapp of Maryville College, Maryville, Tennessee, 
died in November, 1940. : 


Assistant Professor C. R. Wilson of Rutgers University died in 
July, 1940. He had been a member of the Society since 1929. 


ABSTRACTS OF PAPERS 


SUBMITTED FOR PRESENTATION TO THE SOCIETY 


The following papers have been submitted to the Secretary and the 
Associate Secretaries of the Society for presentation at meetings of 
.the Society. They are numbered serially throughout this volume. 
Cross references to them in the reports of the meetings will give the 
number of this volume, the number of this issue, and the serial num- 
ber of the abstract. 
ALGEBRA 


115. J. H. Bell: Topics related to the factorization of matrices. 


This paper deals with two problems that are of particular interest in the solution 
of the unilateral matrix equation. Let D be a quasi-field and $D [^] the polynomial 
ring of 3D, where ^ is a commutative indeterminate. The first problem is: Under what 
conditions is the matrix A with elements in D [A] the left associate of a matrix which 
is proper of degree k in A? A necessary and sufficient condition is obtained. The proof 
may be shortened in the case that D is a field $y. The second problem, which is consid- 
ered only in the case of a field $$, is: Given two nonsingular matrices A and B with ele- 
ments in [A]; if A and B are not left associates, what other proper right divisors 
of the least common left multiple of A and B exist which are not left associates of A 
or B? Various results are obtained for the second problem. These results may be used, 
with the result obtained in solving the first problem, to show the existence of families 
of solutions of the unilateral matrix equation, if two solutions satisfying certain con- 
ditions are known to exist. (Received January 23, 1941.) 


116. A. H. Clifford: Semigroups admitting relative inverses. 


A semigroup is a system S closed under an associative binary operation: (ab)c 
7 G(bc). S is said to admit relative inverses if for each a in S there exists an element e 
of S such that (1) ea —ae =a, and (2) aa' —a'a =e for some a’ in S. The "gross struc- 
ture" of such an S is determined by showing that S is the class sum of mutually dis- 
joint semigroups Sa of known structure (A. Suschkewitsch, D. Rees) which can be 
arranged in a semi-lattice P such that the set-product SaSg of any two of them is 
wholly contained in the “cross-cut” Sy of Sa and Sg in P. If the idempotent elements 
of S commute with each other, then the Sz are groups, and the structure of S can be 
given completely. (Received January 13, 1941.) 


117. A. H. Clifford and Saunders MacLane: Factor sets of a group 
in tts abstract unit group. 


. 

This paper is an investigation of the structure of the set of group extensions of a 
certain abstract unit group. This group is one which arises in class field theory and has 
as group of operators a certain finite group I. If T is solvable, it is shown by an explicit 
reduction that the group of group extensions is isomorphic to Schur's multiplicator 
for the group T. (Received January 28, 1941.) 


118. Marshall Hall: A problem in partitions. 


Non-void subsets a1, * - - , a& of a set S(m, +++, x4) determine a partition matrix 


201 


202 ABSTRACTS OF PAPERS [March 


(aij) in which aj, 0 or 1 according as a; and a; overlap or not. The question has arisen 
as to whether every n? matrix (ax) in which a; 1, a;,—a,;=0 or 1 is the partition 
matrix of s subsets of s objects. This is shown to be true for n =1, 2, 3, 4, but not for 
n25. It is shown that for #25 every such matrix is a partition matrix but may re- 
quire as many as 51/4 (n even) or (11— 1)/4 (n odd) objects in S. These values are 
“best possible" and it is shown that a matrix requiring the maximum number of ob- 
jects is unique to within an equivalence amounting to renumbering ai, - * - , dx. (Re- 
ceived January 24, 1941.) 


119. E. R. Kolchin: On the basis theorem for differential systems. 
Preliminary report. 


The basis theorem of J. F. Ritt and H. W. Raudenbush for systems of differential 
polynomials is proved by a new method making no use of ascending sets, but using the 
axiom of choice. The new proof justifies its existence by the greater generality of its 
results. For example, in addition to the systems for which the theorem has already 
been proved, systems of forms with coefficients in a differential field of characteristic 
zero, the theorem is proved for systems of forms with coefficients in the ring of in- 
tegers, coefficients in the ring of integral polynomials in x, and coefficients in the field 
of integers modulo a prime. (Received January 25, 1941.) 


120. Howard Levi: On the ideal theory and structure of differential 
polynomials. 


In the first part of this paper the differential ideal £ generated by the form y? is 
investigated. It is understood that f is a positive integer greater than unity, and that 
the underlying ring is that of all differential polynomials in the unknown y whose 
coefficients are in some differential domain of integrity which contains the rational 
numbers. Necessary and sufficient conditions for the membership of a form in Z are 
obtained. These results are used to show that the criteria (sufficient) of J. F. Ritt for 
the essentiality of manifolds (Annals of Mathematics, (2), vol. 37 (1936), pp. 556- 
:560, and American Journal of Mathematics, vol. 60 (1938), pp. 5-14) are valid in the 
abstract case. Extensions are made to cases not discussed by him. Finally the differ- 
ential ideal generated by the form wv in the ring of forms in the unknowns t and v is 
examined. Necessary and sufficient conditions for membership in this ideal are ob- 
tained. In particular it is shown that for all positive integers r and s the form sv? is 
not in the ideal (v, being the rth derivative of v). This implies that the ideal in question 
has, no representation as the intersection of differential ideals. (Received January 24, 
1941.) 


121. Oystein Ore: Theory of monomial groups. 


If {xi} denotes a set of variables and H some arbitrary group, then the set of all 
linear transformations x?—h,x; where the factors k belong to H, form a group called 
the complete monomial group. The present paper contains a study of these groups 
and gives among other results the determination of all normal subgroups and the 
group of automorphisms. (Received January 23, 1941.) 


122. Oystein Ore: Transformation of sets. 


The set of all one-to-one correspondences of a set S to itself form a group Z.. It 
is shown that for an arbitrary infinite set this group is complete, that is, all auto- 
morphisms are inner automorphisms. (Received January 23, 1941.) i 
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123. P. C. Rosenbloom: Post algebras: I. Postulates and general 
properties. - 


Post algebras are the algebras which bear the same relation to the n-valued logics 

defined by Post (American Journal of Mathematics, vol. 43 (1921), pp. 180-185) as 
Boolean algebras bear to the usual 2-valued logic. They are investigated here purely 
from the algebraic standpoint with: no consideration of their interpretation as logic. 
The first postulate sets for these systems are introduced and the most important gen- 
eral properties are deduced. A fundamental theorem analogous to the Boolean expan- 
sion of functions in normal form is proved. The definition of “prime elements” is 
‘analogous to Huntington’s definition for the Boolean algebras. “Powers of primes” 
are also defined. A theorem analogous to the fundamental theorem of arithmetic is 
proved to the effect that “in a Post algebra with a finite number of elements, every 
element is uniquely factorable into a product of powers of primes, disregarding order 
and repetition of factors.” An arithmetic interpretation generalizing Sheffer's 
“Boolean numbers” is given. Several unsolved problems are discussed. (Received 
January 17, 1941.) 


124. Ernst Snapper: Structure of linear sets. 


It is shown that the linear sets of a vector space of arbitrary dimension over an 
integral domain in which every ideal has a finite basis admit a Noether decomposition 
. into “primary” linear sets. The “associated prime ideals" of the largest primary com- 
ponents are uniquely determined invariants of the linear set. The proofs are based 
on definitions of “quotient ideal” of a linear set bya linear set, of “quotient linear set” 
of a linear set by an ideal, and of “product linear set” of an ideal and a linear set. The 
quotient ideal of a linear set by the whole space is called its “essential scalar ideal” and 
is fundamental in the definition of primary linear set. The radical of the essential scalar 
ideal of a primary linear set is prime and is called its associated prime ideal. The 
“isolated component linear sets” are uniquely determined by their corresponding 
prime ideals and the theory becomes the ordinary ideal theory in the case of dimension 
one. Also, this investigation gives rise to the notions of scalar ideal, almost-primarity, 
radical and essential radical, closed set, and dense set. (Received January 14, 1941:) 


' 


ANALYSIS 


125. R. P. Agnew: On methods of summability and mass functions 
determined by hypergeometric coefficients. 


Let a, 8,.y be complex constants and y0, —1, —2,:--. Let Aala, B, y), 
1.0, 1, 2, ^ - - , be the coefficients in the power series expansion ? , A." of the hyper- 
geometric function F(a, B, y; z). Let (H, a, B, y) be the Hurwitz-Silverman-Hausdorff 
method' of summability generated by the sequence A,(o, 8 y). (See Garabedian and 
Wall; Transactions of this Society, vol. 48 (1940), pp. 195—201.) Let C, denote the 
Cesàro method of order r. For certain ranges of the parameters it is shown that 
(H, o, B, y) = C Cea Cy a and that (H, o, B, y) is equivalent to C, 4. gi. These re- 
sults determine conditions under which (H, o, B, y) is regular and Anla, B, y) is the 
moment sequence of a regular mass function. (Received December 31, 1940.) 


126. E. F. Beckenbach: On almost subharmonic functions. 


- It is shown that certain integral inequalities which, in the case of continuous func- 
tions, are known to characterize subharmonic functions'and functions whose loga- 
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rithms are subharmonic, no longer characterize these functions when mere summability 
is assumed. Instead, the inequalities characterize functions which, in the terminology. 
of Szpilrajn, are almost subharmonic or have almost subharmonic logarithms. (Re- . 
ceived January 27, 1941.) . 


127. Stefan Bergman: On a class of linear operators applicable to 
functions of a complex variable. Bee oe 


The totality of functions obtained from the analytic functions of one 
complex variable regular at the origin by applying the operator «= P(f) 
-fHE(s, 8, Df [s(1— 22) /2 )(1— £9) 331 is called the “class of functions” (?(E). The 
author studies the propérties of functions w(s, 5) ECE), where E- 1--28/*Es(s, 2, t). 
Functions u possess the following property: to every point Z there exists a function 
A(s, 3; Z) C(?(E) such that every sw satisfies the functional equation u(s, 2) | 
= (2x)! fa R(Z; u)H(s, 2; Z)dZ; R(Z, u) being a certain operator, and a! an arbi- 
trary closed differentiable curve lying in the regularity domain of «(z, 3). The theo- 
rems of the theory of analytic functions of one complex variable are classified from 
a certain point of view, and the duality between theorems for functions of one complex 
variable and those for the class (E) is studied. In this way the author obtains results 
on the development of s in series Paart, in certain domains, fu} being a special 

"set of functions depending on the domain, and further results on the connection be- 
tween the coefficients Amn of the development u= 9 | A«az"z" and properties of «, and 
so on. For example, functions satisfying a linear partial differential equation of elliptic 
type form a class (?(E) corresponding to a particular E. (Received January 22, 1941.) 


128. Lipman Bers: Analytic functions of two complex variables in 
domains bounded by two analytic hypersurfaces. ) 


Let M‘ be a domain of the zi, zz-space (z; —x;4-:y;) bounded by two analytic hy- 
persurfaces whose intersection (the distinguished boundary surface of Dt) forms a closed 
surface $2: s; = Zi(, M), 0S S 2s. If certain hypotheses (chiefly about the existence 
of a suitable set of subdomains of the same type) are made, one can generalize theo- 
rems proved for simple special cases of such domains (S. Bergman, Compositio Mathe- 

„matica, vol. 6 (1939), p. 305; S. Bergman and J. Marcinkiewicz, Fundamenta 
Mathematicae, vol. 33 (1939), p. 75; L. Bers, Comptes Rendus de l'Académie des 
Sciences, Paris, vol. 208 (1939), p. 1273 and p. 1475). If U is a biharmonic func- 

.tion in Mt which possesses continuous boundary values u on $3, then U(s, 42) 
= f? f (si, 25; M, Ae us, M)dNdX where Q depends only upon the domain. Bi- 
harmonic functions which satisfy certain conditions (for example all non-negative 
functions) may be represented in the form: U(s:, sa) = [3 fo. Q(zi, 2; M, M)den n, 
U possesses a finite non-tangential boundary value in every point of Ẹ° where the 
absolute additive set function w possesses a finite strong derivative. It follows from 
these theorems that a function f(s, z1) which may be represented in M+ as a quotient 
of two bounded analytic functions possesses almost everywhere on iy? finite non- 
tangential boundary values. If these boundary values are constant on a set of positive 
two-dimensional measure, f is constant. (Received January 22, 1941.) 


129. R. P. Boas: A note on functions of exponential type. , 


It has been shown by D. V. Widder (Proceedings of the National Academy of 
Sciences, vol. 26 (1940), pp. 657-659) that*a function f(x) such that (— 1)*f()(x) 20 
for »=0, 1, 2,--- and 0Ex 1 must coincide over (0, 1) with an entire function 
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which is at most of the first order (and of type at most ~ if it is of order 1). In this 
note a simple proof of Widder's result is obtained by integrating f(x) sin xx dx repeat- 
edly by parts; the integrated terms are all non-negative, and consequently an upper 
bound for ffe» sin «x dx follows; from this an adequate estimate of |fe» (x) | it- 
self is easily obtained. The same method leads to simple proofs of theorems of I. J. 
Schoenberg (this Bulletin, vol. 42 (1936), pp. 284-288) and J. M. Whittaker and 
H. Poritsky (Whittaker, Proceedings of the London Mathematical Society, (2), vol. 
36 (1933), p. 455; Poritsky, Transactions of this Society, vol. 34 (1932), p. 287). (Re- 
ceived January 21, 1941.) : 


130. H. L. Garabedian: Hausdorff methods of summation which in- 
clude all of the Cesdro methods. 


In this paper are exhibited Hausdorff methods of summation which have the rare 
property of being more effective than all of the Cesàro methods of real orders. The 
regular mass functions associated with these Hausdorff methods are notably é&(u) 
=1— ei 0-0, o0, and és(u) =A f$(1— 08-3e/G70gt, B x0, where A isa normalizing 
factor such that $s(1) -1. The conjecture is made that summability [H, eg(u)] in- 
creases in efficiency with increasing 8. (Received December 26, 1940.) 


131. Abe Gelbart: On the behavior of a function of two complex varia- 
bles in the neighborhood of an isolated essential singularity. 


In this paper the author obtains certain upper and lower bounds for classes of 
functions of two complex variables in the neighborhood of an isolated essential singu- 
larity. Given a sequence of functions Us (n, z)] regular in a finite four-dimensional 
domain M such that the analytic surfaces {h(s 2) 50] converge to the surface 
8;  g(z) which passes through the domain Dt. It is assumed that the analytic surfaces 
hy (21, #2) = 0 converge to zı = g(g2) with sufficient rapidity. With the aid of theorems of 
the Runge type for functions of two complex variables for multiply-connected four- ' 
dimensional domains (see abstract 46-9-418), the author obtains an upper bound for 
the moduli of functions of two complex variables belonging to a class of functions ana- 
lytic in 4e 884— G4, G4= E [z = g(a) +pe, OSAS2x,0<p <e], and having the same 
zeros as | [7-5 (s, #2). Using a technique similar to that of Bergman (Mathematische 
Annalen, vol. 109 (1934), pp. 324-348), upper and lower bounds are obtained for an 
arbitrary function meromorphic in the neighborhood of the analytic surface s; = g (z4) 
and having the same zeros and poles as | [75,5 (s,, 21) /py(zi, #2) wherein £,(, #) are 

functions regular in the domain M+. (Received January 23, 1941.) 


132. H. H. Goldstine: The prolongment and representation of multi- 
linear functionals. 


It is first shown that every Banach space is linearly equivalent to a linear subset 
of the space of all bounded and real-valued functions defined on a suitably chosen 
range. Every linear continuous functional on this space of functions is representable 
by a Lebesgue-Stieltjes integral. Making use of this theorem, the Hahn-Banach theo- 
rem can be proved for multilinear, continuous functionals; that is, the range of defini- 
tion of every such functional can be extended to the entire space without changing the 
norm of the functional. At the same time it is shown that these functionals are repre- 
sentable as generalized Fréchet integrals.,(Cf. Goldstine, Bilinear functionals on the 
space of bounded, measurable functions, this Bulletin, vol. 43 (1937), pp. 528-531.) 
(Received December 16, 1940.) 
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133. P. R. Halmos: On the decomposition of measures. 


If S is a strictly separable measure space and A is a strictly separable Borel field 
of measurable sets then, except possibly for a set (in A) of measure zero, S is a direct 
sum of measure spaces Y, formed with respect to a measure space X in such a way 
that the Borel field of all measurable sets depending on x alone coincides with the 
given Borel field A. This general decomposition theorem yields an easy proof of a 
result of von Neumann on the decomposition of an arbitrary measure preserving 
transformation into ergodic parts. Another application of the theorem is to the 
spectral theory of measure preserving transformations: it is possible by means of it 
to construct examples of transformations with mixed spectrum—that is, transforma- 
tions having neither pure point spectrum nor pure continuous spectrum—and to de- 
compose, at least partially, an arbitrary transformation into transformations with 
pure spectrum. (Received January 22, 1941.) 


134. D. H. Hyers: On the stability of the linear functional equation. 


Let E and E' be linear normed spaces and let ô be a positive number. A transforma- 
tion f(x) of E into E’ will be called 2-linear if |/(4-») —/(x) —/()|| « 3 for all x and y 
in E, and linear if f(x-+y) —f(x) --f(). S. Ulam has proposed the following problem of 
the “stability” of the last equation: Does there exist for each €» 0a 5>0 such that to 
each 8-linear transformation f(x) there corresponds a linear transformation g(x) satis- 
fying the inequality Il f@) — eol Se for all x in E? In this paper this question is 
answered in the affirmative for the cases where E and E' are finite dimensional spaces 
or real Hilbert space, and where f(x) is continuous. It is shown that à may be taken 
equal to e in these cases. As Ulam has pointed out, the problem has many generaliza- 
tions to be investigated. (Received January 6, 1941.) D 


135. H. N. Laden: On Kryloff-Stayermann interpolation. 
This paper deals with an interpolation polynomial F,(x) of degree less than or 


equal to 4#— 1 which, at the preassigned abscissas Xi, Xs, © * * , Xa takes preassigned 
values yn 5» ^ * * , Ya respectively and is such that Fy (x) = Fa! (xi) = Fa” (ax) =0, 
(imi, 2, --- , n). If the abscissas are the zeros of the nth Jacobi polynomial and 
yvmf(x), (6-1, 2,*--, n), where f(x) is an arbitrary function continuous on 


[—1, +1], it is shown that F«(x) converges to f(x) as n— © uniformly on any closed 
interval wholly inside [—1, +1]. The convergence is uniform on [7 1, +1] if proper 
restrictions are placed on the parameters a, B of the general Jacobi polynomial. Similar 
results are obtained for interpolation on an infinite interval by means of Laguerre and 
Hermite polynomials. The first part of the results provides a correction and extension 
of a theorem of Kryloff and Stayermann. The methods employed are due to Fejér, 
Shohat, and Szegà. (Received January 11, 1941.) 


136. Dorothy Maharam: On measure 1n abstract sets. 


Let m be a Boolean o-ring of sets; 5, a c-ideal in m; &, a class of c-isomorphisms 
between principal ideals in m/n. It is assumed that & contains all products and in- 
verses of its elements. Define the elements of m (n) to be measurable (null) sets, the 
isomorphisms of & to be measure-preserving transformations, and the measure of an 
element a of m/# to be the totality of division images of a under 4. The element a is 
bounded if a is not division-equivalent to any proper sub-element of itself. The set C 
of bounded measure values is then described; in particular, conditions are given under 
which C is isomorphic to a set of positive numbers. (Received January 22, 1941.) 
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137. Szolem Mandelbrojt: On a Dirichlet series. 


This paper gives necessary and sufficient conditions on M (e) such that there exist 
a function f(s) =) ann, f(s) 40, f(—2g) =0 (q21), max |f(e--st)| < Mio). (Received 
December 16, 1940.) 


138. N. M. Oboukhoff: On the validity of total differential as the 
principal part of the increment of a function of two or more variables. 


K. Weierstrass defined total differential as principal part of the increment of a 
function. Let du — Adx--Bdy where A and B are finite functions of x and y only, 
|dx| and |dy| being infinitely small or just small enough relative to | 4| and |B|. 
If the terms are all positive or negative, du retains its rank of principal part. However 
there are cases in which this principal part degenerates. Suppose du = Adx— Bdy and 
Adx>Bdy>0 or Bdy>Adx>0. Let | Adx— Bdy| =K(Adx+Bdy), where 0S K &1. 
If Kis finite or great enough relative to |dx| and |dy| then du does not degenerate. 
However it does if K vanishes or is of the same order of magnitude as | dz| and |dy|. 
Thus K-||dx/dy| |4| - | B| | :|dx/dy| | 4| --| B|); du degenerates if | dx/dy| 
= | B/A +n, where positive y either vanishes or is of the same order of magnitude 
as | dz| and [d]. For all other values of |dx/dy| from zero to infinity (where dy 
vanishes) principal part holds. The favorable cases are greatly predominant. Closely 
similar results obtain for functions of several variables. (Received December 5, 1940.) 


139. George Polya: On converse gap theorems. 


Let M, M, M, + + be integers, OSM << +++. The necessary and suffictent con- 
dition that each analytic function defined by a series of the form aP aH 
Hand ees. having a finite radius of convergence be uniform and its domain of defini- 
lion be simply connected is that (1) lim info an! —0. The much deeper half of this 

- theorem concerning the sufficiency of the condition (1) has been proved previously 
(Annals of Mathematics, (2), vol. 34 (1933), pp. 731-777). The necessity of the condi- 
tion (I) may be shown by the series (2) 2 as (m)z™/m=) 2, (— 1) / AG" n) 
where F(z) and G(s) are defined by x (s)G (s) =sin zz, Ge) -Ika 84/0). 1t (1) 
is not fulfilled, the analytic continuation of the series (2) is infinitely many valued 
(for proving this use Mathematische Zeitschrift, vol. 29 (1929), pp. 604—608). An 
analogous theorem has been proved by the author in the Comptes Rendus de l'Aca- 
démie des Sciences, Paris, vol. 208 (1939), pp. 709—711. (Received January 20, 1941.) 


140. Tibor Radó: On the semi-continuity of double integrals in the 
calculus of variations. 

The purpose of this paper is to extend the results of McShane (On integrals over 
surfaces in parametric form, Annals of Mathematics, (2), vol. 34 (1933), pp. 815-838) 
to a wide class K of surfaces which may be characterized as follows: A surface S, 
of the type considered by McShane, belongs to the class K if it admits of a representa- 
tion where its Lebesgue area is given by the usual integral formula. All the results of 
McShane are shown to remain valid for this class K. (Received December 16, 1940.) 


141. Raphaél Salem: On absolute convergence of trigonometrical se- 
ries. I. 


e 
The following theorems are proved: If the series (S) J- o4 cos (nix— o), (Pa 20) con- 
verges absolutely at two points xo, xi, the series ? ^p,| sin n(xi—xo)| converges. If 
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>. = œ the series (S) cannot converge absolutely at more than one point if pay: S ps 
or even if o4,,/ px is bounded (p 0). If p= œ, the series > px cos (k.x— æn) cannot 
converge absolutely at two points whose abscissae differ from å if the numbers k„ô are 
uniformly distributed (mod 27). If >> p. — © and the series (S) converges absolutely 
in a perfect set N, then for every bounded function F non-decreasing, constant in 
every interval contiguous to N but increasing from one interval to another, the cosine 
Fourier-Stieltjes coefficients of even rank of dF have their upper limit equal to 
F(2x)— F(0). This condition is sufficient to ensure the absolute convergence of (S) 
“almost everywhere" in N, with Y pn= 9. Further properties of sets of the type N 
are discussed. (Received January 30, 1941.) 


142. Raphaél Salem: On absolute convergence of irigonometrical se- 
ries. II. 


The following extension of the Denjoy-Lusin theorem is proved: The set for which 
the ratio (1) Yor cos (nx— a) | A Ton has its upper limit less than or equal to æ is of 
measure zero if a «2/«. Moreover any perfect set P in which the ratio (I) has its upper 
limit less than or equal to æ less than 2/z has the property that every bounded func- 
tion F, non-decreasing, constant in every interval contiguous to P, but not every- 
where, is such that the Fourier-Stieltjes coefficients of ZF do not tend to zero. The 
constant 2/x is the best possible one; in fact, if p,=O(1), the ratio (D) tends to 2/r 
almost everywhere. (Received January 30, 1941.) 


.143. I. J. Schoenberg: On integral representations of completely 
monotone and related functions. 


Ina recent paper W. Feller proved very elegantly the chief results of S. Bernstein 
and Widder concerning the nature of functions f(x) allowing a Laplace-Stieltjes repre- 
sentation (1) f(x) — /7e-*!da(!) with various restrictions as to a(/). In the first part 
of the paper, Widder's original tools are used for the purpose of an equally short pres- 
entation of this theory. In particular, Widder's inversion formula for (1) appears in a 
very natural way. In the second part a similar theory is developed for the representa- 
tion (2) f(x) =J; Ks(xti)daU) (x20; n a positive integer) where Ky(x) - (1—x)^ if 
OSxS$1, Ka(x) =0 if x21. Since Ka(x/n)—e™ as n— v, (1) is seen to be a limiting 
case of (2). The results may be described very roughly as follows: The role played 
by the completely monotone functions f(x) (that is, satisfying the conditions (3) 
(—1)"f™(x) 20 (x20; n=0, 1, 2, ---)) in the theory of the representation (1), 
is taken over in the case of (2) by the (#-+1)-times monotone functions f(x). Here a 
function is called (#+1)-times monotone if f(x) E0, —f'(x)z0, f’'(«)20,---, 
(—1)n71f 70 (x) 26, (x20), the last function (— 1)*71/79(x) being also required to 
be non-increasing and convex for x70. (Received January 27, 1941). 


144. W. T. Scott and H. S. Wall: The transformation of series and 
sequences. 


The transformation S, 2 ,2-,(1/2)3**1 Cs. i 4. ‘Sp, (n —0, 1, 2, ^ * + ), which arises 
from the power series transformation $(1—x)f(x) = F(s), s—4x/(1—2)?, is shown to 
define a regular method of summation, that is, 555 implies S,—s. Let this be called 
Schur summability and denoted by the letter S. It is proved that SD VP, but VP > S, 
where VP denotes de la Vallée Poussin summability; 5 sums the geometrical series in 
precisely the region in which VP sums this series; S= M, where M is the summability 
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introduced by Mersman (this Bulletin, vol. 44 (1938), pp. 667-673). It is shown 
that if &(u) C BV[0, 1], and g(x) -/1de(u)/(1--xwu), then the sequence lan], 
(n=0, 1, 2, *- -), is a C- Folge in the sense of Hausdorff, and the Hausdorff mean 
[F, g(n)] is regular if and only if $(1)— &(0) =1. If (u) is real and monotone and 
9(1)— 9(0) =1, then H, g(n) C (C, 1), and is equivalent to convergence if and only if 
the function g(x) is bounded away from zero in the half-plane R(x)» —4. Let 
(x) =} gpu”, qr £0, 9 qp < œ. Then G4 — 1 --nfiu^de(u), (n=0, 1, 2, - - -), defines 
a Hausdorff mean [H, a.] equivalent to convergence if and only if J ng, « œ. (Re- 
ceived January 24, 1941.) 


145. J. A. Shohat: On Bernoulli numbers and polynomials. 


Certain relations are established between Bernoulli polynomials B,(x) and those 
of Legendre and symmetric polynomials of Jacobi; and a new proof is given of Jacobi's 
theorem concerning the expression of B(x) in powers of x(1—x). A reasoning of 
Mandl is utilized and made rigorous in order to obtain in a new way the well known 
remarkable relation between the Bernoulli number B3, and the zeta-function [(2s). 
Applications are made to S.4(p)-1»--2»4---- -F(n—1)*». (Received January 8, 
1941.) 


146. S. E. Warschawski: On conformal mapping of infinite strips. 


Let S denote the strip ¢_(u) <v<¢4(u), — © <u <+ œ ($,(u), 6 (wu) continuous), 
in the w-plane, t£ —1-4-:». Let s=Z(w) (limu.4« 9tZ(w) =+ ») map S conformally 
onto the strip i» « x/2 of the s-plane, s=x++4y. The principal object of this paper is 
to obtain asymptotic expressions for Z(w) and its derivative Z'(w) as u—+ ©. For 
this purpose two inequalities are established, which are similar to those of L. Ahlfors 
(Acta Societatis Scientiarum Fennicae, new series A, vol. 1 (1930) p. 10 and p. 16), 
but which, due to some assumptions regarding the smoothness of the boundary of S, 
yield sharper estimates for large values of Rw; and Rus. The asymptotic expressions 
for Z(w) and Z'(w) are then applied, after suitable transformations, to the study of 
the order of magnitude of the mapping function of a region R onto a circle in a neigh- 
borhood of a finite boundary point P of R. These applications include the cases where 
P is the vertex of a corner, or of a cusp, or is the asymptotic point of two "concurrent" 
spirals, and contain as special cases the results presented by the writer in two previous 
abstracts (42-5-219 and 42-11-409). (Received December 9, 1940.) 


APPLIED MATHEMATICS 


147. E. S. Allen and Harvey Diehl: T'he enumeration of glycols. 


Recently the authors extended the method of Henze and Blair for enumerating 
certain organic compounds; in particular, the alcohols. This work is used as a basis 
for a recursive method of enumerating isomeric glycols, that is, compounds whose 
molecules have two oxygen atoms. The basic numbers which result are the number of 
structurally asymmetric glycols possessing » carbon atoms and having æ enantio- 
morphically distinct forms, and the number of structurally symmetric glycols pos- 
sessing # carbon atoms and having a distinct forms, of which 8 are completely 
symmetric. In all cases symmetry indicates identity of aspect of the molecule when 
viewed from the two hydroxyl radicals. (Received December 31, 1940.) 
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148. Stefan Bergman: Numerical methods for conformal mapping of 
polygonal domains. 


The problem of the approximate determination of a conformal mapping can be 
reduced in certain cases to numerical operations which can be carried out with the 
aid of devices for computation already in existence or by electrical calculating ma- 
chines combined, perhaps, with punch machines. In the present paper the calculation 
of the constants (that is, the branch points of the integrand) in the Schwarz-Christoffel 
formula (which transforms the half-plane into a polygonal domain) is reduced to the 
determination of the Fourier coefficients of [R(¢)]*, and to the solution of a system 
of linear equations. If the domain is a star domain, R= R(ẹ) is the equation of its 
boundary curve in polar coordinates. Further, methods for the calculation of the re- 
sulting integrals are discussed. The method is applied to a technical problem, namely 
to the problem of torsion in a beam with a polygonal section. The analogous method 
can be applied for the solution of boundary problems and has important applications 
in certain problems of aeronautics. (Received January 22, 1941.) 


149. F. H. Clauser: Exact solutions of the equations for the flow of a 
compressible fluid. Preliminary report. 


Several solutions of the equations given by Tschaplygin for the flow of a com- 
pressible fluid are discussed and a method presented for easily accomplishing the 
transformation of the solutions in the hodograph plane back to the physical plane. 
(Received December 18, 1940.) 


GEOMETRY 


150. L. M. Blumenthal and G. E. Wahlin: On the spherical surface 
of smallest radius enclosing a bounded subset of n-dimensional euclidean 
space. 


A short elementary proof is given for the theorem: If M is any bounded subset of 
n-dimensional euclidean space E, with positive diameter d, then there is a unique (n—1)- 
dimensional spherical surface of smallest radius r enclosing M, and r S [n/2(n -1) ]¥3-d. 
In a proof abounding with algebraic difficulties, H. W. E. Jung established these re- 
sults in 1901 for the case of finite point sets and indicated their extension to infinite 
sets at the end of his long paper (Journal fiir die reine und angewandte Mathematik, 
vol. 123 (1901), pp. 241-257). The simplification offered by the present proof is 
afforded in large measure by a lemma which shows that if each n--1 points of a sub- 
set. M în E, may be enclosed by an (n—1)-dimensional spherical surface of radius r 
then M itself has this property. The proof exhibits the geometrically simple nature of 
the theorem. (Received January 24, 1941.) 


151. J. J. DeCicco: Equilong geometry of differential equations of 
first order. 


With this paper the study of the equilong geometry of a field of lineal elements is 
begun. This may be considered to be an analogue of a preceding paper by Kasner and 
the author in which the conformal geometry of a field is developed. As defined by 
Kasner, a dual-isothermal family consists of c! curves which are equilongly equiva- 
lent to a pencil of circles (all those tangent tb two fixed lines, distinct or coincident). 
Obviously all dual-isothermal families are equilongly equivalent. It is found that any 
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non-dual-isothermal family possesses two absolute differential covariants of the third 
order. Conversely if two fields possess the same two covariants, then there exist 2 0? 
equilong correspondences which will carry one field into the other. For any two nearby 
nonparallel elements of the field w — w(w, v), the general equilong distance is defined by 
dst=w,,du?, whereas for two nearby parallel elements, this distance is ds? = w,,dv*. 
The final result is that in equilong geometry any absolute differential covariant of a 
field is a function of two fundamental covariants and their derivatives with respect 
to the equilong arc lengths of the unions and the equiparallel series of the field. (Re- 
ceived January 20, 1941.) 


152. J. J. DeCicco: Isodeviate systems of geodesic series. 


This paper is concerned with the derivation of some further results in the differ- 
ential geometry of a field of lineal elements in the plane. A system of œt series of a 
given field, which corresponds by an equideviate transformation to a linear pencil of 
turbines of a flat field, is called an isodeviate system. If a field possesses at least one 
isodeviate system of geodesic series, then it must possess %? such systems. The condi- 
tion necessary and sufficient for this is that the gaussian curvature K be the same at 
al! parallel elements of a field. To compare this with the corresponding theory in the 
geometry of surfaces in euclidean three-space, see Kasner, Isothermal systems of geo- 
desics, Transactions of this Society, vol. 5 (1904), pp. 56-60. (Received December 31, 
1940.) 


153. J. J. DeCicco: Lineal element transformations which preserve 
dual-isothermal families. 


This paper is analogous to the one by Kasner and the author in which the group 
of all lineal element transformations which preserve isothermal families is determined. 
Kasner has defined a dual-isothermal family to consist of 1 curves which are equi- 
longly equivalent to a pencil of circles (in line geometry). In this work all lineal ele- 
ment transformations are found which preserve dual-isothermal families. In hes- 
sian or equilong coordinates this group is U=¢, V=(a+hw+a)/(av+bw+e), 
W= (aw-+-byw-+c)/(av-+-bw+c), where 6, a, b, c, Gi, bi, Ci, Gs, ba, C3 are functions of & 
only. The subgroup of contact transformations is U=¢(#), V ev (u) +x(#), obviously 
larger than the equilong group. Earlier the author had found that a non-dual-iso- 
thermal family possesses two absolute differential covariants of the third order. In 
the final part of the present paper, it is proved that any lineal element transformation 
which preserves both of these two covariants must be an equilong transformation. 
(Received January 21, 1941.) 


154. J. J. DeCicco: The differential geometry of the Laguerre group 
Gs. 


In the Laguerre inversive geometry of the plane the length of arc of a curve is de- 
fined in equilong coordinates (x, y) by s= Jiyda. The Laguerre inversive curva- 
ture is K= lay y 5m] N. The fundamental result of the paper is that 
two curves are equivalent under the Laguerre group Gs if and only if their curvatures 
are the same functions of the arc length. Thus K = F(s) is the intrinsic equation of 
any curve. As the Laguerre group of the complex plane is isomorphic to the group of 
rigid motions of complex euclidean three-space with the curves of the plane corre- 
sponding to the minimal curves of spaees, the fundamental result also furnishes the 
intrinsic equations of the minimal curves of space. (Received December 31, 1940.) 
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155. J. M. Feld: The geometry of whirls and whirl-motions in space. 


The geometry of the six-parameter whirl-motion group G« in the plane had its 
origin in Kasner's fundamental paper, The geometry of turns and slides, and the geome- 
iry of turbines (American Journal of Mathematics, vol. 33 (1911), p. 193). In a recent 
paper by Feld, Whirl-similitudes, euclidean kinematics, and non-euclidean geometry 
(this Bulletin, abstract 46-5-270), Kasner’s Gs was extended first to a mixed six- 
parameter group composed of eight distinct continuous families, one of which is Gs, 
and second to a seven-parameter mixed group of eight families—the group of whirl- 
similitudes. The latter group was shown to be isomorphic with the group of auto- 
morphisms of pseudo-ellipiic three-space. Feld also presented a (1, 1) mapping of lineal 
elements, flat fields, and turbines on planar euclidean displacements, symmetries, and 
ordered pairs of points respectively. The subject of this paper is the development of 
an analogous theory for three-space, where a mixed eight-family twelve-parameter 
continuous group of whirl-motions plays the principal role. Quaternion geometry is 
employed. (Received January 14, 1941.) 


156. Aaron Fialkow: The foundations of the conformal differential 
geometry of a subspace. 


For an arbitrary subspace V, in any Riemann space V, (0n «m; m>2), the au- 
thor shows that it is possible to define a system of differential forms, termed the con- 
formal fundamental forms (c.f.f.’8) of Va, which enjoy the following properties: (1) If 
Vn CVn, Vn C V. and V, V,, V. Y. by a conformal map, then the c.f.f.'s of Y. 
and V, are equal. (2) Conversely, if V4 and Vu are conformally euclidean spaces and 
the c.f.f.'s of V. and Y. are equal, then a conformal transformation exists so that 
Van Vm, VV. (3) A V. exists with any preassigned c.f.f. whose coefficients satisfy 
certain conformally invariant partial differential equations analogous to the classical 
generalized Gauss-Codazzi equations. The results for n 24 are typical while the cases 
n —3, 2, and 1 respectively exhibit increasing degrees of deviation from the normal 
situation. These theorems serve as the basis for the development of a conformal differ- 
ertial geometry in many ways similar to classical differential geometry but also ex- 
hibiting a number of essential differences. The principal tool is a new simple type of 
differentiation (with respect to the subspace) which enjoys all the usual properties of 
covariant differentiation as well as a number of others which give it its distinctive 
conformal character. (Received January 25, 1941.) 


157. M. C. Foster: Note on autopolar surfaces. 


This paper is concerned with surfaces autopolar with respect to the paraboloid 
25:2 -y*. Such autopolar surfaces are considered as special solutions of those partial 
differential equations which are invariant under the dual transformation for which 
the above paraboloid is the quadric of reference. Various metric properties are con- 
sidered. (Received January 22, 1941.) 


158. Edward Kasner and J. J. DeCicco: Conformal geometry of dif- 
Jerential equations of first order. 


In this paper the conformal geometry of nonisothermal fields of lineal elements 
in the plane is studied. A field F possesses two absolute conformal covariants of the 
third order. Conversely, if two fields F and G possess these same covariants at corre- 
sponding elements, then there exist 202 confermal transformations which will carry 
one into the other. These results may be interpreted geometrically as follows. If the 
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equation of the field F is 0 —6(x, y), where @ is the inclination, the conformal distance 
dS between two lineal elements of F is defined by dS?=}(0s2+-0yy) (dx --dy?). With 
this definition of distance and the usual notion of angle, it results that the two covari- 
ants are the geodesic curvatures of the unions and the orthogonal series of F. All 
other covariants of F are functions of these two geodesic curvatures and their partial 
derivatives with respect to the conformal arc lengths of the unions and the orthogonal 
series. In the final part of the paper, many interesting conformal properties of n-webs 
of curves are obtained. (Received December 31, 1940.) 


159. Edward Kasner and J. J. DeCicco: Conformal geometry of ve- 
locity.systems. 


In this paper the conformal geometry of velocity systems is studied. A set of o! 
curves is a velocity system if and only if the «! osculating circles of the œ! curves of 
the set passing through a fixed point, constructed at this point, form a pencil. Any 
arbitrary point transformation for which neither of the two families of minimal lines 
is preserved carries exactly one velocity system into a velocity system. Any point 
transformation which preserves only one family of minimal lines converts «? velocity 
systems into velocity systems. Finally, the conformal group preserves all velocity sys- 
tems. A velocity system may contain exactly 3, 1, one, or no isothermal systems. 
A velocity system is called a T family if it is conformally equivalent to the œ? circles 
orthogonal to a fixed circle. A velocity system is a T family if and only if it possesses 
œ? isothermal families. All the conformal covariants of a velocity system are ob- 
tained. Finally, the reciprocal system of any T' system is treated. (Received December 
31, 1940.) ' 


160. Edward Kasner and J. J. DeCicco: Infinite groups generated by 
equilong involutions and symmetries. 


In equilong geometry, the set of all equilong transformations of period two may 
be classified into three distinct types: equilong involutions, K symmetries, and D in- 
versions. (Proceedings of the National Academy of Sciences, vol. 26 (1940), pp. 471- 
476.) In the present paper the infinite groups generated by these transformations are 
determined. The group Kiym formed by all K symmetries consists of K symmetries 
and K translations (products of two K symmetries). Any transformation of the group 
Glavot (Dinvers) formed by all equilong involutions (D inversions) can be factored into 
involutions (D inversions) in an infinitude of ways of which at least one can be fac- 
tored into four or fewer involutions (D inversions). The fundamental result is that 
the group generated by all equilong transformations of period two is identical with 
the group generated by K symmetries and D inversions. To contrast this with the 
conformal theory, see Kasner, American Journal of Mathematics, vol. 38 (1916), 
pp. 177-184. (Received December 31, 1940.) 


161. Edward Kasner and J. J. DeCicco: Lineal element transforma- 
tions which preserve isothermal families. 


In this paper the authors seek to géneralize the well known result that the con- 
formal transformations are the only point correspondences which carry every iso- 
thermal family into an isothermal family of curves. They find the group of all Hneal 
element transformations of the plane (nof necessarily of the contact type) which pre- 
serves all isothermal families. This group is given in (x, y, 8), where (x, y) are the car- 
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tesian coordinates of the point, and 6 is the inclination of the element, by X =¢(zx, y), 
Y=y(a, y), 8 — k0--h(x, y), where k isa nonzero constant, $ and y satisfy the Cauchy- 
Riemann equations (direct or reverse), and k is any harmonic function. The only 
contact correspondences are the conformal ones. In the authors’ previous work, it was 
shown that any non-isothermal field possesses two absolute differential covariants of 
the third order under the conformal group. In the final part of the present paper it is 
proved that a lineal element transformation which preserves either one of these two 
covariants must be a conformal transformation. (Received January 20, 1941.) 


162. Edward Kasner and J. J. DeCicco: The classification of ana- 
lytic arcs or elements under the group of arbitrary point transformations. 


This paper begins the study of the invariant theory of a single irregular analytic 
arc or element based on the infinite group of arbitrary point transformations in the 
plane. The correspondences are (regular) analytic in x and y. Then y may be written 
as a power series which proceeds according to positive integral powers of the pth root 
of x. Let q be the first power of the pth root of x which is not a multiple of p. The index 
f and the rank g are arithmetic invariants; and all elements with the same p and g 
form the single species (p, q). Absolute differential invariants exist for all irregular 
species except in the cases (4, 5), (4, 6), (4, 7), (3, q), and (2, q). The species (4, 5) and 
(4, T) may be separated into two and three distinct sets respectively. The species 
(4, 6) and (3, q) possess an additional arithmetic invariant. All the elements of the 
species (2, q) are equivalent. The paper will appear in the Proceedings of the National 
Academy of Sciences. (Received December 12, 1940.) 


163. Don Mittleman: Theory of ortho-family: A generalization of 
natural family. 


A surface will be said to be mapped orthogonally onto a plane if the image of 
an orthogonal net on the surface is the rectangular cartesian net of the plane. An 
ortho-family is defined as the image of the geodesics of the surface under the par- 
ticular orthogonal mapping. The necessary and sufficient conditions that a two- 
parameter family of curves in the plane be an ortho-family are given analytically. 
It is a simple consequence of these conditions that an ortho-family which is a velocity 
family must be a natural family. Finally, if an ortho-family which is obtained by an 
orthogonal, non-conformal mapping is a natural family, then the surface whose geo- 
desics are the pre-image of the given natural family is a surface of Liouville referred 
to the coordinate system for which ds? = (1/f— 1/g) (dx*/f 4-dy1/g), where f is a func- 
tion of x alone, and g a function of y alone. (Received January 24, 1941.) 


164. Nelson Robinson: On the contact of a quartic surface with a gen- 
eral analytic surface. : 


Using the differential equations of a general analytic surface S referred to its 
asymptotic net, the power series development of S is computed to terms of the sixth 
degree. By means of this expansion conditions are determined in order that a general 
quartic surface have various orders of contact with the original surface S at a point P. 
Special cases of the quartics Q are discussed with particular attention given to the 
cases where Q is composite, the components being quadric surfaces. Necessary and 
sufficient conditions are found in order that% be composed of quadrics of Darboux, 
or quadrics of Lie. (Received December 30, 1940.) 
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165. Peter Scherk: On real closed curves of order n+1 in projective 
n-space. IJ. Preliminary report. 


In the first part of this paper (abstract 46-11-502) the author discussed differenti- 
able closed curves K"*! of real order n+1 in R, by means of a certain single-valued 
correspondence of the K **!, He proved that SS$n+1, S=n-+1 (mod 2) if S is the sum 
of the multiplicities of the singular points, and he characterized the case S=n+1. 
Extending a simple remark on rotation numbers to multi-valued correspondences, the 
author discusses a two-valued and a three-valued correspondence defined on certain 
arcs of the K"*! and on the whole K"*! respectively, and connected with the projec- 
tions of the K**! from its osculating (n—2)-spaces and (5— 3)-spaces respectively. 
The study of these two correspondences yields: (1) the first estimates of the number of 
osculating (n— 2)-spaces which meet the K**! again; (2) the classification of the K**! 
with S=n—1; (3) the classification of the K5; (4) a more systematic access to the 
classification of the K* (previously obtained by the author). (Received January 24, 
1941.) 


166. Alexander Wundheiler: Abstract algebraic definition of an affine 
vector space. Preliminary report. 


A linear set over the field of real numbers will be called a simple vector space, and 
its elements, simple vectors. Two simple vector spaces A and B are cogrediently 
coupled if for any a in A and b in B a real number f(a, b) is defined, such that 
fika, b)=f(a, kb) =kf(a, b); fla, b' +0’) -f(a, b^) -f(a, b); fla’ +a", b) -f(a', b) 
--f(a^', b). The a's and b's are then contragredient vectors. If A and B are of the same 
dimension, the set A+B is called an affine vector space, a is a contravariant affine 
vector, b a covariant one, or vice versa. Various illustrations are given, as electrical 
networks, the space of fruit juice cocktail cans, and so on. (Received January 24, 1941.) 


167. Oscar Zariski: Pencils on an algebraic variety and a new proof 
of a theorem of Bertint. 


The theorem of Bertini-Enriques states that if a linear system of W,-1’s ona V. is 
reducible (that is, every W,—ı of the system is reducible) and is free from fixed com- 
ponents, then the system is composite with a pencil. In this paper a new proof of this 
theorem is given, together with an extension to irrational pencils. With every pencil 
{W} there is associated a field P of algebraic functions of one variable, a subfield of 
the field X of rational functions on V;. The essential point of the proof is the remark 
that (W] is composite if and only if P is not maximally algebraic in Z. The rest of 
the proof, in the case of pencils, follows from the fact that an irreducible algebraic 
variety V, over a ground field K is absolutely irreducible if K is maximally algebraic 
in X. In the case of linear systems of dimension > 1, the proof is based on the following 
lemma: if K is maximally algebraic in E and if =, x2 are algebraically independent 
elements of Z, then for all but a finite number of elements c in K the field K (xi--cx3) 
is maximally algebraic in Z. (Received December 12, 1940.) 


LOGIC AND FOUNDATIONS 


168. Alvin Sugar: Postulates for the calculus of binary relations 1n 


terms of a single operation. 
Ina recent paper (Postulates for the calculus of binary relations, Journal of Symbolic 
Logic, vol. 5 (1940), pp. 85-97) J. C. C. McKinsey gave a set of postulates for the 
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calculus of binary relations in terms of the two operations | and <. In his paper Mc- 
Kinsey shows that. < is definable in terms of | but not conversely. In this paper the 
author develops a set of independent postulates for the calculus of binary relations 
in terms of the single operation |. (Received January 25, 1941.) i 


STATISTICS AND PROBABILITY 


169. Archie Blake: The exploratory determination of statistical dis- 
tributions. 


The most powerful statistics are not always the most “efficient” or those whose 
. distributions have already been tabled, but their distributions can be computed in 
` small samples without inordinate labor. To find the distribution of g(X=m, * - °, xn) 
subject to the condition P(X), compute requisite values of g~ (multiple-valued) and 
require /?. «t f(X)dX, f being the given distribution function, The chief task is the 
computation of many values of the functions involved; this is alleviated by modern 
machine methods (especially punched cards). Tables of f, g, and so on, with their 
derivatives or the required fractions of the latter are prepared once for all on cards; 
thereafter the work consists only of interpolation. (Taylor's series recommends itself 
in this problem, as it converges more rapidly than ordinary interpolation formulae, 
and in the case of multivariate interpolation is much less complicated.) For a-statistic 
whose asymptotic distribution is known, we can interpolate approximately between 
this and the results of the computation for small s to obtain an estimated distribution 
for any n. (Received January 23, 1941.) 


170. W. G. Madow: The distribution of the general quadratic form in 
normally distributed random variables. 


The distribution of the general quadratic form in normally distributed random 
variables is obtained. This distribution is used to obtain the distribution of N eyman's 
estimate in the theory of the representative method of sampling, and it is also used to 
obtain a generalization of P. L. Hsu’s distribution of Student's ratio when the true 
means and variances are unequal. The distribution is also used in tests occurring in 
the analysis of variance with non-orthogonal data, and the study of differences of 
various orders. In the latter use, a test for periodicity is obtained. (Received January 
25, 1941.) 


171. Henry Scheffé: An inverse problem in correlation theory. 


An m Xn matrix Y may be used to represent m sets of measurements on s varia- 
bles. The nX» matrix R of correlation coefficients ri, is a function of the matrix Y, 
R= F(Y). Necessary conditions (C) that R= F(Y) are that R be real symmetric with 
diagonal elements unity, and positive (rank index). Given any matrix R satisfying 
the conditions (C), does a "statistics problem Y" exist such that R— F(Y)? It is 
proved by matrix methods that there are no solutions Y with mSrank R, but o 
solutions for each m rank R. Particular solutions are constructed and the most gen- 
eral solution is characterized. Some corollaries are drawn. (Received January 8, 1941.) 


172. Jacob Wolfowitz: Tests of statistical hypotheses where the dis- 
tribution forms are unknown. 


The likelihood ratio criterion for testing? composite statistical hypotheses, dis- 
covered by Neyman and Pearson and recently proved by Wald to be asymptotically 


1941] ABSTRACTS OF PAPERS 217 


most powerful, is extended to testing composite hypotheses where the forms of the 
distribution functions are entirely unknown (continuity is assumed) and where tests 
must be based on the order relations among the observations. Thus a general method 
for treating problems of this character is obtained. For the problem of two samples 
(Wald and Wolfowitz, Annals of Mathematical Statistics, June, 1940) the resultant 
statistic is IL25/0) 1, where J; is the length of the jth run. Its logarithm is asymptoti- 
cally normally distributed. The result is immediately extensible to the problem of & 
samples. For the problem of independence (Hotelling and Pabst, Annals of Mathe- 
matical Statistics, March, 1936) a similar statistic is obtainable which differs from the 
commonly used rank correlation coefficient. The method used to prove the logarithms 
of these statistics asymptotically normally distributed is applicable to proving the 
asymptotic normality of a large class of functions of partitions of an integer, of func- 
tions of sequences where the subsequences of odd and even numbered elements are 
themselves partitions of different integers of fixed ratio, and to similar problems 
(Received January 13, 1941.) 


THEORY OF NUMBERS 


' 173. Paul Erdós and Joseph Lehner: On the distribution of the num- 
ber of summands in the partitions of a positive integer. 


Let p(n) denote the number of partitions of n into not more than k summands. 
Then fork 2 s! (log n/ C) --xn!*, C 52/3), py(n) /P(n) -exp( —2exp(— Cx/2)/C}, 
where p(n) is the number of unrestricted partitions of s. For k=o(n¥?), p(n) 
~Ca-1,k-1/R!, uniformly in k. Let P(n) be the number of partitions of » into differ- 
ent summands. Then for “almost all” partitions, the number of summands in a given 
partition not exceeding xn? lies between 2ni3 (log 2/(1--exp (—Dx))}/D+ en", 

` D-x(1/3)!/2, The methods used are elementary in character. (Received January 23, 
1941.) 


174. Gordon Pall: The construction of positive ternary quadratic 


forms. 


A method is developed of writing down quickly the reduced integral positive 
ternary quadratic forms of a given determinant, order, or genus. (Received January 
30, 1941.) 


175. H. A. Rademacher: Ramanujan's identities under modular 
transformations. 

If the Ramanujan identities which exhibit the divisibility of p(5%+4) and 
b(7n-+5) by 5 and 7, respectively, are expressed in terms of the Dedekind function 
n(r), they can be subjected to modular transformations. Each of the two identities 
goes over into a new one, which is noteworthy because of the occurrence of the 
Legendre residue symbol. These new identities lead to a direct proof of the Ramanujan 
identities. The same procedure can be applied to an identity given by Zuckerman, 
involving p(132+6). Other identities, proved by Watson and Zuckerman, lead to 
modular equations of “level” (Stufe) 5 and 7. (Received January 24, 1941.) 


TOPOLOGY 
176. F. B. Jones: Monotonic collections of peripherally-separable con- 
nected domains. e 
It is shown that: In a locally connected metric space, every monolonic collection of 
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peripherally-separable connected domains contains a countable subcollection running 
through tt. Weakening the hypothesis of the theorem in any one respect results in a 
false proposition. A few simple applications are indicated. (Received January 24, 
1941.) 


177. Shizuo Kakutani: A generalisation of Brouwer's fixed-point 
theorem. 


A generalization of Brouwer’s fixed-point theorem (concerning a continuous point- 
to-point mapping é(x) of a finite dimensional simplex S into itself) is obtained for the 
case of a point-to-set mapping ®(x), when the image &(x) of each point is a closed, 
convex set contained in or equal to S. Instead of the continuity of ¢(x), the upper semi- 
continuity of (x) is assumed. The fixed-point theorems of J. von Neumann in his 
theory of games (Mathematische Annalen, vol. 100 (1928)) and mathematical eco- 
nomics (Ergebnisse eines Mathematischen Kolloquiums, vol. 8 (1937)) are easy con- 
sequences of this result. In order to prove the theorem, the fixed-point theorem of 
Brouwer must be assumed. (Received January 22, 1941.) 


178. J. L. Kelley: A theorem on transformations. 


Let f(X) = Y te a monotone interior transformation of a compact metric space and 
suppose dim Y< + œ. Further suppose diam f-!(y) zd » 0 for all y C Y. Then there 
exists a closed, totally disconnected subset Xo of X such that f(X) = Y. As a result 
it is shown that if there exists a Knaster continuum (that is, an indecomposable con- 
tinuum every subcontinuum of which is decomposable) of dimension greater than 1, 
then there exists a Knaster continuum of infinite dimension. (Received December 30, 
1940.) 


179. R. C. Stephens: On abstract mappings. 


Following the notation of Chittenden, a space (P, ¢) denotes an abstract set P 
and a relation between subsets of P. A mapping T of (P, ¢) onto (Q, ¢) will be called 
a é-mapping provided that for every subset E of Q, the inverse transformation T-1 
satisfies the relation &T1(E) = T-!9(E). In this paper, theorems are established for 
-mappings with ¢ having various simple properties. These results are then applied 
to standard operators. The relationship of ¢-mappings to interior transformations is 
shown. (Received January 20, 1941.) 


180. Hassler Whitney: Geometric methods in combinatorial topology. 
Preliminary report. 


Singular cycles in a polyhedron P give a geometric content to the theory of cycles 
in a corresponding complex K. “Hypercycles” in P are defined corresponding to co- 
cycles in K. A hyperchain p is, essentially, a homomorphism, into a coefficient group G, 
of singular cycles C whose boundaries do not touch the "nucleus" N, of p, and which 
themselves do not touch the “nuclear boundary” N; (N; C.N). The “hyperboundary” 
p’ of p is easily defined: Ny =N; , N/ —0. Any p'- Cris an element of G. If K' is the 
first derived of K, to each oriented o corresponds a p,, whose nucleus is the set of closed 
cells of K’ touching o only at its center, and with “orientation” that of ø. Then 
Pe'a =]. In an orientable manifold M*=K, a cycle Ct of K corresponds to a p*- 
with nucleus C*, and a chosen orientation of cells «777 normal to C”. If p" and p* are 
in “general position," their “product” gives a p= pr ~p"; Norte = Ns (\ Na. Also 
p* ^. Cr** S Cr. In M*, passing to cycles, both products give ordinary intersections. 
(Received January 25, 1941.) 
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181. G. T. Whyburn: On mappings inio the circle. 


If f(x) is a continuous mapping of a metric space X into the unit circlompof the 
complex plane, the property of a subset Y of X to have f not equivalent to 1 (in the 
Eilenberg sense) on Y is inducible. Thus if X is compact and f is not equivalent to 1 
on X, there exists a compact subset Y of X on which f is irreducibly not equivalent 
to 1. Further, any such set Y is a continuum not separated by any proper subcon- 
tinuum. Hence the property of having f~1 is Eo-extensible for compact sets X; that 
is, if f~i on each Evset of every component of X, then f~1 on X. In particular, 
property (b): to have every continuous mapping into the circle equivalent to 1, is 
Eyextensible and reducible. Using this result it is shown directly that the number 
b(Y) is cyclicly additive for compact sets X, that is, b(X) =) b(Eq) where the Ea 
are the simple links of the components of X and where, in general, 6( Y) denotes the 
rank of the factor group SY/P(Y) where SY is the group of all mappings into S and 
P(Y) is the subgroup of all elements of SY which are equivalent to 1 on Y. (Received 
January 21, 1941.) 
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SOME ASPECTS OF THE PROBLEM OF 
MATHEMATICAL RIGOR! 


HASKELL B.'CURRY 


1. Introduction. The cue for the title to this address is taken from 
that of one by Pierpont before the Nashville meeting of this Society 
several years ago.* This is typical of a number of expository treat- 
ments of this topic which have been presented to the mathematical 
public in recent-years.? In the present paper I shall discuss the same 
theme in a somewhat different manner. Relying upon these expository 
addresses for the historical background, Í propose to treat certain 
aspects of the subject which have been rather neglected in them. 'The 
discussion is frankly from a single point of view, which is a species of 
formalism. I shall try, in the first place, to explain the fundamental 
concepts of formalism, and, in the second place, to add some new sug- 
gestions and criticisms in matters of detail. f l 

The problem of mathematical rigor is that of giving an objective 
definition of a rigorous proof. If you will examine your ideas on this 
subject I think you will agree that there is something vague and sub- 
jective about them. This does not mean, of course, that they are un- 
satisfactory for the needs of working mathematicians. In daily life, 
when we say`that a piece of cloth is a yard wide, we really mean that 
its width is a certain legally defined fraction of the distance between 
two scratches on a metal bar located in Paris; nevertheless we do not 
rush to Paris when we wish to verify that a piece of cloth has this 
property. Secondary standards of varying degrees of accuracy suffice 
for the needs of daily life and of science; but neither science nor busi- 
ness would be possible without exact primary standards. Even so we 
need a primary standard of rigor in mathematics. The definition of 
such a standard, and the elaboration of practical secondary standards 





1 An address delivered before the meeting of the Society in New York City on 
October 26, 1940, by invitation of the Program Committee. 

2 J. Pierpont, Mathematical rigor, past and present, this Bulletin, vol. 34 (1928), 
pp. 23-53. 

1 See for example A. Dresden, Some philosophical aspects of mathematics, this Bulle- 
tin, vol. 34 (1928), pp. 438-452; G. H. Hardy, Mathematical proof, Mind, vol. 38 
(1929), pp. 1-25; E. R. Hedrick, Tendencies tn the logic of mathematics, Science, vol. 77 
(1933), pp. 335-343. 

4 For views related to those here presented, see my paper Remarks on the definition 
and nature of mathematics, Journal of Unified Science, vol. 9, pp. 164-169. This is an 
abstract of an address delivered before the Fifth International Congress of Unified 
Science at Cambridge, Massachusetts, September 5, 1939. 
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in relation to it, constitutes the outstanding problem of the founda- 
tions of mathematics. 

This problem is evidently tantamount to finding exact criteria for 
the truth of a mathematical proposition. For we should regard à rigor- 
ous proof as a process of making manifest the truth of its conclusion; 
and the problem of rigor is inseparable from that of truth. 


2. Critique of the non-formal theories of mathematics. There are 

three main types of view as to the nature of mathematical truth; 
these I shall call realism, idealism, and formalism. The first of these 
is the view that mathematical propositions concern the real world 
(in the sense of our physical environment); the second holds that 
mathematics deals with mental objects of some sort. These two views 
have in common the notion that mathematical propositions have an 
essential subject-matter or content, with respect to which truth and 
rigor are definable; they are what the Germans would call “inhalt- 
lich.” Since there is no satisfactory translation of this word into 
English,* I propose that we call them contensive, where 'contensive' 
is derived from 'content' in the same way as 'intensive' from 'intent.' 
The formalist view will form the main subject of the present paper; 
but before we take it up it will be appropriate to consider a few re- 
marks about the others. 
' The realist view evidently does not need to be taken seriously at 
the present time. Of course it is the original view—the mathematics 
of primitive peoples is essentially empirical—and it is tenable for sim- 
ple arithmetic propositions such as a 24-2 —4. But that the infinitistic 
conceptions of modern mathematics have no counterpart in the ex- 
ternal environment is a point which needs no elaboration. 

The idealist view has many varieties according to the nature of 
the mental objects on which it is based. On the one hand there is the 
view, called by Bernays* Platonism, which ascribes an independent 
existence to all the infinitistic conceptions of mathematics; at the 
other extreme there is intuitionism, which denies this existence, but 
bases everything on an a priori intuition. Whatever the nature of 
these mental objects, all forms of idealism are subject to the same 
fundamental criticism, namely, that the criterion of truth is vague at 
best, and the existence of the mental objects is a metaphysical hypoth- 


5 Translations sometimes used are 'material' and 'intuitive'; but these have un- 
desirable connotations. : 

* P. Bernays, Sur le platonisme dans les mathématiques, L'Enseignement Mathé- 
matique, vol. 34 (1935-1936), pp. 52-69. Thre are naturally many different varieties 
of Platonism and also, for that matter, of intuitionism. 
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esis from which mathematics should be free, if it is to be an objective 
science. l 

That this criticism applies to Platonism has been shown by its in- 
tuitionist critics, and is now fairly generally admitted. But it also 
applies to more moderate forms of idealism, and even to intuitionism 
itself. For the vagueness of the fundamental “oerintuitie der wis- 
kunde” has been noticed by several persons; and Heyting himself, in 
his Ergebnisse report of 1934, explicitly denies the possibility of de- 
scribing it exactly." On the other hand it is clear from the intuitionists' 
writings that they conceive their fundamental intuition to be (1) es- 
sentially a thinking activity,? (2) a priori,? (3) independent of lan- 


'. guage,! and (4) objective, in that it is the same in all thinking 


beings.!! The existence of an intuition having these properties—or 
even the first three of them—is an outright assumption. Ft is doubtful, 
indeed, if there is any a priori knowledge; and it has been rationally 
maintained that thinking of any kind is impossible without language. 
Furthermore the fourth property, although it is absolutely vital if 
intuitionism is to give any account of mathematical truth at all, 
' seems patently incompatible with the other three. In short, the in- 
tuitionist definition of mathematics has meaning only for one who 
postulates an a priori intuition which is both objective and pre-lin- 
guistic. Although such a postulate is agreeable to certain types of 
philosophy, yet it is an assumption for all that; and one which, from 
other points of view, is highly dubious and metaphysical. 

The intuitionist school has made contributions of great value to 
the foundations of mathematics. Not only have they cleared away 
much of the rubbish of old-fashioned Platonism, but they have helped 
to sharpen the ideas of the formalists. We shall see later that most of 
the constructive suggestions of the intuitionists, when cleared of their 
metaphysics, find their justification in modern formalism. But 


* A. Heyting, Mathematische Grundlagenforschung, Intustionismus, Bewetstheorte, 
Ergebnisse der Mathematik und ihre Grenzgebiete, vol. 3, no. 4, Berlin, Springer, 
1934. See for example, page 12 where he writes “Uberdies ist es an sich widersinnig, 
die Möglichkeiten des Denkens in das Mieder bestimmter zuvor angebener Kon- 
"struktionsprinzipien zwüngen zu wollen. Man muss sich also darauf beschrünken, 
durch mehr oder weniger vage Umschreibungen in dem Hórer die mathematische 
Geisteshaltung hervorzurufen." 

8 “ine konstruktive Tätigkeit unseres Verstandes" (Heyting, loc. cit., p. 2). 

? “Die mathematischen Gegenstände werden von dem denkenden Geist unmittel- 
bar erfasst; die mathematische Erkenntnis ist daher von der Erfahrung unabhängig.” 
(Heyting, loc. cit., p. 3.) 
^o 1 Cf. Heyting, loc. cit., p. 13. 

11 A fifth characteristic, its relation to time, is irrelevant for us. 
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the fundamental basis of their theory is a metaphysical doctrine. 

Before leaving the subject of contensive definitions it will be neces- 
sary to consider the term logicism (or logisticism). It is sometimes 
maintained that there are three principal views as to the foundations 
of mathematics: intuitionism, formalism, and logicism, where the last 
is the view that mathematics is reducible to logic. If we had a satis- 
factory definition of logical truth and of logical rigor, logicism would 
solve our problem very nicely. But the paradoxes have shown that 
this is not the case; and in fact logic is as much in need of definition 
as mathematics. Hence to say that mathematics is logic is merely to 
replace one undefined term by another. Practically all competent 
writers realize this; and those who maintain that mathematics is logic 
generally couple this contention with some explanation of what logic 
is. But when we take these definitions of logic into account, the re- 
sulting definitions of mathematics are not a unified view according 
to the classification here adopted. Ramsey was a Platonist; Frege 
was essentially a formalist, and most of the modern writers who are 
popularly classified as logicists are definitely so. 'Logicism,' then, is 
not the name of a distinct view in regard to the foundations of mathe- 
matics. . 

From these considerations we see that a satisfactory contensive 
definition of mathematical truth and rigor has not been made; and 
indeed there is reasonable doubt as to whether such a definition is 
possible. Although such conceptions are current among mathema- 
ticians, they are useful only as secondary standards. 


3. The notion of formal system. This brings us to formalism. Ac- 
cording to this view the emphasis is not on the content of mathemati- 
cal propositions, but on the method of derivation. We have an exact 
definition of a rigorous proof, and identify truth with the existence 
of such a proof. 

The precise analysis of this rather vague definition requires pre- 
liminary consideration of some basic concepts. The first of these con- 
cepts is the notion of formal system.” This is a refinement of the naive 
notion of a postulate system, and it will be convenient to introduce 
the new notion by taking an example of the latter notion and formal- 
izing it. The example selected is Dickson's postulate set for group 
theory,” as follows: 


4 This statement is meant in the sense that the notion of formal system is taken 
as basic in the present paper, not that it is characteristic of formalism as such. Cf. ` 
below, $5. E 

8 L, E. Dickson, Definition of a group and a field by independent postulates, Trans- 
actions of this Society, vol. 6 (1905), pp. 198-204. 
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DICKSON’S POSTULATES FOR GROUPS 


A. Primitive ideas. G, o. 


B. Postulates. 
1. Ifa and b are elements of G, then a o b is a uniquely determined 
element of G. "5 


2. If a, b, c are any elements of G, then 
ao(boc) = (aob)oc. 
3. There exists an element e of G, such that for any element a of G 
Goe- a. 
4. For each element a of G there exists an element a’ such that 
aoa =e. 


This set of postulates determines a set of theorems which are de- 
rived from them by the processes of logical deduction. But, as we have 
seen in the discussion of logicism, this is not an objective characteriza- 
tion. It is necessary to specify in detail the way in which theorems are 
to be derived. M 

A formal system may be naively déscribed as what such a postulate 
system becomes when we put in these refinements. More precisely, 
such a system is defined by a set of conventions, which I shall call its 
primitive frame. These conventions are of three kinds, as follows: first, 
those which specify the objects of the system, which I shall call its 
terms—in the case of group theory these are the elements of the group; 
second, those determining a set of propositions, which I shall call the 
elementary propositions, concerning these terms—in the case of group 
theory these are the equations; and third, those which specify which 
of the elementary propositions are true, that is, are theorems." These 
specifications have the form of recursive definitions. Thus the term- 
specifications give a list of primitive terms, or tokens, together with 
operations and rules of term formation which describe how further 
terms are to be constructed from the tokens. The specifications for 
elementary propositions consist of a list of predicates (properties, rela- 
tions, and so on) together with rules of proposition formation for con- 
structing elementary propositions by means of them. Finally, the 
specifications for theorems consist of a set of elementary propositions, 
called axioms, which are stated outright to be true; together with 
rules of deduction showing how further theorems are to be derived. 





4 Throughout this paper I shall use ‘theorem’ in the sense of ‘true proposition.’ 
Thus an axiom is a theorem by definition. 
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As in recursive definitions generally a property of closure is under- 
stood, namely, that the specifications give all the entities recursively 
—for example, all the terms are obtained by the processes described 
in the term specifications, and so on. 
For a system G, related to group theory, the primitive frame is as 
follows: 
SYSTEM G 
I. TERMS. 
A. Primitive terms, or tokens. e, 04, ` © +, Qn. 
B. Operations. o (binary), ’ (unary). 
C. Rules of term formation. 
1. If A and B are terms, A o B is a term. 
2. If A is a term, A’ is a term. 


II. ELEMENTARY PROPOSITIONS. 
A. Predicates. = (binary). 
B. Rule. If A and B are terms, then A=B is an elementary 
proposition.!5 


III. THEOREMS. 


A. Axioms. If A, B, C are terms, then— 
1. Ao(BoC)=(AoB)oC, 
2. Aoe=A, 
3. 40 A'—e. 
B. Rules of deduction. For any terms A, B, C— 
1. If A =B, then B=A. 
2. If A=B and B=C, then A=C. 
3. If A=B, then CoA=CoB. 
4. If A=B, then AoC=BoC.. 
5. If A=B, then A’=B’. 

The following remarks are intended to clear up certain points in 
regard to the primitive frame. (What. a formal system essentially is 
will concern us later; for the present we are interested only in the 
specifications by which a formal system is defined.) 

First, as to the symbols used. In the above statement of the primi- 
tive frame the symbols ʻe, ‘a1,’---, ‘Gq,’ ‘o,’ 9, ‘=’ are used to 
designate definite constituents of the system; on the other hand the 
capital letters, parentheses, and also words such as ‘proposition’ are 
to be taken as part of ordinary language. The capital letters, in 


15 On the omission of quotation marks here see Footnote 20. 
18 Ordinary language must here be undefstood as including the use of variables 
and parentheses in the way in which they are employed in mathematics. 
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particular, are intuitive variables whose values are unspecified terms. 
Thus the specifications III A are to be understood in the sense that 
for each particular determination of ‘A,’ ‘B,’ ‘C,’ each of the three 
propositions stated is an axiom; there are, therefore, infinitely many 
axioms subsumed under three axiom-schemes.! 

Again, the conventions I, II, have a different character from III, 
and it is convenient to have a name for them collectively. I shall call 
these specifications and considerations based on them morphological, 
as opposed to the conventions III which will be called theoretical. The 
morphology of the system G has evidently a quite trivial character; 
in more sophisticated systems we may have a much more complicated 
morphology—involving different categories of terms, or even a whole 
hierarchy of types, relations between terms and definitions of compli- 

‘cated derived notions.such as substitution. But we must suppose in 
all cases that the morphological specifications enable us to determine 
whether a given combination of symbols denotes a term (or an ele- 
mentary proposition).!? 

These notions may be made somewhat clearer if I add a word or two 
concerning the interpretation. In the system G the a, `: >, a, may 
be thought of as the generators of. the group. On the other hand it 
may be shown that if in any theorem involving any a; we substitute 


17 This term is due to J. von Neumann, Zur Hilbertschen Beweistheorie, Mathe- 
matische Zeitschrift, vol. 26 (1927), pp. 146. 

18 It is to some extent arbitrary what considerations are taken as morphological; 
for in case of systems with a complicated morphology—say with different types of 
terms—we can take these types of terms as new predicates and transfer the rules con- 
cerning them into the theory. If this is carried to the limit we should arrive at a formal 
system, like the system G, in which there is only one category of terms, and it is not 
really necessary to state any morphological rules beyond giving the number of argu- 
ments for each operation and predicate. The natural formulation of the primitive 
frame on such a basis would be—--.. . 

I. Primitive ideas. : : 

A. Tokens (primitive terms). 

B. Operations (classified as to number of arguments). 

C. Predicates (do.). 

II. Primitive theorems. 

A. Axioms (that is, elementary primitive theorems). 

B. Rules. 
Such a system let us call a completely formal system. Evidently it is the more definite 
concept, and for a primary standard of mathematical rigor it forms the proper basis. 
G is an example of sucha system. In most theories, however, there is a class of theo- 
rems, of a relatively trivial nature (from the point of view of that theory) which it is 
convenient to take unformalized. The concept of a formal system, with the possibility 
of some complication in the morpholofy, is thus more easily fitted to existing theories 
than that of a completely formal one. 
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an arbitrary term A for a, the result is again an elementary theorem. 
It follows that the a; may also be thought of as variables, and that 
the system contains those general equations of group theory which 
do not contain more than s variables. To include all equations we 
must, naturally, postulate infinitely many primitive terms. If a sub- 
stitution rule is added to the rules as Rule 6, then the axiom schemes 
may be replaced by three single axioms as follows: 

1. 410 (42043) = (410 a3) 0 as, 

2. 0106-4, 

3. ajoa =e. 

The above formal system has of course a quite trivial character. 
(I do not claim that it is an adequate formalization of all of group 
theory.) On account of limitations of time, however, it will have to 
do as an example. 


4. Discussion of the nature of a formal System. Let us now turn 
to the discussion of $ome points about the nature of a formal system. 
We shall inquire in what sense we may think of a formal system as 
an object, and whether we are justified in the use of the words 'propo- 
sition' and 'true' in connection with it. Also, on account of the promi- 
nence given to the question by Hilbert, it is necessary to say something 
about the relation of a formal system to symbolism; in this section 
and the next I shall defend the thesis that the extreme nominalism, 
with which formalism is now popularly associated, is no essential part 
of the doctrine. 

As a preliminary to this discussion we must take account of the 
distinction between the use of a symbol as denoting something and 
the consideration of that symbol as an object. This is illustrated by 
the two sentences!? 

1. w is an order type. 

2. w is a Greek letter. 

From these it would be false to conclude that a Greek letter is an 
order type. Of course, under certain circumstances it is legitimate to 
use a symbol to designate itself. But, for maximum definiteness, I 
shall, when talking about a symbol (or expression), use a specimen of 
that symbol (or expression) enclosed in single quotation marks as a 
name for it.29 ` 





19 These are due to R. Carnap, Logical Syntax of Language, London and New York, 
1937 (German edition, 1934), p. 156. Some changes in wording have been made. 

2° This notation is due to Frege (see, e.g., Grundgesetze der Arithmetik, vol. 1, 
Jena, 1893, p. 4) and is now quite generally used by logicians. However, the distinc- 
tion itself is made in some manner by linguisfs as a matter of course (and doubtless 
was before Frege's day). The distinction is important wherever the discussion has 
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In setting up the primitive frame of a formal system we are, of 
course, introducing certain symbols; and, although we do not define 
these symbols in the ordinary sense, yet we do specify how they are 
to be used in connection with words of ordinary language (such as 
‘proposition’ and ‘true’). Thus, for G, in I A we say in effect that 
fe, ‘a1,’ >>>, ‘a,’ are nouns; we do not say what they are the names 
of, but they are names of some objects or other, which objects we 
call terms. Let us call these symbols the primitive term nouns. Then 
in I C we state that certain further expressions, formed from the primi- 
tive term nouns, the operators ‘o’ and ‘’,’ and parentheses, are also 
term nouns. II says that ‘=’ is a verb, and that elementary sentences 
are formed by placing it between two term-nouns. It is evident that 





specific reference to the relation between symbols and their referents; but I think the 
confusion caused by non-observance of the distinction in ordinary mathematics is 
somewhat exaggerated: For discussion of this question cf. R. Carnap, Logical Syntax, 
pp. 156-160, or W. V. Quine, Mathematical Logic, New York, 1940, §4. 

The discussion in the text has primary reference to symbols and expressions which 
are nouns. With respect to other types of expressions there should be at least a three- 
fold, rather than a twofold, distinction. Thus, in connection with sentences we need 
to distinguish (a) the sentence as asserting something, (b) a noun naming the proposi- 
tion asserted, and (c) a name for the sentence as a linguistic phenomenon. In the pres- 
ent paper I use the same expression in senses (a) and (b), relying upon the context to 
make the distinction clear. There is abundant precedent for this uage, both in ordi- 
nary and technical discourse, and it avoids overburdening the discussion with exces- 
sive symbolism. Nevertheless, a systematic method of making the distinction would 
be desirable. Such a method would be to use “corners,” as in Quine’s “quasi-quota- 
tion” (loc. cit., pp. 33-37, or Journal of Symbolic Logic, vol. 2, p. 146). This should 
be subject to the same rules as his quasi-quotation in regard to substitution for intui- 
tive variables, so that, for example, we might write the conventions II of the primitive 
frame for G as— 


There is one binary predicate, [—.1 
If A and B are terms, then A = Bl is an elementary proposition. 


If this is coupled with an understanding of what symbols are intuitive variables we 
should have a satisfactory notation. 

The distinction between (a) and (b) may be what the Principia Mathematica (and 
also Frege) had in mind in introducing the assertion sign ‘į .’ However their explana- 
tions in this connection are somewhat vague. All that is clear is that ‘H’ is placed 
before a noun to make a sentence—that is, it is an intransitive verb. It is therefore 
natural to use this symbol for the single unary predicate in formal systems which 
have such; it then corresponds to Hilbert's 'ist beweisbar.' 

The neglect of the distinction between (b) and (c) seems to me to cause as much 
confusion as the neglect of that between (a) and (c). On this point compare the dis- 
cussion of ‘presentation’ below. 

It should be understood that single Quotation marks, and these only, are used in 
the technical sense stated. Double quotation marks are used as in ordinary language. 
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what has been said could be expanded into a way of stating the primi- 
tive frame, and that the new way of statement would be essentially 
equivalent to the preceding one. 

'The new form of statement, however—aside from the disadvan- 
tages inherent in its greater cumbersomeness—is a decided misplace- 
ment of the emphasis. To a mathematician the older form of statement 
indicates that the particular symbols used are irrelevant; whereas the 
newer form appears to be tied to a particular choice of them. Let us 
call a particular statement of the primitive frame, with a particular 
choice of symbols, a presentation of the system. Then the newer mode 
of statement connotes that we have to do with a particular presenta- 
tion. On the other hand, a formal system is to be understood as an 
abstraction from its presentations. This does not mean that a formal 
system is a mystic entity subsisting apart from its presentations. In- 
deed the question of the philosophic nature of such an abstraction is 
irrelevant to the present discussion. All we need to know is that when 
we think of a presentation as that of a formal system we regard cer- 
tain features as essential and others as irrelevant, and that what we 
have to say applies equally well to any other presentation agreeing 
in the essential features. A similar remark applies to the words 'propo- 
sition,’ ‘predicate,’ and so on, as opposed to the corresponding lin- 
guistic words ‘sentence,’ ‘verb’ (or 'sentential function’), and so on.?! 

The next question is the indeterminacy which we have already no- 
ticed in regard to the terms. The primitive frame does not assign any 
definite objects to the term nouns. We are then free to make what 
determinations we please. Let us call any determination of such ob- 
jects, which assigns a unique term-object to each term noun and con- 
versely, a representation of the system. Then, given any presentation 
of the system, we can always supply a representation. In fact we can 
construct a mechanical model in which the tokens are different kinds 
of buttons and the operations are different ways of tying them to- 
gether. A scheme of doing this for the system G using auxiliary gadg- 
ets for the operations is shown by the diagrams. (Here it is to be un- 
derstood that the holes are for the attachment of strings from the con- 
stituents A, B; while the rings are for attachment of a string connect- 


31 It is not even necessary that the essential features be precisely formulated. As 
ordinarily used 'proposition' is a vague word, in that no exact criteria are given for 
deciding when two sentences express the same proposition. This vagueness is harmless . 
because we seldom or never have occasion to ask the question indicated. The word is 
useful because it indicates in a rough way the level of abstraction at which we are 
operating; which is better than no indicatién at all, or a misleading one. 
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ing to an operation when the term —A o B or A' is itself a constit- 
uent of a more complex term.) 

When this is done the term nouns have been given acontensive mean- 
ing. Now the system does not admit of any further determination of 
such meaning. The indeterminacy which was noted for the terms does 
not extend to the predicates; for the rules II enumerate all of the 


to A : | to A 
to B 
AOB A’ 


significant instances of these predicates and III all the true instances, 
so that the predicates are defined completely by the primitive frame. 
Thus in the above representation the pairs of artifacts between which 
the relation of equality holds are defined by the primitive frame and 
nothing else. Consequently although the terms are unspecified, yet 
for any formal system it is always possible to construct a representa- 
tion supplying this deficiency. The elementary theorems hold without 
regard to how this is done. The representation is therefore an acci- 
dent; and a formal system is an abstraction from its representations 
just as it is from its presentations. 

The notion of representation just discussed must be distinguished 
from another notion, that of interpretation. We speak of an interpreta- 
tion of a formal system when the elementary propositions are put into 
relation with certain contensive propositions independently defined. 
Thus we can interpret Gin a well known manner as a group of trans- 
formations, where two transformations are regarded as equal when 
they associate the same image with each point. This interpretation 
is a valid one, because the transformation processes associated with 
(formally) equal terms are also equal contensively ; but the converse 
is not true. In the case of a representation such questions of validity 
cannot arise; all representations are isomorphic by definition. 

A formal system, then, is something which is abstract in two ways; 
first, as to the symbols used to present it, and second, as to the objects 
used to represent it. The truth*of the elementary propositions is in- 
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dependent of these contingencies. Moreover by virtue of the con- 
ventions III (and the closure property mentioned at the beginning) 
an elementary proposition is true when and only when there exists 
a sequence of elementary propositions, of which the given proposition 
is the last, such that every proposition in the sequence is either an 
axiom or is derived from certain of its predecessors by a rule of de- 
duction. What an elementary proposition asserts is, therefore, pre- 
cisely the existence of such a proof. Assuming that the specifications 
for axioms and rules have a sufficiently definite character which is 
to be taken as part of the definition of a formal system—the checking 
of an alleged proof is an objective process.?? An elementary proposi- 
tion therefore states a question or problem such that an affirmative 
answer can be verified objectively, without any indeterminacy what- 
ever. 


5. The notion of a calculus. Although the notion of formal system 
is here taken as fundamental, yet other related notions are now more 
popular among specialists. As a typical such notion let us discuss here 
the notion of calculus as defined by Scholz.” 

In a calculus it is explicitly stated that the objects we are dealing 
with are symbols. We start with a certain stock of symbols and with 
two kinds of rules for manipulating them. The first kind of rules, 
called formation rules, specifies recursively a certain set of expressions 
—that is, linear sets of symbols—which set I shall call formulas. The 
second set of rules, called transformation rules, specifies a class of 
formulas which I shall call assertible formulas; the rules consist of 
first a definite list of formulas, called here axiom formulas, which are 
assertible, and second, rules determining recursively how further as- 
sertible formulas are to be constructed. 

Now it is evident that the rules of a calculus must be stated-in a 
language such as English; and since the subject matter is symbols and 
expressions, the rules have somewhat the same character as the rules 
of syntax in grammar. For that reason the language is called the syn- 
tax language. On the other hand the expressions being talked about 
have also, in virtue of their being ordered by the rules, some of the 
properties of a language; and it is customary to refer to them as con- 





™ We may require of a proof that not only is the sequence of propositions stated, 
but the reasons for the inference at each stage. 

B H. Scholz, Was ist ein Kalkill und was hat Frege für eine piinktliche Beantwortung 
dieser Frage geleistet, Semester Berichte (Münster), 7th Semester, Summer, 1935 j 
pp. 16-22. The notion is similar to that of R. arnap, Logical Syntax, pp. 4-8, 167 f., 
but is somewhat more explicit, 
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stituting the object language. There are thus two languages associated 
with a calculus, and the calculus may be thought of as a statement 
of the syntax of the object language in the syntax language. However 
the object language is a language only in a highly technical sense; it 
may or may not be a language in the usual sense. 

Let us now consider the relations between a calculus and a formal 
system. We shall see that a formal system can be converted into a 
calculus, or something essentially similar, in two ways, either of which 
can be carried out mechanically. Conversely, by passing to a higher 
level of abstraction, a calculus can be converted into a formal system. 

The process indicated in the discussion of presentation gives a 
method of forming a calculus from the symbols of the presentation. 
Thus, for. the above presentation of the system G, take as symbols 
te, ‘a1,’ s, ‘Gn,’ ‘0,’ I" ‘=,’ ‘(,’ ‘)’; take as formulas the elementary 
sentences, and as assertible formulas those which express true propo- 
sitions. Then, reinterpreting the rules, we have a calculus. This proc- 
ess I shall call calculization of the presentation. It is subject to the 
objections which were mentioned in the discussion of presentation. 

Another way of reducing a formal system to a calculus is to repre- 
sent the system symbolically. A uniform process for doing this is 
illustrated by the following procedure for G; Let e, a1, : : * , an be 
respectively ‘e, ‘ai,’ : - - , ‘ap,’ and let ‘$, 'V,' be two new symbols; 
for given terms A and B, let A o B be the expression got by writing 
in order first ‘$, then A, then B; and let A’ be obtained by prefixing 
‘y’ to A. That this is a representation follows by certain results of 
Lukasiewicz.* Then the terms will be a certain class of expressions 
which we can take as formulas. The resulting representation is not 
a calculus, because a relation between formulas and not a class of 
formulas is defined, but it has the essential nature of a calculus, and 
may be called a generalized calculus.** The reduction would lead pre- 
cisely to a calculus if the original system had a single unary predicate; 
and by a rather trivial change every formal system can be reduced to 
one of that character.?* By this mode of reduction—as in any repre- 
sentation—the symbols of the primitive frame belong to the syntax 


™ J. Lukasiewicz and A. Tarski, Untersuchungen über den Aussagenkalkul, Comptes 
Rendus de la Societé des Sciences et des Lettres de Varsovie, class III, vol. 23 (1930), 
p. 31. where references to earlier papers by Lukasiewicz (in Polish) may be found. 

% The Church theory of conversion is an example of such a generalized calculus 
which occurs in the literature. See A. Church, Mathematical Logic, Princeton Univer- 
sity (mimeographed), 1936, chap. 1. 

* For the system G this can be done*by introducing a new binary operation * and 
unary predicate +, then replacing A =B by | (A*B). 
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language, and the object language is the invented representation.?7 

In a calculus we do not consider all properties of the symbols, but 
only such as follow from the syntactical rules. Thus a calculus is to a 
certain extent abstract. We can make this abstractness explicit by 
converting to a formal system. In fact, using methods due to Tarski 
and Hermes?? we can find a (represented) formal system such that 
the tokens are the object symbols, the terms are the expressions, there 
is a single unary predicate, and the elementary theorems ascribe this 
predicate to those and only those expressions which are assertible for- 
mulas. We then have a formal system of a special kind with a sym- 
bolic representation. The object language can now be abolished 
altogether. Other processes of formalization—in which the terms are 
formulas or other special classes of expressions—may be possible; and 
if the calculus is obtained by calculization of a formal system, a proc- 
ess of formalization can be found which will bring us back to another 
presentation of the original formal system. 

These considerations show that a formal system and a calculus are 
essentially equivalent notions. A calculus is, in fact, merely a formal 
system tied to a special representation. This representation is acci- 
dental. A formal system is just as exact a notion; it does not force 
emphasis on extraneous considerations; it requires only one set of 
symbols, and these are adjuncts to the language we use, not that 
which we talk about; it leaves the way open for representations in 
terms of some subject matter more suggestive than symbols; and a 
symbolic representation can be manufactured for it when needed. For 
these reasons the notion of formal system is here preferred as the 
fundamental notion of formalism. 

So much for the notions of formal system and calculus. The im- 
portant point is that for elementary propositions we have an objective 
criterion of rigor. We turn now to the consideration of propositions 
which are not elementary. 


6. Metatheory. In the actual study of a formal system we do not 
confine ourselves to deducing elementary propositions step by step. 
Rather we take the formal system as datum, and, having defined the 


37 [n the case of a completely formal system (see Footnote 16) with one unary 
predicate, this object language would consist of formulas and coordinating conjunc- 
tions only. 

38 E.g., see A. Tarski, Einige Betrachtungen tiber die Begriffe der w-Widerspruchs- 
freshest und der w Vollstandsgkeit, Monatshefte für Mathematik und Physik, vol. 40 
(1930), pp. 97-112, and H. Hermes, Semiotik? Forschungen zur Logik und zur Grund- 
legung der exakten Wissenschaften, new series, vol. 5, 1938. 
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object of study by setting up the primitive frame, we investigate it 
by any means available. In so doing we may formulate further propo- 
sitions. I shall call these non-elementary propositions metapropost- 
tions (when true, metatheorems), and the method of study which gives 
rise to them the metatheoretic method. 

We have already had an example of a metatheorem, namely, the 
substitution rule for the system G. It will be instructive to consider 
this theorem a little more carefully. First we need a precise definition 
of what we mean by the result of substituting the term C for the 
token a; in the term A. Let us call this result A*. Ordinarily we define 
it with reference to the symbols used to designate A and C; but this 
apparent dependence on symbols can be avoided by defining A* re- 
cursively thus (here ‘=’ denotes definitional identity): 

1. a* aC; 

2. If A isa token distinct from a;, A*=A; 

3. (Ao B)*& A*o B*; 

4. (A')*=(A*)’. 

The theorem, now, is the following: Suppose that A and B are terms 
such that 


(1) A=B, 
and C is a term, then 
(2) A* = B*. 


Without going into details we may notice that the proof contains two 
essential steps. First, the conclusion is true if the hypothesis is an 
axiom; in fact then the conclusion is an axiom. Next, suppose the 
hypothesis is derived by a rule of procedure from certain premises, 
and that we have already shown that the theorem holds for these 
premises; then the same rule of procedure allows us to derive the 
conclusion from the transforms of the premises. At this point it is 
customary to say that the theorem follows by induction. However, 
what we have actually done is to exhibit a process whereby, given a 
proof of (1), we can convert it step by step into a proof of (2). 

The variety of metatheorems is immense. Some further examples 
are the following. In the first place we may have simple combinations 
of the elementary propositions, namely, 


a,0e=¢04, = 41, 


which may be regarded as a conjunction of three elementary theo- 
rems. Then there are general theorems conjoining whole classes of 
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elementary propositions such as 
A'oA =e 


(the axiom schemes, considered as single propositions, are of this char- 
acter); or derived rules, such as— S 


If AoB=e then B - 4'. 


' Again we may introduce additional operations and predicates by re- 
cursive definitions, and consider general theorems concerning them, 
like the one just treated or the generalized associative law. Moreover 
there are properties of the system as a whole; such as consistency, 
completeness, and resolvability. We may also consider the relations 
of a system to other systems, in particular to its own subsystems and 
supersystems, its extensions of various kinds and so on. Here we tap 
the resources of modern algebra, with its extensions and ideals, in- 
cluding the four morph brothers—homo-, iso-, auto-, and holo-. Such 
metatheorems form the very life and soul of mathematics. Finally we 
may have considerations relating a system to extraneous (non-mathe-^' 
matical) considerations, idealistic hypotheses, or what not, such as 
the semantical investigations of Tarski and Carnap. 

If the notion of formal system is taken as a basis, these metatheo- 
rems are expressed in the same language as the elementary theorems. 
Metatheory is thus not quite the same notion as Hilbert's metamath- 
ematics, although it is related to it. Hilbert sets up a calculus which 
may be regarded as the calculization of a portion of mathematics; and 
then calls the study of this calculus metamathematics. This is, to say 
the least, an unfortunate terminology. Hilbert, presumably, does not 
mean to imply that mathematics is merely a meaningless-playing with 
the counters of his calculus, but rather that mathematics is an activ- 
ity carried out in an interpreted object language from which meaning 
has been abstracted in the process of calculization; on the other hand 
his calculization does seem to imply, insofar as mathematics is formal, 
that the only legitimate mathematics is the explicit derivation of ele- 
mentary theorems. But metatheorems have as good a right to be 
called mathematical as elementary ones; moreover from the general 
point of view which I shall mention later, Hilbert's metamathemat- 
ics is a branch of mathematics rather than something. which tran-" 
scends it. Furthermore, we have already seen that if Hilbert's calculus 
is formalized we come back to another presentation of the original 
mathematics in the syntax language. The absolute separation of 
mathematics and metamathematics is fictitious. Hilbert’s calculiza- 
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tion had, I think, a psychological purpose, which it served well; but 
there is no sound basis for affirming the necessity of any such process. 

As to the criteria of rigor for metatheoretic proofs, it is evident that 
we cannot handle the question as definitely as for the elementary 
ones. Many metatheoretic propositions have a vague character and 
require analysis. Such analysis can be given only by considering the 
specific kinds of metapropositions concerned. However, supposing 


this analysis made, we can divide metatheoretic proofs into two kinds; . : 


constructive and non-constructive. A constructive proof is one which, 
like the above proof' of the substitution theorem, exhibits a process 
which can actually be carried through in any particular case arising 
under the hypotheses. For such a proof the criterion of rigor is re- 
duced in the last analysis to that for the elementary propositions, and 
it has the same objective character. On the other hand the non-con- 
structive proof depends on idealistic or other extraneous assumptions; 
and therefore we cannot regard them as purely formal. 
“An especially important class of metatheorems is constituted by 
_ certain theorems of incompleteness which have played a prominent 
tole in recent years. These started with the Lówenheim? theorem of 
1915, which was later refined by Skolem.?? The upshot of these theo- 
rems was that any system of a certain kind would have an enumerable 
model in a sense which cannot be gone into here; since these systems 
have also interpretations which are non-enumerable, it follows that 
“© the interpretation cannot be unique as to structure. This, of course, 
is a non-constructive theorem. Sixteen years later Gödel?! proved con- 
structively that in systems strong enough for the usual mathematical 
purposes there are elementary propositions such that, if the system 
is consistent, neither these propositions nor their formal negatives 
within the system can be proved. A similar theorem of Kleene and 
Rosser, published in 1935,?? shows that a formal system cannot have 


1» L, Lowenheim, Über Möglichkeiten im Relativkalkul, Mathematische Annalen, 
vol. 76 (1915), pp. 447-470. 

25 Th. Skolem, Logisch-kombinatorische Untersuchungen iber die Erfüllbarkeit oder 
Beweisbarkeit mathematischer Sätze nebst einem Theoreme über dichte Mengen, Videns- 
kapsselskapet Skrifter, class I, 1920, no. 6. 

n K, Gödel, Uber formal unentscheidbare Sätze der Principia Mathematica und ver- 
wandter Systeme, Monatshefte für Mathematik und Physik, vol. 38, pp. 173-198. 
For expositions of this famous theorem see also D. Hilbert and P. Bernays, Grundlagen 
der Mathematik, vol. 2, 1939, pp. 269-289, also J. B. Rosser, An informal exposition 
of proofs of Güdel's theorem and Church's theorem, Journal of Symbolic Logic, vol. 4 
(1939), pp. 53-60. 

31 S. C. Kleene and J. B. Rosser, The itconsistency of certain formal logics, Annals of 
Mathematics, (2), vol. 36 (1935), pp. 630-636. A revised proof of this theorem is con- 
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a kind of completeness as to term-formation and at the same time be 
capable of formalizing—in a sense which cannot be explained here— 
its own deductive processes. 


7. Definition of mathematics. We are now in a position to discuss 
the formalist definition of mathematics. In this connection the incom- 
pleteness theorems just discussed have important consequences for 
the formalist conception of mathematics. Indeed they show that it 
is not feasible to consider mathematics as the development of a single 
formal system. There are other reasons, too, which support such a 
view; for the arbitrary nature of the definitions constituting the prim- 
itive frame of a formal system shows that, in principle at least, all 
formal systems stand on a par. The essence of mathematics lies, 
therefore, not in any particular kind of formal system, but in formal 
structure as such. Mathematics, then, should be defined as the science 
of formal systems in general; it should include all propositions elemen- 
tary or metatheoretic, relating to one system or several, or to formal 
systems in general, so long as their criteria of truth depend on formal 
considerations alone. 

This last proviso would exclude from mathematics proper all theo- 
rems depending on non-constructive proofs. This does not mean that 
these theorems are without mathematical interest. They are simply 
mixtures of mathematics and something else. As the example of the 
Lówenheim-Skolem theorem shows, these theorems are often of great 
significance for us; moreover they may lead to purely mathematical 
propositions at a higher level of formalization. 

Mathematics, so conceived, has the following characteristics. First, 
it includes everything we know as mathematics. Classical analysis, 
for example, although not constructive when regarded as a meta- 
theory of arithmetic, nevertheless can be embodied in a more inclu- 
sive formal system.* Second, mathematics is a science, in that it 
consists of propositions—not formulas but real propositions, with a 
definite criterion of truth. This criterion of truth is capable of fully ` 





tained in my paper The paradox of Kleene and Rosser (not yet published), and a con- 
siderable simplification in a paper, underthe same title as that of Kleene and Rosser, 
which is now in preparation. i 

* This statement is not to be confused with the naive view that mathematics 
consists of more or less autonomous postulate systems. For if we could formulate a 
completely adequate logic, then these postulates could be added to the hypotheses of 
the theorems, and so all the postulate systems could be subsumed under one master- 
system—logic. But the point is that we can not have any such logic. 
^ "^ Such formal systems, insofar as they afe known at present, are not wholly satis- 
factory. Cf. Church's appendix to F. Gonseth, Philosophie Mathématique, Paris, 1940, 


1941] MATHEMATICAL RIGOR 239 


objective verification or proof—the primary standard of rigor for such 
a proof being the definition of derivability of an elementary proposi- 
tion. On the other hand the gist of mathematics is that we make 
definitions by recursion, and then draw particular consequences by 
applying the definitions and general consequences by mathematical 
induction. There is thus a certain amount of justice in the view that 
mathematical theorems are consequences of definitions; but since the 
definitions are recursive, mathematics does not have the trivial char- 
acter which that seems to imply. Likewise there is justice in the view 
‘that mathematical induction is a process of cardinal importance. 
However, it is not a mysterious power of the human mind, as Poincaré 
seemed to think, but is simply a corollary of recursive definitions; 
for if we demonstrate by mathematical induction that all members 
of a recursively defined class have a certain property, that demon- 
stration is constructively valid because by definition every member of 
the class can be reached by the inductive process. 

At an earlier stage I stated that most of the positive criticisms of 
the intuitionists find their justification in modern formalism. We have 
seen that this is so for the Kronecker demand for constructivity ; in- 
deed we are more stringent in this particular than the intuitionists 
themselves.” In the preceding paragraph we have also seen that their 
emphasis on mathematical induction has some justification. As for the 
law of excluded middle, it is necessary first to explain what it means. 
If we interpret it as a metaproposition concerning a formal system S, 
to the effect that every elementary proposition of S is true or false, 
then we need to know the meaning of ‘false’ (not to mention ‘or’). 
Now although we know what it means to verify an elementary propo- 
sition of S, yet we have no constructive definition of what it means to 
say it is false. We might define constructive falsity in any one of a 
number of different ways; but for any of the suggested definitions the 
law of excluded middle holds only if the system has a relatively trivial 
character. 

There is not time to go further with this. We can say, however, 
that it is useless to deny that intuition is involved in mathematics— 
if one defines intuition properly the statement is a tautology. How- 
ever, we do not have to postulate a metaphysical character for it; 


3 This is shown by Gódel's reduction of classical arithmetic to that of intuitionism 
(Zur intuitionistischen Arithmetik und Zahleniheorie, Ergebnisse eines mathematischen 
Kolloquiums, vol. 4 (1932), pp. 34-38). The consistency of classical arithmetic can- 
not be proved constructively in any such simple manner. 

% These matters I plan to discuss more fully in a forthcoming paper Some proper- 
tees of formal deducsbilsty. 
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indeed to many of us it seems that this intuition is an empirical, 
linguistic phenomenon. On the other hand if we subtract from intui- 
tionism its metaphysics, the remaining differences between it and 
formalism are relatively superficial as regards mathematical rigor. 
The main point is that the intuitionist prefers to’ confine attention 
to certain special types of formal systems. This leads to considera- 
tions, going beyond the definition of rigor, to which we must now de- 
vote some attention. 


8. Acceptability. It is obvious that we are not interested in all for- 
mal systems. Those considerations which lead us to choose one system 
rather than another need to be distinguished from those relating to 
the truth of propositions concerning a formal system once chosen. 
To make this distinction I shall call that property of a formal system 
which leads us to adopt it for consideration its acceptability. This is 
evidently a quasi-truth concept which applies to a system as a whole. 

In strictness acceptability is irrelevant to the problem of mathe- 
matical rigor. A proof of a proposition relating to a formal system is 
rigorous if and only if it satisfies certain objective criteria which are 
independent of acceptability. But it is necessary to give a brief ac- 
count of acceptability for two reasons: first, because there has been 
some confusion in regard to it, and second because it sheds some light 
on the significance of mathematical rigor from the point of view of 
science. 

The first point is that acceptability is relative to a purpose. It usu- 
ally means that we are interested in some interpretation of the formal 
system; and the validity of the interpretation in relation to the sub- 
ject matter is the prime consideration. Without statement of the pur- 
pose any discussion of acceptability is futile. Moreover the various 
schools of thought are not necessarily in conflict with one another. 
There is no one absolutely acceptable system; for different purposes 
entirely different systems may be acceptable. 

Again if the purpose is an empirical one, as it is in physics, the ques- 
tion of acceptability is empirical also. Neither intuitive evidence, 
which is stressed by the intuitionists, nor demonstrable consistency, 
which is insisted on by Hilbert, is of more than secondary importance. 
From this point of view I think we must agree that, at the present 
state of our knowledge, some system of classical analysis is accepta- 
ble, however meaningless it may be to the intuitionists, and however 
far we may be from a formulation with a consistency proof. Of course 
if an inconsistency should be found, we should have to modify the 
system; but at the present time the acceptability of analysis is an 
empirical fact which requires no justification. 
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It is perhaps worth mentioning that the demand for intuitive evi- 
dence and the demand for consistency proof amount, in the last 
analysis, to nearly the same thing. For a thoroughly satisfactory con- 
sistency proof would exhibit a process whereby, given a classical proof 
with an intuitionistically significant conclusion, we could transform 
it into an intuitionistic proof of the same conclusion. Ackermann's re- 
cent proof of the consistency of arithmetic?? does just this for a cer- 
tain class of propositions. The proof is accomplished by a series of 
total replacements (“Gesamtersetzungen”); if the conclusion of the 
original proof is a particular numerical formula, the last total replace- 
ment gives an intuitive proof of the same formula. A complete solu- 
tion of the consistency problem for analysis would show that any 
classical proof of a proposition with a direct intuitive meaning could 
be transformed into a purely constructive proof. In view of the 
Lówenheim-Skolem theorem there is reasonable doubt as to the pos- 
sibility of such a transformation. And even if we succeed in finding it, 
it is not improbable that we shall always have uses for systems whose 
consistency is unknown. 

The, upshot of this is that we should cultivate a tolerant attitude 
in matters of acceptability.? Acceptability is not a question of right 
and wrong but of choice of subject matter. Such a choice should be 
free; and some difference of opinion is not only allowable but desir- 
able. As mathematicians we should know to what sorts of system our 
theorems—if formalized—belong; but to exclude systems which fail 
to satisfy this or that criterion of acceptability is pedantry. 

From the point of view of formalism, then, the question of truth 
of a naive mathematical proposition can be split into two parts. The 
first is the discovery of the formal system to which the proposition 
is to be referred, and the proof of the corresponding formal proposi- 
tion; this is the problem of mathematical rigor, and we have seen that 
it has an objective character. The second is the acceptability of that 
system for the purpose in hand; this is a problem of applied mathe- 
matics. 


-PENNSYLVANIA STATE COLLEGE 


3 W. Ackermann, Zur Widerspruchsfretheit der Zahlentheorie, Mathematische 
Annalen, vol. 117 (1940), pp. 162-194. 

38 Cf, Carnap’s “Principle of Tolerance? (Logical Syntax, p. 51 ff.); also Weyl, H., 
Die heutige Erkenntnislage in der Mathematik, Sonderdrucke des Symposion, vol. 3, 
Erlangen, 1926, pp. 31 ff. 


SPACE CREMONA TRANSFORMATIONS OF 
ORDER m+n-—-1! 


EDWIN J. PURCELL 


1. Introduction. This paper discusses a space Cremona transforma- 
tion of order m+-n—1 (m, n any integers) generated by two rational 
twisted curves. One special position of the defining curves gives rise 
to an involution recently described,? while another special position 
results in an involution somewhat similar to one which was defined 
in a different manner by Montesano.? 


2. Cremona transformation. Consider a curve C, of order n having 
5 —1 points on each of two skew lines d and d’, and a curve Cy! of 
order m having m—1 points on each of d and d’ (m, n, any integers). 
A generic point P determines a ray through it intersecting C, once 
in æ and d once in f. P also determines a ray through it intersecting 
Cw once in y and d once in 6. We define P’, the correspondent of P, 
to be the intersection of lines a6 and By. 

It is to be noted that if C, should become identical with Cw but d 
and d’ remain distinct, there would result the Cremona involution we 
discussed in a recent paper (loc. cit.). 

Let the equations of d be x1—0, x2=0, and those of d’ be x40, 
x4=0. Let C, be 


»—1 a—l 
xı = (as + bf) [J (6s — si), xa = (cs + dt) [[ (tis — s:t), 
1 1 


2n—2 2n—2 


xs = (es + ft) JI (6s — si), xa = (gs + At) II (s — sit), 


where s;, 4; for ?$—1,2,:: - , n—1 are values of the parameters of C, 
for points on d, and for £—n, n-4-1, - - - , 2n —2, for points on d’. 
Let the equations of C4 be 


ay = (AS + Br) TI (TiS — SIT), x = (CS + pn]I (TS. = S;T), 


2-—12 2m— 


a3 = (ES + FT) J| (T;:3 — S:T), x = GS + HT) TL (T;S — S:T), 


1 Presented to the Society, September 10, 1940. 

2 E. J. Purcell, A multiple null-correspondence and a space Cremona involution of 
order 2n —1, this Bulletin, vol. 46 (1940), pg. 339—444. 

? D. Montesano, Su una classe di trasformasions $nvolutorie dello spazio, Rendiconti 
del’ Istituto Lombardo di Scienze e Lettere, (2), vol. 21 (1888), pp. 688-690. 
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where S; 7;fori=1, 2, -+ - , m—1are values of the parameters of C4 
for points on d, and for 4— m, m+1,---, 2m—2, for points on d’. 
Then the equations of the transformation are 


-rom toea (To (F°) 


1n—1 m=i 


zi = k(Rixs + Raxi) T a) (i 2), 


pa A ( Tre) (TT), 
x4 = K'(quxs — nx) Tre) (T 2), 


where k= (bc — ad), K' (FG — EH), and 
Qı = (AH — BG, Q:= (BE — AF), 
Rı = (CH — DG), R: = (DE — CF), 
qı (ah — bg), qa = (be — af), 
rı = (ch — dg), ra = (de — cf), 
0 = fri(bza — dai) — si(cx1 — axs)}, 
p = {T (Has — Fas) — S:(Exı — Gxs)}. 


3 
co 
Il 


The inverse transformation is 


n—1 »—1 
xı = K(qind + qas) it) (Tres), 
- 1 1 


n-1 
ag = K(rusd + rai) I] 6!) 
1 


(Y 
a = (Rast. — Quid) He) 
xa = k'(Qixd — Rixi) He) 


where K=(BC—AD), k'=(fg—eh), 
$f = {thus — fal) — sext — gxd)}, 
@! = {T(Dx{i — Bzí) — Si(Azl — Cxt)]. 
Both the direct and inverse tfansformations are of order m+n—1, 
where m and n are any integers. 
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The fundamental system and its images for the direct transforma- 
tion are as follows. 

d is an (n—1)-fold F-line of Sumple contact. The fixed tangent 
planes are 0; —0, where 4—1, 2, -- - , n—1. It is of the first Species 
arid its P-surface consists in the dine $i =0, where i=1, 2, ; 
n—1, which pass through d". 

d'is an (m—1)-fold F-line of simple contact. The fixed tangent 
planes are ®;=0, where t=m, m+1,---, 2m —2. It is of the first 
species and its P-surface consists in the m — 1 planes®/ —0 through d, 
where «=m, m+1,---, 2m—2. 

Each of the m—1 intersections of CJ and d is an n-fold isolated 


F-point. Their P-surfaces are @/ =0, where i=1, 2,---, m—1, re- 
spectively. 

Each of the n—1 intersections of C, and d’ is an m-fold isolated 
F-point. Their P-surfaces are 6/ 20 (i=n,n+1,---, 2n — 2) respec- 
tively. 


The (n —1)(m—1) lines of intersection of the n—1 fixed tangent 
planes through d with the m —1 fixed tangent planes through d’ are 
simple F-lines without contact. They are of the second species. 

The (m—1)(n—1) lines joining the m—1 n-fold isolated F-points: 
on d with the »—1 m-fold isolated F-points on d* are "simple F-lines 
without contact. They are of the second species. ! 

We may obtain a description of the fundamental system of the 
inverse transformation by interchanging m and n, C, and C , 6; and 
O7, $; and ¢/, wherever they appear in the foregoing. 

C,, d, and d’ lie on the same quadric surface Q,'and C4 , d, and d’ 
lie on a quadric surface Q’. These quadrics may be the same or dis- ` 
tinct and, while this does not affect the preceding discussion, the in- 
variant systems for the two cases are different. 

When Q and Q’ are distinct, they intersect in d, d’, and two trans- 
versals /; and h. The d and d’ are common generators of the u- systems 
of the two quadrics, while /; and A4 are common generators of their 
A-systems. The transformation sends each A-generator of Q over intoa 
A-generator of Q’, and each -generator of Q’ over into a \- -generator 
of Q. Thus Q as a whole corresponds to Q’ and vice versa. Each \- -gen- 
erator of either quadric belongs to a cycle of index four—that i is, four 
applications of the transformation leave every -generator invariant. 
The transformation interchanges C, and C4. The points of / are in 
involution; thus 4 is an invariant line and the two fixed points of the 
involution are invariant points. Similarly for 4. These four invariant 
points are the only invariant points fhat are not also F-points. 

Let us now consider the case where C,, Cx, d, and d’ all lie on the. 


xw 


af 
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same quadric Q=xxı —xzx;=0. The transformation causes C, and Cw 
to interchange. The pencil of planes «,—Ax:=0 is in involution with 
the pencil x4 —AÀx; — 0 and this makes each A-generator of Q invariant. 
Consequently Q is invariant. The locus of invariant points is a curve 
Kunin of order m+n lying on Q. K&44 passes through the m--n—2 
points of intersection of C, and Cw and intersects d and d’ in the 
m-+n—2 isolated F-points on each of them. It intersects every u-gen- 
erator of Q in m+n —2 points and intersects every A-generator in two 
points. 


3. Involution. Consider a twisted curve C, having s —1 points A; on 
a straight line d, and a curve CW- having m—1 points Z; on the same 


. straight line d (m, n any integers). À generic point P determines a ray 


through it intersecting C, in a and d in f, and also a ray through it 
intersecting Cx in y and d in 6. We define P’, the correspondent of P 
in the involution, to be the intersection of lines aS and By. 

If, in $2, we make d and d' identical, we obtain an involution of 
this kind. However, the curves C, and CZ of the present section do 
not necessarily lie on quadric surfaces. ' 

. The involution is of order m--n—1. 
The fundamental.system and its principal images follow. 
d is an (n-+-m—2)-fold F-line of simple contact. The fixed tan- 


` gent planes are 6;=0, where 4—1, 2, - -- , n—1, and @;=0, where 


#=1,2,---+,m-—1. It is of the second species and counts (n--m — 1) 
 (n4-m —2) times in the intersection of any two homaloids. 
Points A; are isolated F-points. Their P-surfaces are the planes 


.6;=0 ($251, 2, --- , n—1) respectively. 


Points Ð; are isolated F-points. The P-element of each is Q;—0 
($—1,2,--- ,m— 1) respectively. 

As we have seen, a general point P determines with d a plane r 
intersecting C, in œ and C, in y. Call L the intersection of lines ay 
and d. Then J, the harmonic conjugate of L with respect to a and y, 
will be the only invariant point of x other than points of d. As 7 makes 
one revolution about d, à moves in 7 and crosses d n— 1 times; y also 
moves in 7, crossing d m—1 times. As œ approaches d, J approaches 
the same point on d, and the locus of J intersects d in all the points d 
has in common with C, and C4. 'The locus of J is a rational curve 
Kman of order m+n—1 having m+n—2 points on d. Kw+n— is the 
locus of invariant points. 

It is clear that the line PP’ intersects Kwpn in J and d in L, and 
that P and P' are harmonic conjugates with respect to* J and L. 


* *Compare with Montesano, loc, cit. 
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4. Lower order for particular positions of the defining elements. 
Each of the fixed tangent planes 0; — 0 mentioned in the contact con- 
ditions for the involution passes through d and is tangent to C, at 
the corresponding A,. The fixed tangent planes 8; —0 are similarly re- 
lated to the curve C,/. 

If C, and Cx areso situated thata plane of #;=0(i=1,2,--- ,n—1) 
coincides with a plane of @,=0 (21,2, - -- , m—1), the order of the 
involution is reduced by one. In this way we may reduce the order by 
any integer up to, and including, the smaller of the two numbers 
fti —1 and m— 1. 


UNIVERSITY OF ARIZONA 


NOTE ON AUTOPOLAR CURVES! 
MALCOLM FOSTER 


1. Introduction. The aim of this paper is to study those curves 
which are autopolar with respect to the parabola 27 = £*. The method, 
which is believed to be new, is to consider these curves as special solu- 
tions of those differential equations which are invariant under the 
dual substitutions for the above conic of reference.? It will be obvious 
that this method may be readily modified for the study of curves 
which are autopolar with respect to any conic. The parabola 2n —£* 
has been chosen for the sake of the simplicity of the substitutions. 


2. Dual substitutions for the conic of reference. In the ordinary 
differential equation, 


(1) f(x, y» y, y”, E yo) = 0, 
let us make the well known dual substitutions? 
x-P-Y, y= VX — Y, p=y =X, 
y'= 1/Y" y'-2- Y" JY", -> 


for which the conic of reference is the parabola 25 =£*. We obtain a 
' new differential equation, 


(3) f(Y', Y'X—Y,X,1/Y",...) 20, 


(2) 


whose solution is, let us say, 
(4) $(X, Y, Cn 62 7 , Gn) = 0. 
If we eliminate X, Y from equation (4) and the following two equa- 
tions, 
dp ð$ ð$ ag ag 


5 2—+—=0, -y—=Y¥—4+X—) 
6) ay ax 7 3Y ay ax 


we shall have the solution of the original differential equation (1), 
which we shall denote by 


(6) F(z, »,65657^77^7^35 Cn) = 0. 


3. Geometrical interpretation. Let C be any curve of the family 


1 Presented to the Society, October 28, 1939. 

2 A. R. Forsyth, A Treatise on Differgnisal Equations, 3d edition, 1903, pp. 45-47. 
? Forsyth, op. cit. 

* Forsyth, loc. cit. 
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(6). As a point P traverses C, the polar of P relative to the conic of 
reference will envelop some member C’ of the family (4), and vice 
versa. That is, C and C' are polar reciprocals. 

If (1) is of the first order, equations (1) and (3) may have singular 
solutions. If E and E' denote the envelopes of the families (4) and (6), 
it is evident from the above that E and E' are also polar reciprocals. 

In addition to these relations between the families (4) and (6),there 
are several well known relations between the extraneous loci which 
may exist in connection with the integral curves. For example, a cus- 
pidal locus for the integral curves (4), [(6)], will correspond to the 
locus of points of inflexion for the integral curves (6), [(4) ]. 


4. Condition that y=f(x) be autopolar. If a curve C, y=f(x), be 
autopolar, that is, its own polar reciprocal, the polar of any point 
(x1, y1) on C will be tangent to the curve at some other point (xs, y). 
Relative to the above conic of reference, the polar of any point (x, y) 
on C is x£—75—y —0, which we may write 


(7) z =n — f(x) = 0. 


This is a one-parameter family of lines with x as the parameter, and 
their envelope will be found by the elimination of x from (7) and the 
following equation, 


(8) £— f'(a) = 0. 


The necessary and sufficient condition that C be autopolar is that on 
eliminating x we shall get 7 —f(£) as the envelope. From (7) and (8) 
we have xf'(x) —7—f(x) =0; and on replacing y by f(£), or f[f’(x) ], 
we have 


(9) | fll f(2 — af() = 0. 
We have, therefore, the following theorem: 


THEOREM 1. A necessary and sufficient condition that a curve y =f (x) 
be autopolar with respect to the conic 22 — E* is that the relation (9) be 
Satisfied. 


It is interesting to note that (9) is of the Clairaut type. 


5. Relations between conjugate pairs, (x1, y:) and (x, yz). Consider 
any point Pi(xi yı) on an autopolar curve C. The polar of P, is 
xib—7—51—0; and since this line is tangent to C at some point 


+ Sophus Lie and Georg Scheffers, Geometrie der Berührungstransformationen, vol. 1, 
1896, pp. 24-27. 
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Pi(xs, y2), the equation of the polar of P; must be satisfied by the 
coórdinates of P4. Consequently,’ 


(10) » + Yo = Xita. 


From the theory of polar reciprocals we know that the polar of Ps 
is tangent to C at P, and since the slopes of the polars of P, and Ps 
are respectively x; and x, we have 


(11) zı = f'(x), xa = f'(x). 


` Let us call such a pair of points, P; and Ps, a conjugate pair, and say 

- that each is the conjugate of the other. The relations (11) are also 

evident from the set of substitutions (2) in which «=P, X =p. 
From (10) and (11) we have the following theorem: 


THEOREM 2. On any autopolar curve with respect to the conic 29 =$, 
_the product of the slopes at a conjugate pair is equal to the sum of the 
ordinates at these points. 


6. Self-conjugate points. For any real conjugate pair, Pi(xi y1) 
and Pi(xs, y2), let us suppose x17 x;. Let us also assume that f(x) is 
defined for all values of x between x, and x». Now let x2 decrease, that 
is, let Ps approach the original position of P;. When P; arrives at this 
position. P, will have arrived at the original position of Ps. Hence xi 
must increase as x» decreases. Consequently, between each real con- 
jugate pair there exists a point Ps(xs, ys) which is self-conjugate. From 
(10) we shall have 25; —3$, and therefore P; lies on the conic of refer- 
ence. Since the polar of P; is tangent to the conic of reference at this 
point, we see that every autopolar curve has a common tangent with 
this conic. 

Also from (11), and the law of the mean, we have 


f) = fe) _ 


T2 — X1 


(2) —1= f'"(x4, xı < X4 < X 


and since this relation is satisfied by every conjugate pair, no matter 
how near they may be to P;, we see that 


(13) f'(x) = — 1. 


From (11) and (13) we readily find the curvature of any autopolar 
curve at P; to be 


K= 


—1 —1 
MEP ap 


* It is obvious from (2) that (10) is simply a restatement of (9). 
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It is readily verified that, except for sign, this is the curvature of the 
conic of reference at P}. Hence we have: 


THEOREM 3. For every autopolar curve with respect to the conic 29 = £3 
the curvature at the self-conjugate points P, is the same, except for sign, 
as the curvature of the conic at Py. 


We note that this theorem applies also to the case of the general 
conic by virtue of the fact that under any collineation the ratio of 
the curvatures of two curves at a point at which they are tangent is 
invariant." 

From (12) it also follows that between real conjugate pairs f'(x) 
is a decreasing function. 


7. Loci associated with a conjugate pair. Consider the locus of Q, 
the intersection of the polars for any conjugate pair, P; and P}. The 
coórdinates ($, 7) of Q are readily found from the equations of the 
polars of P; and P5; we find 


(14) yr E 4i — Xia 
X1 — Xs v1 — X3 


By means of (11) these equations of the locus of Q are readily given 
in terms of one parameter, say x. 

Since the polar of Q is the line P,P}, we see that the locus of Q and 
the envelope of the lines P,P; are also polar reciprocals, 

It will be of interest to consider also the locus of S, the mid-point 
of the segment P,P}. 

We shall also consider the locus of R, the intersection of normals at 
conjugate pairs. The coórdinates of R are readily found to be 


2 2 
: x1 F oxiXayi — Xa — XiXiya X2 Xiys — Xi — Xayi 
(15) t£2 ) n= . 


Xi — Xe Xi Xe 








From $6 it is evident that the loci of Q and S must pass through P}. 


8. Differential equations invariant under the above transformation. 
` Any differential equation of the form 


(16) Key” + fly’) = 0 


becomes, on using (2), f(X)Y"4- f(Y^) «0, which is identical with 
(16). Let us denote the solution of (16) by : 





7 G. Fubini and E. Cech, Introduction à fa Géomtirie Protective Différentielle des 
Surfaces, 1931, pp. 17-20. 
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(17) (x, » Ci, ca) = 0. 


As a point P traverses some member C of (17), the polar of P will, 
in general, envelop some other member C’ of the same family. We 
wish to determine if there are any members of the two-parameter 
family (17), which are autopolar. The method for the determination 
of these curves will be illustrated by particular examples. 

EXAMPLE 1. (x4-1)y" --y' 4-1 —0. The solution of this is 


(18) 3y-«ulog(x-1)—x-4o. 


Here f(x) =c; log (x4-1) —x--es, and f'(x) =a/(«+1)—1. If we put 
these expressions in (9), we get (c—« log &—1— 2e)x +c c log ci 
—1—2c,=0, which is satisfied only if c=4c,—4c; log c:—4. Conse- 
quently, of the two-parameter family of curves (18), we have the 
following one-parameter family whose members are autopolar: 


(19) y = ca log (x -+ 1) — x4 her — 3a log a — h. 


The particular member of (19) for which ci—1 has the property that 
the locus of S (the mid-point of PiP:2) is the line x+y —0. 

It may be readily verified that, as indicated in $6, the conic of 
reference, 27 = £*, is the envelope of the one-parameter family of auto- 
polar curves (19). 

EXAMPLE 2. x5y/! 4-y'* —0. The solution is (y —6)! 2 cx? —1; and 
on putting this in (9) we have 2c(cx* — 1)? —0. Hence « —0, and of 
this two-parameter family of hyperbolas there exists the one-parame- 
ter autopolar family cix! — 1 —1. It is readily found from (14) that 
the locus of Q for these curves is the line ? —1/c;. And from (15) the 
locus of R is the line y= —(ai+1)/a. 

EXAMPLE 3. y’’+1=0. The solution is y = —3x?--cux-- c, and this 
in (9) gives &— —1d. Hence the parabolas y= —4x*-Fexx —16d are 
autopolar. It is readily found that for these curves the locus of Q is 
the line £— 4a, and that this line is also the locus of S. We also find 
that the coórdinates of the mid-point of the segment QS, ($c, $å), 
are identical with the coórdinates of Ps, the point of contact of the 
parabolas with the conic of reference. 

EXAMPLE 4. x+y’ —xy'. The solution of this first-order equation is 
y=x+log (x—1)--c, and this in (9) gives c —0. Hence there is but 
one member of the family which is autopolar. 

EXAMPLE 5. y'y'' -x «0. From this equation we derive the follow- 
ing one-parameter family of autopolar curves: 


ym hes arc sin x/ci + hela — Fo — da. 
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There are, of course, many other types of differential equations 
which are invariant under (2). We mention a few of these: f(x) +f(y’) 
= F(xy'), 2y xy! =f(y') —f(x), and f(y)y"" +f(xy’ —y) =0. 

'The above examples suggest that, in general, we have the following 
distinction between the autopolar curves obtained from invariant dif- 
ferential equations of the first and second orders. When the solution. 
of such a first-order equation is put in (9), this relation will be satisfied 
by only a finite number of values of the one arbitrary constant; and 
hence of this single infinity of curves we shall have but a finite number 
which are autopolar. When the solution of an invariant second-order 
equation is put in (9), the relation will be satisfied in many cases by 
some relation between the two arbitrary constants; that is, from the 
double infinity of solutions we select a’ single infinity of autopolar 
curves. Moreover, in every case, this one-parameter family of.auto- 
polar curves envelopes the conic of reference 29 = £t. 

There are, however, exceptions to the above. For example, consider 
the differential equation (y, —x?)y' -xy =0, invariant under (2), whose 
solution is cx?-++y?— 2cy =0. On using (9) we find there is no value of c 
which satisfies this relation. That is, among these conics there are no 
autopolar curves; but for each conic of the family the polar reciprocal 
is some other conic of the same family. It may readily be shown that 
of the above conics, those for which the values of c are negatives of 
one another are polar reciprocals. 


9. Other dual substitutions. The dual substitutions for any given 
conic of reference are easily derived after the manner outlined in 
Forsyth. And any differential equation which is invariant under these 
substitutions will have among its solutions certain curves which are 
autopolar with respect to the given conic. 

For example, if the conic of reference be the unit circle, these dual 
substitutions are? 

(20) , x —Yy' 1 
gs eS YS 
Y perg «pow 
Without repeating the argument of $4, the necessary and sufficient 
condition that a curve y — F(x) be autopolar with respect to the unit 
- circle is ` 


ae "| f) | 
fa) — af) L = fG) 


Q1y., 


* Lie und Scheffers, loc. cit., p. 23. 
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EXAMPLE 6. xy’+y=0. This equation is invariant under (20); and 
its solution, y=c/x, when put in (21), satisfies this relation when 
c= +4. Consequently, the equilateral hyperbolas, 2xy = +1, are auto- 
‘polar with respect to the unit circle. E 

- For a complete bibliography on the subject of autopolar curves the 
reader is asked to consult H. Brocard and T. Lemoyne, Courbes Géo- 
méiriques Remarquables, vol. 1, 1919, pp. 430—432. 
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ON THE EQUATION dy/dx=f(x, y)! 
ANDRÉ GLEYZAL. 


We consider here the differential equation dy/dx —f(x, y), where 
f(x, y) is a one-valued function defined on an open region R of the 
xy-plane. By a solution curve of this equation we mean a curve 
y—(x) which has a derivative at every point and which satisfies 
everywhere the differential equation. There are known sufficiency 
conditions on f for the existence of a one parameter family of solution 
curves simply covering R. But, as Professor Bamforth mentioned to 
me orally, there seems to be in the literature no corresponding neces- 
sary conditions. We shall prove that one necessary condition is that f 
be the limit of a sequence of continuous functions.? 

A curve is the xy-plane will be termed a continuous function curve 
if the points of the curve are the points (x, $(x)), a<x<b, where (x) 
is a one-valued continuous function defined on an open interval (a, b). 
An open region R of the xy-plane will be said to be simply covered 
by a set 7 of such curves if: 

(1) Every point of R is on one and only one curve of F. 

(2) Every curve of 7 stretches from boundary to boundary of R; 
that is, if S is any set of points on a curve C of 7, each limit point of S 
is either itself a point of C or a boundary point of R. 


THEOREM. If an open region R of the xy-plane ts simply covered by 
a set Y of continuous function curves y=(x), then for every point (xo, yo) 
of R there exists an open subregion Ro of R containing (xo, yo) such that 
the family of curves constituted by the portions of the curves of F in Ro 
is representable by the equation y =¢(x, a), where $ is a continuous func- 
tion of x and the parameter a. 


Pnoor. Let (xo, yo) be a point of such a given region R; R; a rec- 
tangle interior to R with (xo, yo) as center; and h a positive number 
such that the points (xo, yo—h) and (xo, vot) are inside Ry. Since 7 
simply covers R, there exist curves y —di(x) and y —ds(x) of F-con- 
taining the points (xo, yo—h) and (xo, yoth) respectively. Also, the 
continuity of $i(x) and $«(x) insures the existence of an open interval 
I containing xo such that the points of the curves y —d4i(x) and 


1] wish to express my thanks to Professor Henry Blumberg for his aid in the 
preparation of this paper. 

? Of course, as is well known, the derivative f’(x) of a function f(x) has this prop- 
erty. It may be expected that f(x, y) necessarily has also other properties correspond - 
ing to known properties of f'(x). 
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y=d:(x), with x in I, lie in Ri. If (xı, x2) is a closed interval interior 
to I and containing xo, we have @i(x)<@2(x) for xi Ex xs, since 
$1(%0) <¢2(%0) and no two curves of F cross each other. We denote by 
Ro the open region of points (x, y) bounded by the parallels x=, ` 
x-—33, and the curves y=¢1(x), y=¢:(x). In view of conditions (1) 
and (2) it readily follows that the interval of definition of any curve 
y=(x) of F having points in Ro contains the entire closed interval 
(x1, x1). 

We now define the function $ (x, a), mentioned in the theorem, by 
letting y =¢(x, a) be the equation of the curve of 7 passing through 
the point (xı, a) on the boundary of Ro. Thus $(x, a) is defined in the 
region Ry of the xa-plane, xi «x «xs, di(xi) <<a<d2(x1). The family of 
curves y=(x, a), where x and the parameter a take on values in Ro, 
is identical with the set consisting of the portions of the curves of F 
which are interior to Ro. d(x, a) is a continuous function of x and a 
in Ro. For let (£, œ) be a point of this region, e any positive number, 
and o;, a@ numbers such that y —$(x, a1), y=@(x, os) are respec- 
tively equations of the curves of ¥ which pass through the points 
(E, (E, o) — €), (E, (E, @) +e’) of Ro, e being a positive number 
less than e/4. Due to the continuity of $(x, a), considered as a func- 
tion of x, we may find an interval I;, containing £, such that $(x, a) 
differs from $(£, a1) by an amount less than e/4 for values of x in i. 
Also, we may choose an interval J; such that $(x, as) differs from 
(E, o3) by less than e/4 for x in Ig. Thus $(x, a) differs from $(£, a) 
by less than e if o3«:a «os and x is in IiI—the interval consisting 
of the points common to both J; and Jz. Consequently, $(x, a) is con- 
tinuous in Ro, and the theorem is proved. 


LEMMA. The function $(x, a) has a continuous inverse function a(x, y) 
defined on Ro, which satisfies the identity d(x, a(x, y)) =y. 


Proor. We associate with every point (x, y) of Ro that value 
a=a(x, y) such that the curve y 2$ (x, a) passes through the point 
(x, y). In short, d(x, a(x, y)) =y. The function a(x, y) thus defined is 
continuous in Ro. For suppose it were discontinuous at a point (£, n) 
of Ro. Since ó(x, a) is continuous at (£, a(£, 7)), and properly mono- 
tone in a, the composite function $(x, a(x, y)), considered as a func- 
tion of x and y, is discontinuous at (£, 7). But $(x, a(x, y)) &y for 
points (x, y) in Ro and is therefore continuous at the point (£, 7), con- 
trary to assumption. Therefore a(x, y) is continuous in Ro. 


THEOREM. For the existence of a family F of continuous function 
curves simply covering R which are solution curves of the equation 


256 , ANDRE GLEYZAL 


dy/dx=f(x, y), where R ts an open region on which f is defined, it 
ts necessary that f be the limit of a sequence of continuous functions. 


Proor. We consider f(x, y) given, and assume that a family 7, as 
described, exists. If (xo, yo) is a point of R there may be determined, 
as we have shown, an open region Ry containing the point such that 
the portions of the curves of 7 in Ro are the curves y=¢(x, a), 
Xi x «X x2,01 <4 <t. o (x, a) has, according to the above lemma, a con- 
tinuous inverse function a(x, y) defined on Ro for which $(x, a(x, y)) =y. 
Let Rj be the open subregion consisting of the points (x, y) of Ro‘ 
where xi«:x «x — hb, k being a positive number less than x$—xe. If 
(£, n) is a point of Rj, the equation of the curve of ¥ which passes 
through this point is y=¢(x, a), where «—a(£, n). By hypothesis, 
y =(x, a) isa solution curve of the differential equation dy/dx — f(x, y). 
At (£, 7) this equation may be written: 

SCE, m) = lim {ØE + k/n, al, 2) — 46, al, n))}/(2/n) 

where 5 is a positive integer. For convenience, we denote the differ- 
ence quotient present in the right-hand member of this equation by 
V4(E, n). Inasmuch as (£, n) is a general element of Rd, we have 
f(x, y) =lim,.. Yal, y) in this region. Moreover, y(x, y) is continu- 
ous since a(x, y) is continuous in Rd and (x, a) is continuous at 
points (x, a(x, y)) and (x+k/n, a(x, y)), where (x, y) is in Rd. We 
conclude that for every point (xo, yo) of R, there exists an open region 
R4 containing (xo, yo) such that in Rj the function f(x, y) is the limit 
“of a sequence of continuous functions. 

It follows that f is the limit of a sequence of continuous functions 
in its entire region of definition R. For let P be any perfect subset of 
the points of the xy-plane containing points of R, and (xo, yo) any 
point of PR. As we have seen, there exists an open region Rd contain- 
ing (xo, yo) such that, in this region, f is the limit of a sequence of 
continuous functions. The latter statement implies, it may be shown, 
that PRj has a point of continuity of f with respect to PRj .? Clearly, 
this point is a point‘of continuity of f with respect, not merely to the 
subset PR4, but with respect to P, and by Baire's theorem f is the 
limit of a sequence of continuous functions. 
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? For, a necessary and sufficient condition that f(x, y), defined on an open region R 
of the xy-plane, be the limit of a sequence of continuous functions is that every set 
PR, where P is a perfect set and Ro is an open subregion of R, have a point of con- 
tinuity of f with respect to P Rs. This is a slight modification of Baire's theorem and is 
proved in a paper On interval functions which the author is preparing for publication. 


NOTE ON INTERPOLATION 


G. GRUNWALD 
. Let 
(1) AOS Se Er. GN. 
denote a set of n distinct points of the interval —1 Sx S +1. If f(x). 
is a given function defined in —1 <x < +1 we call the polynomial 


(2) Ls; = Lhe al 


an interpolation polynomial of f(x) corresponding to the abscissas (1), 


where for the polynomials g% (x), g(x), ++, g™ (x) 


(3) a (ae )=1, gq(u)-20 ik. 
Then the polynomial (2) represents a polynomial which assumes the 
value f(x®) at x=x% (k=1, 2,---+, n). The polynomials qi? (x) 
(k=1, 2, -- - , n) are called the fundamental polynomials of the in- 
terpolation corresponding to the set 4,. We consider the sequence 
L(x; f) (n21, 2, --- ) under the condition of continuity of f(x). 

Let w,(x) be a polynomial of degree n, not identically zero, vanish- 
ing atx-x'? (k=1,2,---,m) and let 

(n) wala) (2) 

4 x) -—————————— zl. (x); 
(4) de = Sap Tap Te 
then (2) represents the nth Lagrange polynomial of f(x) corresponding 
to the abscissas (1), which is the uniquely determined polynomial of 
degree n — 1 which assumes the value f(x) at x =x (k=1,2,-+-,m). 

It is known that for a given arbitrary sequence {An}: 

Q oO oc O G oO (Q) C) w) 

(5) £i 5 Xi , Xa 5 X1, He, Xa jtt j X1, Ma ct Mn 3 007 
there exists a continuous function f(x) such that the sequence of the 
Lagrange interpolation polynomials is not uniformly convergent, even 
divergent at a preassigned point.* 


1G. Faber, Über die interpolarische Darstellung stetiger Funktionen, Jahresbericht 
der Deutschen Mathematiker-Vereinigung, vol. 23 (1914), pp. 389—408. S. Bernstein, 
Sur la limitation des valeurs d'une polynome P«(x) de degré n sur tout un segment par 
ses valeurs en (n-+1) points du segment, Bulletin de l'Académie des Sciences de l'URSS, 
1931, pp. 1025-1050. In the important special case xf =cos (2k — 1) x/2n, that is, for 
the zeros w,s(x)=cos n(arc cos x) (wn(x) is the nth Tschebycheff polynomial) much 
more is known. I have proved the existence of a continuous function f(x) for which 
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(6) Peis! 


(7) ge (a) = on (x) {Ie (3)] 


then I,(x; f), the nth Hermite interpolation polynomial of f(x), rep- 
resents the uniquely determined polynomial of degree 2n — 1 for which 
I(x? if) =f@P) (k=1, 2,---,n) and I2 (x9; f) -0 (R=1,---,n). 
There are sequences {A,} for which the sequence of Hermite inter- 
polation polynomials is uniformly convergent for an arbitrary con- 
tinuous function.? 

The question arises whether it is possible to determine, for a given 
arbitrary sequence { A,}, the fundamental polynomials 
(8) a (a); a) m (s a (oq n2 oj 
8 (ns) 


m (23. ge (ss ge mo 
so that for an arbitrary continuous function f(x) 
(9) lim 1,(2;/) = lim D f(a” )qe (x) = f(a) 
R= o n-9 L-1 


holds uniformly in —1Xxxt. 

For the sequence {Aan} we must suppose that the set (5) is every- 
where dense in —1Sx<+1, that is, max, (x, —x™)—0 when 
n. We prove that this trivial necessary condition is however 
sufficient to construct the fundamental polynomials (8) so that (9) 
holds for every continuous f(x). 





the sequence of Lagrange polynomials corresponding to these abscissas is everywhere 
divergent, even everywhere unbounded. G. Grünwald, Über Diver genzerscheinungen 
der Lagrange’ schen Interpolationspolynome stetiger Funktionen, Annals of Mathematics, 
(2), vol. 37 (1936), pp. 908-918. See also J. Marcinkiewicz, Sur la divergence des 
polynomes d'interpolation, Acta Litterarum ac Scientiarum, Szeged, vol. 8 (1937), pp. 
131-135. $ 

? Such a sequence is, for example, xp —cos Qk — 1) x/2n. See L. Fejér, Über Weier- 
strass' sche Approximation, besonders durch Hermite' sche I: nterpolation, Mathematische 
Annalen, vol. 102 (1930), pp. 707—725. It was Fejér who began the investigation of the 
Hermite interpolation polynomials instead of and beside the Lagrange polynomials, 
and the fundamental methods and theorems of the theory are due to him. See, for 
example, L. Fejér, On the characterisation of some remarkable systems of points of inter- 
polation by means of conjugate points, American Mathematical Monthly, vol. 41, 
(1939), pp. 1-14. 
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Let $'? (x) be the continuous function defined in the following way: 
df? (x) 21; for n > 1, and k = 1, n, 


0i —1ZzsEzs, 
linear in ska S x5 ira + ar), 

$e (x) =< lin rea + we) sz, 
linear in a," <x S ONE + ee): 
Oing( + se) S æ S H l; 

for k=1, n 

lin —1S 2S a”, 

$1" (2) = | linear in a <a Hay” +a), 
Oing +2) Ses Hl; 
0n = 1 SgS t 

ec (aj = ( linear in id Sas ae + s), 
Dini(sti-b ae) esl 


We have evidently 


(10) 2 $e” (a) = 1. 
kewl 
Let q® (x) be a polynomial for which 
(11) done. gone Pedes 
(12) qe (a) — $n (x) | < 1/n?, —-isas + 1. 


The existence of such a polynomial follows from a slight modification 
of the Weierstrass approximation theorem.’ Equation (3) follows from 
(11), and from (12) and (10) we have 


X e | -| X «Po - «fo» 


(13) 
apo (n) 1 
< Lia (a) o w| s. 
k=l n 
3 This modification is as follows: Let f(x) be continuous in —1S3x*S+1 and 


Xy Xnccca. % given numbers in —1SxS-++1. Then for any e>0 there exists a poly- 
nomial P(x) so that | P(x) —f(x)| « «and P(x) f(x), #=1, 2,-++, n. 
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Let x be a fixed number in the interval —1<x<+1 and e>0. Be- 
cause k the continuity of the function f(x) if n is large enough and 
[x— xt m «(9 =ô we have 
(n) 
| f=) — fGx 
such xf? exist if n is large enough because the sequence is everywhere 
dense. Then we have from (13) 


)| < e2; 


(m (QD 


Ir — f| -Ère Jat (a) — f(a 


(n) 


=| Sue -; Ov Ce f) +10) D a8 (a) 


(n) 


< Xf - fae”) || ae (a) | 


(n) 


+|f@ |) J in a -1| 





(14) 


(a) 


s » |e) Ke 
s> 


(n) 


|| ae" (a) | 


(0) 


+ X Je opio 


2 |aaPi<a 
<M 5 ae (a) | E C + 1/n) + MIS, 
| 3—24|»5 


where M=max_igess1 FHOIR For large n and fixed 6, ${(x) =0 if 
s—x™]| >ô, so it follows from (12) that | gf (x)| <1/n? if 
tw >ô, (14) gives for large n 


X—Xk 
| (2; — f(a) | < 2M/n + hell + 1/5) + M/n < e, 


which was to be proved. 








BUDAPEST, HUNGARY 


ON DERIVATIVES OF ORTHOGONAL POLYNOMIALS. IT! 
H. L. KRALL 


It has been shown [1, 2, 7]? that if {ya(x)} is a set of orthogonal 
polynomials whose derivatives {yd (x)] also form an orthogonal set, 
then the original set i». } are either Jacobi, Laguerre, or Hermite 
polynomials. In the papers referred to, the ordinary definition of or- 
thogonal polynomials was used, so of course the result was based on 
this definition. Since then, however, there has appeared [3, 5]? a defi- 
nition of generalized orthogonal polynomials‘ and it is our purpose 
bere to find what G.O.P. sets have G.O.P. derivatives. Besides the 
classical polynomials, we shall find another class of polynomials which 
have this property. Of course, this new class will be G.O.P., but not 
ordinary orthogonal polynomials. 


DEFINITION. Given a set of constants fen} subject to the condition 


Co C ct 6. 
ipa E Oe ge Deda tin, 
Cn Cul CC Can 
the polynomials 
Co 0177 Cg 
C1 C3 * °° ÓCnpl 
y.(s) = 
Cn—i on C Cin- 
1 wi eh 
form a set of G.O.P. 


It has been shown [5, 4] that there exists a function of bounded 
variation y/(x) (hence infinitely many), such that 


1 Presented to the Society, April 26, 1940, under the title Orthogonal polynomial 
solutions of a certain fourth order differential equation. 

2 The numbers in square brackets refer to the bibliography at the end. 

3 So far as this-author knows, the idea of generalized orthogonal polynomials 
originated with I. M. Sheffer, who suggegted its use in [3]. 

4 Hereafter we shall use the abbreviation G.O.P. for generalized orthogonal poly- 
nomials. 
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Cn = f 2. 


— 


If the constants ben! are real and A,>0 for all values of 2, this defini- 
tion becomes the usual definition of orthogonal polynomials. In this 
case one of the y(x) will be monotonically non-decreasing. 

In this paper we follow the method of Hahn [1] who showed that if 
Yal) | and {yx (x)} are sets of orthogonal polynomials, the set 
ya(x) } satisfies a differential equation of the form? 


(1) (laas? + lnr + Io) yx! (x) + (hia + ho) yn (£) = Myla) 


where the Uu] are constants and Ay=lun+lan(n—1). Hahn divided 
his discussion of (1) according to the roots of the coefficient of y/' (x). 
Following his example and making suitable linear transformations, we 
find that there are four distinct cases of (1) to be considered: 


a(l — z)y4' (x) + {a — (a + Bx] yd (x) 





9 E P 
(3) zy (x) + (a — he) yd (2) + ny. (a) = 0, 
NEM d! (a) — 2234 (x) + 2ny.() = 0, 


(5) wy! (2) + (ew + Dy (x) — nik + n — 0») = 0. 


By using the ordinary definition, it readily follows that the only 
orthogonal polynomial solutions of these equations are the Jacobi 
polynomials (with e, 87-0) from (2), the Laguerre polynomials (with 
a» 0) from (3), and the Hermite polynomials from (4). 

We now examine these differential equations for G.O.P. solutions. 
For this discussion, we need a result from [3]: 

In order that there exists a set of G.O.P. as solutions of (1), itis 
necessary and sufficient that the “moments” {c,} satisfy the condi- 
tions 


(lu -rhi(n — 1) } €. + fho + helm — 1) } ona + laln — 1)cn_s = 0, 
(6) n=i,2,:--, 
Anyi 7 0, n= 0, 1,2,::- . 


Discussion of (2). Here, the recurrence relation (6) becomes 
(n--a--8—1)e, —(n--a—1)6, 20, n=1, 2,- - . From this we get 


ë This part of Hahn's work applies to €.0.P. His notation has been changed to 
conform to [3]. 
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= T(a + m)I(a + B)co 
T(atB+n)I(a) | 


E Il T(i + 1)T (a + 3)T(8 + 2T (a + 8)oo 
atl = ^ 
UO we — a+ Bd id nr) 
` Accordingly, if a, B, «4-8720, —1, —2, - - - , the differential equation 
(3) has a set of G.O.P. as solutions. However, it does not seem to be 
easy to write out the weight function when either o or B is less than 
zero. These polynomials have been discussed by Szegé [6]. 





Discussion of (3). In this case we have 


hen ow (n + cq — Dea = 0, 


T(a + n)Co n T( + 1)T(a + 4) Co 
h'T (a) i—0 hà T (a) 
Accordingly, if 5250, and «#0, —1, —2,---, the differential equa- 


tion (3) has a set of G.O.P. as solutions. These polynomials have also 
been discussed by Szegé [6]. 


Discussion of (4). There are no exceptional cases here. The solu- 
tions are Hermite polynomials. 
Discussion of (5). In this case we have 


(k +n — len + leni = 0, 


I (k)co n (— BYT(E)T A+ Deo 
= MM Ana = [| ———————————- 
T(k + m) i—0 T(k 4d in) 
Accordingly, if 10, and k¥0, —1, —2, : - - , the differential equa- 


tion (5) has a set of G.O.P. as solutions. For no value of k will An+ı 
be greater than zero for all values of n. These polynomials were dis- 
cussed by Hahn [1] to the extent of showing that they are not or- 
thogonal polynomials in the ordinary sense. They are not mentioned 
by any of the other authors. 

Returning to (1) and differentiating, we get 


e (laa? + lait + dao) y (a) + (Gi + 243) + ho + lai} yn! (2) 
= (An — h) yn (4). 
Thus, if a set of polynomials {yn(x) } satisfies (1), the set of deriva- 
tives TH (x) } satisfies the equation 
(8) (laxa? + Tare + Io)" (x) + [Im T 2h)s + ho + In} (2) 
= (An hgé(2). 
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Since (7) is the same type as (1) and since (7) will not be an excep- 
tional case if (1) is not, it follows that the only sets of G.O.P. whose 
derivatives are again G.O.P. are: 

(i) the Jacobi polynomials with a, B, a+8+0, —1, —2,:--, 

(ii) the Laguerre polynomials with 40 and a0, —1, —2,---, 

(iii) the Hermite polynomials, 

(iv) the polynomial solutions of (5) with 10, and k0, —1, 
E EE 
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NOTE ON PROBABILITY IMPLICATION 


HANS REICHENBACH 


In a recently published paper! J. C. C. McKinsey has pointed out 
some difficulties which arise from Axiom I of my theory of probability 
implication.? This axiom states the unambiguity of the degree p of a 
given probability implication (OD,P) for the case that the class O is 
not empty, a condition formulated by (O), but postulates ambiguity 
of p in case of an empty class O, this condition being formulated by 
(O). The latter ambiguity is necessary for probability implication be- 
cause of the relation to Russell’s material implication. From the 
proof published by McKinsey we can infer that this ambiguity has 
to be restricted to values of p between 0 and 1, limits included, in 
correspondence with the same restriction holding for the unambigu- 
ous degree f of probability in cases of a non-empty class O, formulated 
by me in (8, $13).* That this general restriction is derivable from 
Axiom II, 2 is obvious as this axiom contains O and p as free variables 
and therefore states the restriction for all classes O and all values p. 

A further objection, which was already indicated in a footnote of 
McKinsey's paper, has been presented to me in a letter by the referee 
of this journal, Mr. S. C. Kleene. This objection shows that if the 
ambiguity of degrees of probability for empty classes O is assumed, 
it can be proved that this ambiguity cannot be restricted to the limits 
0 to 1. 

This proof is connected with the theorem of addition (Axiom III) 
which reads® 


III. (02, P).(02,0).(0.P 50) D(30(02. PVQ).(r=p+9). 


The condition r <1 implies that p+q x1. If we demand r $1 only 
for non-empty classes O, the mentioned restriction for p and q, which 


1 This Bulletin, vol. 45 (1939), pp. 799—800. 

2 Published in Wahrschesinlchkeitslehre, Leiden, 1935, §§12-14. My further quota- 
tions refer to this book. 

3 Page 66. 

* To avoid misunderstandings let me add here the remark that this relation is 
meant only for the case that the probability W(O, P) exists, and would be written in 
the implicational writing 

[(ax) (0 3, P] D Ka) (0 5, P).@ £y x 1]. 
If O is not empty and therefore the probability has only one value, this means that 
this value is restricted to the limits 0 to 1, limits included. 

5 I write here the existential operator gn the right-hand side because the abbrevia- 
tion introduced on page 62, according to which the existential operator is omitted in 
the corresponding formula of my book, may be misleading. 
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is stronger than (8, $13), need not be stated in the implicans of the 
axiom because we then rather infer from III that the two conditions 


(1) i ż+4>1,  (QP20 


are incompatible. Following the principle that numerical values lead- 
ing to contradictions are to be excluded, we can thus deduce all nu- 
merical restrictions for the values of probabilities; in (15, $19) I have 
developed a formula which: states these restrictions for all possible 
cases. The incompatibility of the two formulae (1) for non-empty 
classes O is included in (15, $19) because this relation shows that if 
pb+q>1 we have W(O.P, Q)>0, which in consideration of (9, $13) 
contradicts (O..P.5Q) in case O is not empty. However in applying 
the explained principle we have to be sure that the excluded numeri- 
cal values cannot be introduced by means of other ways of deduction. 
It turns out that this is the case for an empty class O. In this case, 
that is for (O), we can for instance assume in III the numerical values 
p=1 and q=1 whereas the condition (O.P(Q) is also satisfied; the 
latter follows from the properties of material implication according 
to which a false proposition implies every proposition. It follows that 
in this case r can be greater than 1. 

These difficulties are eliminated if we introduce in Axiom II,2 the 
condition that O is not empty, and write this axiom: 


— 


I2. (0).(02 , P)D( 20). 


With the qualification (O) in the implicans we renounce the un- 
necessary extension of numerical restrictions to probability values re- 
ferring to empty classes. It is without danger to assume that in case O 
is empty the probability p of (OD , P) can be greater than 1 or smaller 
than 0, and we shall make use of this liberty if it helps us to escape 
contradictions. The range of the variables expressed by small letters 
"p," “q,” and so on, extends therefore through all real numbers, the 
necessary restrictions for non-empty classes O being expressed by the 
Axiom IJ,2. 

As far as I see we need not introduce any further qualifications 
within the system of probability implication. I should like however 
to add some remarks concerning the use of the functor W( ). A func- 
tor is usually conceived as being unambiguous; thus W(O, P) would 
mean “the probability from O to P.” Our symbol has this meaning 
only in case O is not empty. To include the case of O being empty we 
have to translate every formula of the functor-writing into an exist- 
ence statement such as explained on pages 61—62, or in the examples 
on pages 69-70 and page 73. The formula then means, in accordance 
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with the rule of existence: if 1 —1 of the » probabilities of the formula 
exist and have among their values the values f, q, : : : , then also the 
nth probability exists and has among its values a value w such that 
the f,q,--- , w satisfy the equation expressed in the formula. It is 
obvious that for non-empty classes O this interpretation is identical 
with the meaning of unambiguous functors. For the case of empty 
classes O however it also will lead to consistent interpretations al- 
though of course in this case the formulae actually state nothing, as 
all numerical values of the probabilities then are possible. It follows 
that we need not add the condition (6) to any of the formulae of the 
functor-writing. 

For all practical purposes it is convenient to interpret the functor 
formulae as referring to a non-empty class O, and then to interpret the 
functor in the usual way as meaning “the probability from...to....” 
Here the-term O is defined as that term which occurs in the first 
place of every probability expression of a formula. It is interesting 
that this interpretation can also be carried through if some of the 
other classes are empty, even if they appear in the first place of the 
probability functor; it turns out that each formula can be written in 
a form in which the indeterminate probability values are multiplied 
by 0 such as in (3), p. 73, if we assume P to be empty. 

I am much indebted to Mr. J. C. C. McKinsey and to Mr. S. C. 
Kleene for having pointed out the necessity of the correction of my 
axioms of probability implication with respect to empty classes O. 


UNIVERSITY OF CALIFORNIA AT Los ANGELES 


ON THE ANALOGUE FOR DIFFERENTIAL EQUATIONS 
OF THE HILBERT-NETTO THEOREM 


RICHARD COHN 


If l ae 


(1) Fp, F; i 
is a finite system of differential polynomials in the unknowns 
yn, Y» and if G is a differential polynomial which is annulled 


‘by every solution of the system (1), some power G? of G is g lineat : 
combination of the F; and their derivatives of various orders, with 
differential polynomials for coefficients. This analogue of the Hilbert- 
Netto theorem was proved by J. F. Ritt! for forms with meromorphic 
-coefficients, and by H. W. Raudenbush? for the case of coefficients 
belonging to an abstract differential field. In these proofs it is shown . 
that the denial of the existence of the exponent p, above, of G leads 
to a contradiction; no constructive method for obtaining admissible _ 
values of p is given. The object of the present note is to present a^ 
new proof of the analogue, for the case of meromorphic coefficients, 
which is entirely constructive and produces a definite G? as described 
above. 

Our proof will be based on the considerations in Chapters V and 
VII of A.D.E. In Chapter VII, the problem of obtaining G is reduced 
to the problem of determining unity as a linear combination of the F; 
in (1) and their derivatives, in the case in which (1) has no solutions. 
In Chapter V it is shown how to decide, in a finite number of steps, 
whether or not (1) has solutions. Our problem thus assumes the fol- 
lowing form: Given that (1) has no solutions, it is required to express 
unity as a linear combination of the F; and their derivatives. 

We assume that (1) has no solutions and proceed to examine the 
algorithm developed in $$65-67 of A.D.E. Adjoining to (1) a finite 
number of linear combinations of the F; and their derivatives, we 
obtain a system Z, devoid of solutions, with a basic set 


(2) Anete Ha 


which has the property that the remainder of every form in 9 with 
respect to (2) is zero. If (2) consists of a single form A which is an 


* Ritt, J. F., Differential Equations from the Algebratc Standpoint, chap. 7, referred 
to below as A.D.E. American Mathematical Society Colloquium Publications, vol. 14, 
1932. 

* Raudenbush, H. W., Ideal theory and algebraic differential equations, Transactions 
of this Society, vol. 36 (1934), pp. 361-368. 
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element of ¥, the coefficient field of our forms, we secure immediately 
a representation of the type desired for unity. Let us suppose that 
this is not the case. Then (2), considered as a set of simple forms, can- 
not be a basic set of a prime system; if it were, (1) would possess solu- 
tións (A.D.E., $65). Thus there must exist, for some j Sq, an identity 


(3) 3s eot Tt (SA; — HH) —. LiÁi— ncm LjaÁga = 0, 

where J; is the initial of A;, 4—1, ---,j—1; and where H, and A; 
are reduced with respect to A1,---, Aj. Let MB, k=1,---,j+1, 
represent the systems 2+Ji,---, 2+Jj-1, ZH, 2+H2, respec- 


tively. We treat each A® as (1) was treated. The adjunction of a 
finite number of forms to any A® produces a system =, with no 
solutions, and with basic sets lower than (2) which furnish zero re- 
mainders for the forms in Z9. 

Let us suppose that each Z(? contains an element of F different 
from zero. We see on examining these systems that there exist rela- 
tions, procurable by constructive methods, 


(4) ` 12P-4 MAT Miki +, 
(5) 120-4 NH +N:H; +-->, 
(6) 1-2 Ri + Sioi + Sii docs, i=1,:--,j—1, 


accents indicating differentiation, where P, Q, and the R; are linear 
in the F; and their derivatives. 

We equate to unity the product of the right-hand members of (4), 
(5), and the equations (6). If both sides of the resulting equation are 
raised to a sufficiently high power, determinable in advance, we’ se- 
cure, as Raudenbush has shown, a relation of the type 


1=L+T7V4+7.W'+-:::, 


accents indicating differentiation, where Z is linear in the F; and their 
derivatives, and V=Jp-- - Jj HH.’ From (3) we see that V can 
be obtained as a linear expression in the F; and their derivatives. We 
thus have such an expression as we are seeking for unity. 

If, on the other hand, some system = does not contain a nonzero 
element in 7, we apply to it the entire process applied to Z. We form 
in this way systems with basic sets lower than those of ZY. The sys- 
tems thus formed for the various £® receiving our present treatment 
will be called, with no attempt to describe their complete history, 
systems 23. In each 2 a basic set yields only zero remainders. 


2 Ritt, J. F., Algebraic aspects of the theory of differential equations, Semicentennial 
Publications of the American Mathematical Society, vol. 2, p. 44. 
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Let us suppose that each. 2 contains a nonzero element in ¥. What 
precedes shows that, for each ZÜ as above, unity is linear in the forms 
of ZU and their derivatives; this, again, gives the expression which 
we are seeking for unity. 

If there are Z4 which contain no nonzero element in 7, we give 
them the treatment which is now familiar. By $867 of A.D.E., we 
know that our process can continue for only à finite number of steps, 
so that the possibility of determining for unity an expression of the 
type desired is established. 


COLUMBIA UNIVERSITY 


ON A CONVERGENCE THEOREM FOR THE LAGRANGE 
INTERPOLATION POLYNOMIALS 


G. GRUNWALD 


The unique polynomial of degree (n—1) assuming the values 
f(x, f(#n) at the abscissas xi, xa, - + - , £a, respectively, is given 
by the Lagrange interpolation formula 
(1) LJ) = flash) + f(e)ls(3) + +++ + fols. 

Here Vs 
w(x) 
(x) — m) 


(2) I(x) = 


(fundamental polynomials of the Lagrange interpolation), and the 
polynomial w(x) is defined by 


(3) w(x) = cx i x)(x E £a) veo (x = 4x); 


where c denotes an arbitrary constant not equal to zero. It is known 
and easy to verify that 


(4) h(x) + h(x) T ::: Fh) 
In the Lagrange interpolation formula let 


(5) Xy = Pd = cos (2k — 1)r/2n = cos a,” 


which implies 
(6) w(x) = T,(x) = cos (n arc cos x) = cos t6, cos 0 = x 


(Tchebyscheff polynomial). In this case we have 


(7) ou 
x)= = (— c}; 
d : n(cos 0 — cos 6%) 
k—1,2,--:-,n; x = cosl; 
and 
. (2) 
cos nô sin 6, 


n(cos 6 — cos 6%)’ 


(B L4) = Laly; 0] = E /cos ét )(— 0^ 
kal 


x = cos l. 


Suppose f(x) to be a continuous function; then it is known that 
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the sequence L,(f), n—1, 2, - - - , is not convergent! for all f(x). We 
may even find a continuous function fi(x) such that the sequence 
Lah n21, 2,---, is divergent for all points of the interval 
—isxs+1.? 

Therefore it is interesting to prove the following theorem: 


THEOREM. Let f(x) be a continuous function in the interval —1 <x 
< +1; then 


(9) lim &(L.[f; 9 — 1/27] + LL [f 0+ «/25]] = f(x), 2 = cos 8, 


no 
and the convergence is uniform in the whole interval —1 Sx < +1. 


Between the interpolation polynomials (8) and the partial sums 
Sni(f) of the Fourier series of the even function f(x) there is a far 
reaching analogy. We mention here only the following. On one hand, 
it is easy to verify that 


(10) L.(f) = co + c1 cos 0 + --- + G1 cos (n — 1)6, x = cos 0, 
where' 


Y 2 ee n n 
(11) co =— > f(cos 0r), Ce = — Y, f(cos 6i ) cos ros S 
; 9? kal 8 kal 


r=1,2,--+,n—-—1. 
On the other hand, 
(12) Sn—1(f) = Go + a1 cos 0 + - - - + anı cos (n — 1)8, 
where 
1 * 2 T 
(13 a= -f J(cos 8)d8, = =f f(cos 6) cos r6 dð, 
T 0 7T 0 
r—1,2,:::,m— 1. 


Our theorem is analogous with the well known theorem of Rogosinski 
in the theory of Fourier series. 
We first prove the following lemma. 


1 G. Faber, Über die interpolatorische Darstellung stetiger Funktionen, Jahresbericht 
der Deutschen Mathematiker-Vereinigung, vol. 23 (1914), pp. 190-210. S. Bernstein, 
Sur la limitation des valeurs - - - , Bulletin de l'Académie des Sciences de l'URSS, 1931, 
pp. 1025-1050. 

2G. Grünwald, Über Dinergenserscheinungen der Lagrangeschen Interpolations- 
polynome stetiger Funktionen, Annals of Mathematics, (2), vol. 37 (1936), pp. 908-918. 
See also J. Marcinkiewicz, Sur la divergence des polynomes d’intérpolation, Acta 
Litterarum ac Scientiarum Regiae UniverSitatis Hungaricae Francisco-Iosephinae, 
vol. 8 (1937), pp. 131-135. 
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'" LEMMA. 
1 Li 
— D tele — z/25] + Llo + /2n]| < c, 
2 bet 


where cV» 0 is an absolute constant. 
From (7) we have, for 00® +7/2n, 


(lO — «/25] + hlo + «/2n]) 
m p ( cos n(Ü — v/2n) sin of 
n(cos (0 — x/2n) — cos 6%”) 
cos n(0 + /2n) sin 6 
(14) n(cos (0 + */25) — cos zm) 
sin o sin n6 sin 0 sin r/2n 
4n sin 4(0 + 0 + «/2n) sin 4(0 — 0 + «/2n) 
1 
"sin $(0 + 0, — x/2n) sin 1(8 — 0 — x/2n) 











= }(- Dee 


and 
| allo — 1/27) + hlo + 0/25] | 
2 1 sin 4/27 
~ 2n|sin (0 — 9) + «/2n) sin (0 — 0 — v/2n) 
(15) E 1 x/2n 
~ 2n (2/x) | 40 — 9? + x/25) | (2/x)| (9 — 6 — 1/25) | 
T? 1 


PIECE 
Now let 0 be fixed and 
(16) 1< z1 < 4 X: < 8< E= COSI <L ja X ccc X x, X — 1. 
It is known that? l 
|La | < 4/7, k=1,2,- mn=l, 2 sast 
Thus 


? P. Erdés and G. Grünwald, Note on an elementary problem of interpolation, this 
Bulletin, vol. 44 (1938), pp. 515-578. Thjs bound is the best possible; Fejér proved 
earlier | tax) | «213, See L. Fejér, Lagrangesche Interpolation und die sugehérigen 
konjugierten Punkte, Mathematische Annalen, vol. 106 (1932), pp. 1-55. 
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1 n 
— M h[6 — 2/25] + Llo + 7/2n]| 
2 bel 


s—+— Y | [0 — 1/27] + [8 + 25] | 
(17) T 2 1SkSn, kaj, jl j i41 
3 


16 T 1 


T aZkEeasiig-njii Ene ( — 000 — w/2n)* 
1 m? D /2n\? 1 

Sm Ei. 

F 4n? k-1 NT 


If 6=0, v, the same inequality evidently holds. 
From (17) we obtain for sufficiently large n, 6>0 fixed, 


(18) $3 4l hP- r/2n] + Llo + 2/25]| = O(1/n). 


1SkSx, [6-8 |»5 


Now we are in the position to prove our theorem. Let e>0 be a 
fixed number. The identity (4) gives 


(19) =z (a0 — v/25] + Ll0 + »/2n]) = 1; 


hence for a fixed x —cos 0 


BL. [f;0 — «/2n] + L.[f;8 + «/2]] — f(cos 6) 


20 n à 
Po = $ 4(f(cos 6.) — f(cos 6)) (Ie [6 + «/2n] + Ilo + x/2n)). 


The function f(cos 0) is continuous; thus we can find a positive num- 
ber 6 such that 
(21) | -f(cos 6) — f(cos 62 ) | < e/25 
whenever [e—6£"| « 6. From (20) and (21) we have 
A= | 5iz.[f;0—/2n]9-L. [f; 0-+2/2n]} — f(cos 0) | 


= > $(f(cos 6.) —f(cos 0) (ly [E—/2n5 ]--1. [04-/2n |) 


1SkSn, [09 23 


+ 2 &(f(cos 6t )— f(cos 8))0.[0—/2n]-- 1. [6-+-2/2n]) 
(22) 1ShSn, |e |>8 


s> X  i|L[e-/2]--[9--/25]| 


B 2e 1SkSn, 18-0 [<5 


+ XFL s(cos 05”) — ficos) | | te[0—x/2] +1 [92-20] 


1Skb$n,|6—(" [53 
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and by the lemma and (18) for sufficiently large n 


AS—at X pulhle—x/2n] + ble + x/2n]I 


e 1SkSn, [060 [>8 * 
< e/2 + MO(1/n) < e, 
where M — max. izixaa | f(x)| , and this proves our theorem. 


BUDAPEST, HUNGARY 


DISCONTINUOUS CONVEX SOLUTIONS OF 
DIFFERENCE EQUATIONS! 


FRITZ JOHN 


'This paper contains some conditions for continuity of convex solu- 
tions of a difference equation. 
A function f(x) defined for a Ex b is convex, if 
[p 
B 2 


(1) ; 


If f(x) is convex and bounded from above in a Ex € b, then f(x) is con- 
tinuous (see Bernstein [1, p. 422]).? If f(x) is convex ina Ex <b and 
y a fixed number with a <y «b, let the function ¢,(x) be defined by 


g(a) = lim fly +a), 


where a assumes rational values only. Then ¢,(x) is uniquely defined, 
continuous, and convex for a «x <b (F. Bernstein [1, p. 431, Theo- 
rem 7]); moreover ¢,(x) =f(x) for rational y —x. 


THEOREM 1. If there exists at most one continuous convex solution of 
the difference equation 


(2) F(x, f(x), fle + 2, fe + n) = g(a), a > 0, 


where F.and g are continuous functions of their arguments, then there 
exist no discontinuous convex solutions. 


Pnoor. If f(x) is a convex solution, then, for x—y rational, 


F(x, é,(x), dy(% + 1),°-+ ó (x n)) = g(x); 


1 Presented to the Sociéty, September 12, 1940. 
2 The numbers in brackets refer to the bibliography. 
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as both members of this equation are continuous functions of x, it 
holds for aJ] x > 0. As there is at most one continuous convex solution, 
we have 


$,(x) = e.(x) 


for all positive z, y, x. As ¢,(s)=f(@), we see that f(z) is identical | 
with the continuous function ¢,(z) for all positive z. 


THEOREM 2. If the difference equation (2) has at most one solution, 
which ts monotone for sufficiently large x, then (2) has at most one convex 
solution, and that solution will be continuous. 


Proor. Every continuous convex solution is monotone for suffi- 
ciently large x. Apply Theorem 1. 


THEOREM 3. A difference equation of the form 
(3) II Gs + 9)" = gla), x > 0, 
kad 


(a, real constants) has at most one convex solution, tf 
(1) all roots of the equation 


YS ast = 0 
1-0 
are simple and of absolute value 1, 
an > 0, »» a, =Æ 0, 
k-0 
(2) g(x) z£0 and continuous, 


(3) limz.. (log | g(x)|)/x=0, 
(4) lim... (log | £(x)] )/log x54? ras- 


Proor. Assumption (3) implies 








IL| se + b - leol. 


From assumption (1) above and the lemma proved below, it follows 
that there are non-negative constants b; and c,, such that 


Mesto I| Hite + esol] 
= IIl fs 2 


9r 
. 





z 
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For every continuous convex solution f(x) of (3), HO is either mon- 
otone non-decreasing or monotone decreasing for sufficiently large x. 
Which of these alternatives takes place is determined by g(x), as in 
the first case 


IT| g(x + D |è 


is monotone .non-decreasing, and in the second case monotone de- 
creasing for sufficiently large x. If | f(x) | is monotone non-decreasing, 
we have in F(x) =log f(x) | a non-decreasing solution of the equation 
È aF(s + E) = log | g(2)]. 
k 
It follows from our assumptions that such a solution F(x) is uniquely 
determined for all sufficiently large x, and hence for all x (John [3, 
p. 183]). If | f(x) | is monotone decreasing for sufficiently large x, then 
F(x) = —log | F(x) | is an increasing solution of 
3 aF(s + k) = — log | g(x) |, 
n 
and hence uniquely determined. Thus for any continuous convex solu- 
tion f(x) of (3), | F(x) | is uniquely determined. Then f(x) is uniquely 
determined as well, unless f(x) is linear for sufficiently large x; but if 
f(x) is linear for large x, 


tim 208 1] elite xr: BE [f(x + 8) | 30 


2o log x mo k log x k 


contrary to assumption. Thus there exists at most one continuous 
convex solution, and hence at most one convex solution. 
Example. The equation 


f(x 4-1): f(2) = x7, 120,50, 


satisfies the assumptions of Theorem 3 and hence has at most one 
convex solution (proved by A. E. Meyer [4] for p=1, for general p 
by H. P. Thielman [5]). The convex solution is found to be 


Bix, 4)?/ (2m)??? 


LEMMA. If $(x) 9» f.oaix? is a polynomial, such that 

(1) a,>0, 

(2) d(x) has no positive real roots, 
then there are polynomials W(x) and o(x) with non-negative coefficients, 
such that * 


e(x):V(x) = e(z). 
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PROOF. (x) can be factored in the form 


$(x) = an [I (s + a) [] (x? + 26: + v2 


where o Z0, yz >f%. Hence it is sufficient to prove the lemma for the 
case that 


olz) = x? + 28x + y 
and 8? « y. We define 0 with 00 <r by 
cos à = — B/y1/2, 


Let the non-negative integer s be determined by 








Kig T 
so< 
: s+2 s+1 
Put 
vx) (y1)? sin (s + 1)8 — x(*12)*H sin (s + 2)0 + att? sin 0 
x = 


[x? + 28x + y]-sin 6 
sin Á“ + m. 
no 


= Soup tm 


y(x) and (x*--28x 4- y) W(x) obviously are polynomials with non- -neg- 
ative coefficients. 


THEOREM 4. The difference equation 
(4) 22 afle + k) = g(x), “> 0, 
km 


has no discontinuous convex solutions, if 
(a) g(x) 1s bounded from above in every positive interval, 
(b) a,>0, 
(c) the equation > s. 9aix*=0 has no positive real roots. 


Proor. Let $(x) =) 2_panx*. Let y(x) be a polynomial, such that 
V (x) and $ (x) -V/(x) have no negative coefficients. Let 


é(z):V(x) = x*-o(2), 
where e (x) is a polynomial of degree m with o(0)~0. Then 


«e () = San 
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is a polynomial of degree 2m with C: — c4 42:0. Put 


1 
EN (2 zy dan 
Then Í 
OC ee bee) 


where r(x) is a polynomial with non-negative coefficients b, and 
Ck — Cam- 0. For a convex solution f(x) of (4) 


im 


~ belt tn = YDaf(x+k+s) 


k= 


1 2^ 
=> Zalfst b+ 9) + fet Im — 3 
k=O 


2m 


1 
£z — D cfs d sd m, 
2 Xo 
Or 


2? bg(x dr) 
y» 


As g(x) is bounded above, it follows that f(x) is bounded above, and 
hence continuous. 


f@+tstms 


THEOREM 5. If the difference equation 


n 


(5) D afle + k) = g(x) 


O=% 


has a continuous convex solution, and if the equation ? 5. .gasx* —0 has a 
positive real root, then the difference equation has discontinuous convex 
solutions as well. 


Proor. It is sufficient to prove that the equation 


D> a(x + k) = 0 


k-0 


has a discontinuous convex solution, as the sum of two convex func- 
tions is again convex. Let 


^ e. E a-l 
Y ast = (x — A) D bast, 
k=0 k-0 
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where \>0. Then 
De afle t k) = D bllet e+ 1) Ala 4- B]. 


k 
It is sufficient to show that the equation 
(6) f(x 4-1) — A(x) = 0 


has a discontinuous convex solution. 
Let Z be a basis for all real numbers; that is, every real x may be 
represented in one and only one way in the form 


$ — oa -F Bb +: dr ye, 


where a, b, --- , c are in Z, and a, B, -+ , y are rational numbers. 
(The existence of such a base is proved by Hamel [2].) Without re- 
striction of generality we may assume 1 to be an element of Z (this 
comes back to assuming a normal ordering of the set of real numbers 
with 1 as first element). For every real x, there is then uniquely de- 
termined a number a, such that 


=at +e: + ye, 


where o, B,---, y are rational, and 1, 5,--- , c are in X. If A<], 
define f(x) by \*. Then 


f(x + 1) — M(z) = Ae — de = 0, 
If y=a'1+f’b+ --- ++’c is the representation of y then 





r Em anaes a f(a) +40 . 


Hence f(x) is a convex solution of (6). f(x) is discontinuous in every 
interval, as for an element b1 of = : 


Jb) = 1 
for all rational B, whereas 
fla) =) 51 


for all rational a0. Similarly, if À —1, we define f(x) =, where f 
is the coefficient of the fixed element 5751 of X. Then 


_ TO 
2 





fle+ 1) — f(x) =0, À=) 


f(a) =0 for all rational a, but f(8b) =80 for all rational B 0. i 


1941] DIFFERENCE EQUATIONS 281 


Note added March 15: I am indebted to Professors O. Sz4sz and 
G. Szegé for the information that the Lemma had been proved by 
E. Meissner, Mathematische Annalen, vol. 70 (1911), pp. 223-235. 
See also Pólya and Szegó, Aufgaben und Lehrsütze aus der Analysis, 
vol. 2, p. 730, no. 190. 
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MOMENT PROBLEM FOR A BOUNDED REGION! 
L. B. HEDGE 


1. Introduction. In this paper a solution of the moment problem 
given by Hausdorff? for a bounded interval is extended to any 
bounded region in euclidean s-space, under certain conditions on 
polynomial expansions over the region. The resulting solution is valid 
for the n-dimensional sphere, and includes the Hausdorff case as well 
as the known conditions on the “class” of Fourier and Fourier- 
Stieltjes series,’ 


2. Definitions and notation. Let n be a positive integer, fixed but 
arbitrary. R* will denote the euclidean n-space, (x) and (y) will stand 
for (x, Xn >>, Xa) and (yi ys - c, Ya), points of R^, and E a 
bounded, closed subset of R”. v, 7, 4, j, k, and s, will be used for non- 
negative integers, and (k), (s), and so on, will denote ordered n-tuples 
of non-negative integers (ki, ke, - - - , Rn), (Su Sa, © ++, Sa), and so on, 
(k) 7 (s) will mean &;—5;, i=1, 2, - - - , n. (0) will mean (0,0, - - -,0), 

Hm} will be a sequence of real numbers, and { Uay(x)} and 

Va (x) } will be two sequences of polynomials such that 


U (o(x) = Vols) = const., 
(1) ' EE oo (OSG), 
J poas- 5 (b = (9), 


and by fsm f(x, y)d®(E) will be meant the Lebesgue-Stieltjes integral 
over E of f considered as a function of a point (y). B will be used for 
any Borel set with BCE. 

If f is integrable over E we define 


ef, x) = 2;4e Va (2), Aa) = f s@)Ves(a)ee, 
S(x, y) S 2 U ay(3)V (y). 


Let L, for every v be a partition of R” into two subsets, one closed 
and bounded. We write (k)EL, to indicate that (k) belongs to the 


! Presented to the Society, June 20, 1940. 

`F. Hausdorff, Momentprobleme für cin endliches Intervall, Mathematische Zeit- 
schrift, vol. 16 (1923), pp. 220-248. 

? See, for example, A. Zygmund, Trigonometrical Series, Monografje Mate- 
matyczne, vol. 5, Warsaw, 1935, pp. 79-86. 
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bounded subset defined by L,, and require that for every (k) there 
exist a v such that (k)CL,, and that (k) EL, shall imply (k) CL, for 
all y^ zv. Now let . 

Sx, y) = 25, Ua (2)Va(y), 


(k) « Ly 


Sih) = X AeYa(9 = f S D. 


(b) « L, 


If T: | 








ay, is any regular Toeplitz transformation,‘ we write 


TG,(f, 2) = [ise Ni)dy = [xe y) f(y) dy. 


If P is a polynomial in (x) we denote by uq (P) the expression result- 
ing from the substitution of us, au, -- m, for xx ++ xt in P. 


3. Moment problem. A solution of the moment problem for the set 
'E is given in the following theorem: 


THEOREM. Given (Ug (x)), [Voy], {L,}, and T satisfying 
the conditions above, and such that T'S,(x, y) - K,(x, y) ZO for all 
'(x), (9) C E, and all v, and such that for any f integrable over E 
TO,(f, x)f(x) for every (x) CE for which f is continuous, and uni- 
formly on E if f is continuous on E, then in order that a sequence T } 
be expressible in the form 


mimes = f a1 Xa vus x, d&(E), 
E 


where ® is completely additive, defined over at least all Borel sets of R", 
and with 
(1) fa|d$(£)| SM, 
(2) &(B) 20, 
(3) $(B) 2 fsó (x)dx and with 
(3a) 6€ L5 p> 1, 
(3b) $€Ls, 
(3c) || <M, 
it is necessary and suficien that 
(1) Salun [EŒ y)} |d S M for all v, 
(2) ug) {K,(x, y)} 20 for all (x) CE and all v, 
(3a) felu Uo (x, y) ] | "dx S M for all v, 


* Zygmund, loc. cit., pp. 4043... 
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(3b) lim,,..., Palio; K,(x, y) } TH) {K,(x, y) } | dx =0, 

(3c) fo UR. (s, y)} <M for all (x) CE and all v, 
(3d) lim, ++. | tay LE, y)} TH) {K,(x, y) H =0 uniformly in 
x)CE. 


The proof in'each of the six cases closely parallels that of Haus- 
dorff.* The proof is given for case (1) to indicate the modifications: 
Necessity. We have 


nolo 9} | =| f. Es NaH) | 


< f, Ke y) | ae) |, 


f boots 5] | dx sf if x sya} | 208) | 


sc f |anm| s 
B 








for : 
K(x, y) = Dia; > Uw(3)Vay(y) 
j0 (k) e Lj : 
IE ydx = Dia; Y Va) f U ay(x)dx 
E m0 (Lye Ly zE 
-2,9;€ |a; SC. 
=O j=0 
Sufficiency. Let 


&(B) = Í nolke 3) ] ds, 


fi d8,(E)| = Nu ti { K(x, y)} | dx € M 


and, by a well known theorem of Helly, there is a subsequence 
{&,/} and a function such that fx|d®(EZ)| < M and $,(B)—49(B), 
and also fy Voy (yd, (E) fs Va; (y)d&(E) whence jy { Vo)0)] 
= fe Va; y)d9(E), and © is a solution. 


4. Examples and conclusion. If P is the unit sphere in R”, { Uw (x) j 
and { Vw (x) } may be taken as the normalized polynomials of Appell- 
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Didon, (k) CL, to mean X 1. Ei», and T any (C, r) with r2n+1° 
In particular, for n=1 this reduces to the Hausdorff solution for the 
unit interval. If E is the circumference of the unit circle we may set 
Us (x) = Vo(x) = (27r) "?, and, for £70, 


Use(x) = Vala) = (x)? cos kô, Us a(x) = Varila) = (2) sin BO 


with (s)EL, meaning s€2v, T any (C, r) with r21.” Sequences 
{ Ua; (x) } and {Vo (xe) } can be constructed by the Schmidt process 
for any bounded region in R*. It would be interesting to know whether 
regular Toeplitz transformations of the type required for the present 
theorem exist in general. 


Brown UNIVERSITY 


5 P. Appell and J. Kampé de Fériet, Fonctions Hypergéométriques et Hyper- 
sphériques; Polynomes d' Hermite, Paris, 1926. 

* L. Koschmieder, Über die C-Summierbarkeit gewisser Reihen von Didon und Ap- 
pell, Mathematische Annalen, vol. 104 (1931), pp. 387-402. 

7 L. Fejer's theorem: See, for instance, Zygmund, loc. cit., p. 45. 


NOTE ON AN INTEGRAL OF BIERENS DE HAAN 
THOMAS JAMES HIGGINS 


In connection with certain potential problems, the author has re- 
cently had occasion to evaluate integrals of the form 


o grr 


I, = sin qox-sin qi%-sin qax - - - sin qx dx. 
0 ntl 





In Table 371 of Bierens de Haan’s Nouvelles Tables d'Intégrales 
Définies a rule is given for evaluation of this integral. An attempt to 
use it led to finding that it was incorrect. 

This integral was originally considered by de Haan in a paper pub- 
lished in Dutch in the rather inaccessible Archief, Wiskundig Genoot- 
schap onder de Zinspreuk, part 1, 1856-1859, pp. 288-315. Reference 
to this article revealed that while de Haan did not give a specific rule 
for the above integral, he did discuss it in general. Evidently, in the 
compilation of these tables in French a garbled version of this dis- 
cussion was inserted. As integrals of this form occur in several po- 
tential problems of current interest,! it is thought worthwhile to point 
out this error in these universally used tables and to give the following 
rule, ascertained partly from de Haan’s discussion and partly from 
direct inspection of a number of specific cases given in the same ar- 
ticle. The correct formula is: 


i, a 


Ie 3c o|r, arc tan " — L; log (k; + 6], 
j=1 





n!2” 


where l 

(a) k; is any one of the 2* possible sums obtainable from 
(dox dt qs --- +g,) by selection of the + and — signs; 

(b) r; is the number of negative signs in 5;; 


(c) T; is the sum of the 1st, 3rd, Sth, --- terms of 
Md Ceaphy “Cobh, COPA. 
TO E A PP RC Guar ceteri 


1 The author encountered these integrals in seeking to determine the vector po- 
tential of two parallel, infinitely long, tubular rectangular conductors carrying cur- 
rents in opposite directions. In general, they arise in two dimensional problems, where 
it is necessary to obtain a potential satisfyimg Poisson's equation over certain rectan- 
gular areas and Laplace's equation over the remainder of space. 
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(d) L; is the sum of the remaining terms. 
As an illustration we evaluate the integral 





eo e ?* 
Ih = f sin? ax- sin bx dx. 
0 


x 

Now 

kài-adTedcTb—2acb;(—1^n-21; 

k=a+a—b=2a—5; (—1)71—- — 1j 

à-a—actb-b (1) = -— 1; 

kı=4a—a—b[= b; (— 1)" = 1; 
and from 

ky +.Caaphy — p, 
we have . 
2 2 
T;-kj—-b, Lj = 2ph;. 
Hence 
p. rj k; 2 2, 1/3 
st arr ny a eal [cH — 2°) are tan H — 2phs log (i +P | 
+ j=l 


This confirms the integral #2, Table 370. 


PuRDUE UNIVERSITY 


ELEMENTARY PROOF OF A THEOREM ON 
LORENTZ MATRICES 


E. R. VAN KAMPEN 


Let x and y be real n- and m-vectors and x?, y? the scalar squares 
of x, y. The corresponding Lorentz matrices are matrices of (5--sm)- 
dimensional real linear transformations which leave the quadratic 
form x?— y! invariant. Let the transformation be written in the form 


i A B x Ax+ By 

2 G a) G) uo) 

Then the signs of the determinants [A | and |D| form two 1-dimensional 
representations of the Lorentz group. Two algebraic proofs at present 
available for this fact! depend on a recursive factorization of the 
Lorentz matrix into simple factors or on deeper facts from the theory 
of representations. On the other hand, a simple topological proof may 
be given in quite an obvious manner. In this note the topological 
proof is briefly sketched and then a simple algebraic proof is given 
which does not depend on recursive factorization or representation 
theory and is valid in any real field. 

The set defined by x*—y?21 in the real (n4-71)-dimensional space 
possesses one basic (n—1)-dimensional (finite) cycle T which can 
most easily be represented by the (s — 1)-dimensional basic cycle of 
the (1 —1)-dimensional sphere x* —1, y 20. Now I is transformed by 
(1) into a cycle homologous to +T or to —T according as Ja] is 
positive or negative. The formal proofs of these topological facts are 
obtained most easily from the remark that the whole space x?— y? z1 
can be retracted into its subset x*—1, y —0 by a deformation which 
does not change the value of «/(«?)/? for any point. That sign | A | isa 
one-dimensional representation of the Lorentz group is of course evi- 
dent from the fact that T is transformed by (1) into a cycle homolo- 
gous to sign | A| T. The statement concerning the signature of | D| 
depends on a similar consideration for the set defined by x? — y? x — 1. 

Now let the elements of the matrix in (1) belong to any real field. 
Let the unit matrices of dimensions 2 and m be denoted by E, and Em. 


The fact that the matrix in (1) is a Lorentz matrix may be expressed 
by the relations: 


! Cf. W. Givens, Factorization and signatures of Lorentz matrices, this Bulletin, vol. 
46 (1940), pp. 81-85, where other referenftes are given. My thanks are due to Dr. 
Murnaghan who drew my attention to the above theorem. 
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(2) A'A — CC = Ex, D'D— BIB = En, A! B — C'D, 


which may be obtained by forming the expression x*— y? for the vec- 
tor on the right in (1). 

If P is a matrix of m rows and n columns, such that E,— P'P is 
positive definite, then the sign of the determinant |A +BP| is inde- 
pendent of P; in particular |A+BP| 0 and | A| <0. 

In fact, from (2) one easily obtains the identity 


(A + BP)'(A + BP) = (C + DP)(C+ DP) + E, — P'P. 


Since E, — P'P is assumed to be positive definite, this implies that 
(A+BP)'(A+BP) is positive definite. Thus |A+BP| +0 and, by 
choosing P — 0, also |a] ~0. On replacing P by £P, one sees that the 
determinant |A+tBP| , which is a polynomial in the parameter 1, is 
never 0 while —1<iS1. For E,—#P’P=E,—P’P+(1—-#)P’P is 
positive definite if —1<¢<1. Thus the polynomial |4+¢BP| can- 
not change its sign as ¢ varies between 0 and 1. In the field of real 
numbers this is evident. If the underlying field is any real field, and if 
the polynomial |4+2BP| took both possible signs for —1S#<1, 
then one could adjoin to the field a root of |4+¢BP| —0 which lies 
between —1 and 1. In the enlarged field one obtains of course a con- 
tradiction with the fact that [A +tBP| #0 for —1 <i <1. 
Let the product of two Lorentz matrices be written in the form 


A; Bı\/4 Bs AyA2+ BiC; Ai Bs + BD: 

a a " a) i n + Dé. CB nn) 
Then one has 

AiAs + BiCs = (41 + BiCsAz!)Aa = (A41 BiP)As, 
where P — CA; . But 
E, — P'P = E, — (Aq) 1C1Cs4M1! = (Ad) (Ad As — C1 Cy)A4s! 
= (Az) Ar! 
is a positive definite matrix, so that sign | A1+BiC:Az}| =sign 
|41+B,P| =sign |41|. Thus 
sign | Aida + BiC;| = sign | 4i|-sign | Asl. 


This completes the algebraic proof of the above theorem. 

The geometrical content of the proof becomes clearer, if one realizes 
that the n-dimensional linear spaces with the equations y = Px (where 
E,— P'P is positive definite) are precisely those spaces through the 
origin which meet the quadratic x?— y*—1 in a completely elliptical 
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quadratic (and the cone x*— y! —0 in its vertex only). Thus this sys- 
tem of linear spaces is invariant under the Lorentz group. That the 
sign of |a +BP| is independent of P means that the orientation of 
all spaces y= Px is left invariant by a Lorentz matrix with |A| >0 
and is changed into its opposite by a Lorentz matrix with | A| <0. 
Complications in preceding proofs of the theorem apparently origi- 
nate either from the inclusion of the proof that every matrix P with 
positive definite E— P'P is the matrix CA^! of a Lorentz transforma- 
tion (1) and/or of the proof that the subgroup of the Lorentz group 
defined by | 4| >0, | D| >0 is connected. 

The 1-dimenstonal representation of the Lorentz group given by the 
determinants of the Lorentz matrix (1) 4s the product of the two repre- 
Sentations given by the signs of | A| and | D| . In fact, D as well as A 
is nonsingular. Thus? 














A P |=] B B |=12]: A — BDC 0 
C D DC En DC En 
=|D|-|4—BD-Cc|, 
so that, since BD-!— A'-1!C' and |A’| =| A], 
ie - [pi -|4 - 4cc| =U) a4 Lec] e 
C D | 4| |a] 
Thus the sign of 
A B 
k » 
is the product of the signs of | D| and | 4|. Since 
A B] |4| 
C EE 
may be similarly proved, one has 
A B 
C D = sign | A| - sign | D]. 
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2 Cf. J. Williamson, The expansion of determinants of composite order, American 
Mathematical Monthly, vol. 40 (1933), pp. 65-69. 


ERRORS IN HAYASHI'S TABLE OF BESSEL 
FUNCTIONS FOR COMPLEX ARGUMENTS: 


ARNOLD N. LOWAN AND GERTRUDE BLANCH? 


. The Project for the Computation of Mathematical Tables is en- 
gaged in the computation of an extensive table of the Bessel Functions 
Je(z) and Ji(s) for complex arguments.* Certain formulas developed 
for the purpose of checking the tables could also be applied to check- 
ing systematically the above-mentioned table of Hayashi (credited to 
A. Dinnik) and it was deemed worth while to do so. 

. All values on the rays $ — 4x and ¢=4n were checked against the 
15-decimal place values computed by us. Those on the ray ¢=47r 
_ —0.001 were differenced as a function of r; one error was discovered 
and corrected. 
The entries on all the other rays were differenced as a function of r. 
In addition, “summation” tests were applied, based on the following 
theorem due to G. Blanch: 


For a fixed r, let Uo(r, bp) represent the real component of Jo(r, by), 
where pp=pr/16, and p ranges from 0 to 7. Similarly, let Vo(r, $p), 
Ui(r, bp) represent the corresponding values of these functions for a fixed 
r, and $ ranging as before. Then the following formulas hold: 


7 
(1) 22 Uolr, ġa) = 8 +4) — Ilr] + Ri, 
(2) p» Ve(r, $p) sin (25) = — ri-F Rs 
(3) 22 Uilr, bp) cos bp = 2r — Mi(r) + Ra, 


1 Published in Fánfstellige Funktionentafeln, by K. Hayashi, Berlin, Springer, 1930, 
pp. 105-109 (from Prof. A. Dinnik, Yekaterinoslaw, 1922). Tabulated in the form 
Jo(s) = UottVo; Ji(g) = Ui--$Vi for sr exp (i$). Range of r: 0(0.2)8. Range of 4: 
0(z/16)x/2 for Up and Vi; x/16(x/16)77/16 and «/2—0.001 for Vo and Ui. To 4 
decimal places. 

3 The results reported in this paper were obtained in the course of work done by 
the Project for the Computation of Mathematical Tables, O.P. No. 65-2-97-33, Work 
Projects Administration, New York, N. Y., operated under the sponsorship of Dr. 
Lyman J. Briggs, Director of the National Bureau of Standards. The authors wish to 
express their appreciation to the W.P.A. and to the Sponsor of this Project for per- 
mission to publish these results. 

3 This work has since been completed. 


291 


292 A. N. LOWAN AND GERTRUDE BLANCH ' [April 


: 1 
OE 25 Vi(r, $5) sin bp = 2r — Mi(r) + Ra, 


where | R;| <7X10-7 for rS8, i=1, 2, 3, 4. 


The summations indicated above were actually performed, and 
wherever the discrepancy between the theoretical and actual sums 
exceeded one unit in the fourth decimal place, the source of a possible 
error was sought, along rays where the differences were irregular. 
Since each sum contained a group of 7 rounded entries, an occasional 
discrepancy of two units was to be expected. However, in such Cases, 
the entries giving rise to the discrepancy were checked with special 
precaution, especially in formulas (2), (3), and (4), where multiplica- 
tion of the entries by sin ¢, or cos $, might possibly mask an error 
larger than that shown by the discrepancy. 

Because of the great number of errors in the table, it would have 
been very difficult to localize them by differencing methods alone; but 
with the aid of the summation tests, the erroneous entries were picked 
out systematically. The values in error were then re-computed. After 
all errors were corrected, the differences along the rays were suffi- 
ciently regular, and the discrepancies in the summation tests were no 
larger than 2 units in the fourth decimal place anywhere. 

It was obviously impossible to check last-place errors of about a 
unit, except along the rays which we ourselves have computed. A 
number of additional errors of one unit were discovered during the 
recomputation of entries on complementary rays. [Thus, for example, 
Uo(r, ¢)=A+B, where A=) .,—r** cos (4&--2)9/(k)?, and 
B= kot cos 4ko/(k!)?; and -A+B=Uv(r, ir —49). Hence one set 
of values of 4 and B yields the entries on two (complementary) rays. | 
However, it is not deemed worth while to report these errors of one 
unit. Readers interested in obtaining a list of those which came to 
light might communicate with the authors. Errors of more than one 
unit are given below: 


Errors IN Hayasui's TABLE OF BESSEL FUNCTIONS 
FOR COMPLEX ARGUMENTS 


Uo Vo 

Hayashi s Correct Hayashi's Correct 
f $ Value Value r $ Value Value 
6.8 x/16 0.5338 0.5837 1.0 x/16 —0.0880 —0.0850 
5.2 2/16 —0.6625 —0.6601 
7.4  2x/16 0.5079 2.5079 
1.4  3x/16 0.7781 0.7731 "4.6 3/16 0.4125 0.4095 
5.6 3x/16 —2.0436 —2.0636 6.0 3x/16 4.4654 4.4854 
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Us Ve 
7 Hayashi's Correct Hayashi s Correct 
r $ Value Value r $ Value Value 
5.8 3«/16 —1.6127 —1.6428 
6.8 3r/16 2.4803 2.8403 
5.4 4/16 18.0734 18.0736 


4x/16 —7.6676 —7.6674 
- 4x/16 28.6088 27.6088 
42/16 35.0280 35.0167 


O0 00-10 
C oo O w^ 0 


3.8  5x/16 —0.9092 —1.0874 57/16 —0.1528 —0.1523 
5.0 5r/16 —8.9930 —9.0929 52/16 — 2.8406 — 2.8206 
6.2  5x/16 —26.2519 | —28.2518 
6.8  6x/16 —56.4404  —56.4402 
5.8  7«/16 | —40.0003  —42.8973 
5.2 8x/16 32.5636 32.5836 5.6  7x/16  —35.0061  —35.0360 
6.8 8/16 140.1364 140.1362 
8.0 84/16 427.5529 427.5641 
8.0 7/2—0.001 —3.3587 —3.1989 
Ui Vi 
0.2 = x/16 0.0966 0.0977 5.6 x/16 0.0118 0.0818 
5.2 «/16 —0.5248 —0.5255 
i 2.2  2«[16 —0.0745 —0.0754 
8.0 2x/16 2.6334 2.5000 
7.6 3«/16 —3.8432 —3.8428 5.0 3/16 —2.2772 —2.2792 
7.8 34/16 —2.5846 —2.5841 5.6 3x/16 —1.7016 —1.7014 
8.0 3/16 —0.9458 —0.9448 7.4  3«/16 8.6155 7.3091 
7.8 3«/16 10.2946 10.2950 
1.0 4/16 0.3005 0.3076 
5.6  5«/16 4.6486 4.6489 2.6  5«/16 0.5418 0.5412 
7.4  5x/16 | —44.1809 — —42.8744 6.6 54/16 —34.4889  —34.4849 
7.6  5«/16  —52.708& | —52.7088 
7.8 5/16  —53.9269 | —53.9275 
2.6  6x/16 1.8123 1.8133 8.0 52/16 | —53.3290 | —53.3300 
6.2. 6«/16 37.4187 37.4126 
8.0 6x/16 55.4879 55.3546 
1.4 7/16 0.2241 0.2441 0.2 7x/16 0.0945 0.0985 
2.8 T«/16 1.7755 2.7755 
5.2 T«/16 15.7771 15.7764 
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RECURRENCE OF SYMBOLIC ELEMENTS IN DYNAMICS! 
RUFUS OLDENBURGER 


1. Introduction. Morse and Hedlund [1] have given a symbolic 
treatment of modern theoretical dynamics as developed by Birkhoff 
[2] and others. In the Morse-Hedlund viewpoint the concept of re- 
currence plays an important role. To establish various theorems on 
symbolic trajectories Morse and Hedlund introduced “symbolic ele- 
ments,” the analogues of line elements on ordinary trajectories, a 
symbolic element being the notion of a trajectory T and a particular 
symbol in T. In the present paper we shall be concerned primarily 
with the question: *How are recurrence of a trajectory T and elements 
based on T related?” 


2. Definitions. For terms defined elsewhere and used here the reader 
is referred to other papers [1, 3]. Let rays R; (i=1, 2, 3, 4) be given by 
Qil Cin Aig. 

The distance E,E; between the elements E:=(R1, Ra) and F4— (Rs, Ry) 
is defined to be 1/n where n is such that a1;=ds;, a4;—a4; for each 
value of j in the range 1, 2, - - - , n, while 

(01, c1, 02,341) = (03,11, G4, 1). 
The element E, is the ray 
(1) Ads, 


where A; denotes the pair of symbols (a1;, a4j). In what follows the 
term “recurrence of E;" designates the recurrence of the ray (1). We 
recall that a ray (1) is recurrent if for each n there is an m such that 
each -block in (1) is contained in each m-block of (1). For each n 
the value R(n) of the recurrency function of (1) is the smallest m with 
the property just mentioned. 


3. Recurrence. It is evident that the recurrence of a single element 
based on a trajectory T does not imply the recurrence of T. 


THEOREM 1. If each element based on a trajectory T ts recurrent, T is 
recurrent. 


The recurrence of each ray based on T obviously implies the recur- 


. ! Presented to the Society, December 28p 1939, under the title Symbolic elements in 
dynamics. 
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rence of T. The recurrence of each element based on T implies the 
recurrence of each ray based on T, whence T is recurrent. 


THEOREM 2. There exists a recurrent trajectory with a non-recurrent 
element. 


If a is irrational, the trajectory T(0, o) of Morse and Hedlund [4] 
is recurrent and is of the form R-!abR. The element (bR, aR) is not 
recurrent. 

The proof of the theorem to follow is simple and will be omitted. 


THEOREM 3. A trajectory T is identical with its inverse af and only 
if T=RR or T=R aR for some ray R and symbol a. 


THEOREM 4. If a trajectory T is recurrent and is identical with its 
inverse, each element based on T ts recurrent. 


We assume first that T — RR for some ray R. Consider an element 
E-—(B-R, R:), where B is such that R—BR;. We permit B to be 
vacuous, in which case E= (R, Ri). Let G denote the leading s-block 
of Ri for a given value of s, and let r denote the length of B. Let J 
denote the leading s-block of B-*R. Then Jin BR matches G in Rj, 
and the pair of blocks J, G corresponds to the block A > + - A, in the 
representation (1) of E. The block G-1B-1BG is a subblock of T. Let 
R(n) denote the recurrency function of T, whence G-1B-1BG occurs 
in each R(2r4+-2s)-block of T. Let n be the number of symbols preced- 
ing one such block G-1B-!BG in R, so that 


R = HG"B"BGR;, 


where H is a block of length n» and R1isa subray of R. For brevity we 
introduce the notation K =G-!B-!BG so that R — HKR;. It is no re- 
striction on the generality of the argument to follow to suppose that 
nz=rso that the block K is a subblock of Ri. The final block G in K 
is preceded in R; by a subblock of length n+r+s. In the ray BUR 
the final subblock B-1BG of K is preceded by a block of length 
n+r+s. Thus the initial s-block J of the subblock B-!BG of K in 
B-R matches the final block G of K in R;. We have proved that in 
each R(2r+2s)-block of R; there is a subblock G matching a subblock 
J of B-'R whence each R(2r-+2s)-block in the representation (1) con- 
tains a block identical with 41 - - - A,. Since each block in (1) is con- 
tained in the block A1--- A, for large enough s, it follows that E is 
recurrent. 

We suppose, finally, that T — R^aR for some ray R and symbol a. 
Let r and s be arbitrary non-negative integers. We consider an ele- 
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ment E=(D~'aR, Ri) where D is the leading r-block of R so that 
R=DR,, Ri being a subray of R. We let G denote the leading s-block 
` of Riso that Rı=GR; where Rs is a subray of Rı. Evidently, T con- 
tains the subblock G-!D-taDG and the initial block G of R, matches 
the leading s-block J of D—'aR. The last block G in any block 
G-.D-!aDG of R, matches the leading block J of a subblock D~'aDG 
in D-'aR, whence E is recurrent. ' 

By Theorem 3 the above argument proves that each element E 
based on T is recurrent. 


THEOREM 5. If for some block C and ray R a trajectory T is of the 
form RCR, and if each element based on T is recurrent, the trajectory T 
ts identical with its inverse. 


We suppose first that C is of even length 2g, and we accordingly 
write C= C1Cs where Ci and C; are of length g. We consider the ele- 
ment E=(Cr!R, CR) based on T. Since E is recurrent, C4 occurs in 
the subray R matched in CR by a block Cr! in Cr}R. It follows that 
Cr! matches C; in R, whence C15 Cr! and T 5 T-1, 

If now C is of odd length 2g 2-1, we write C= Cia Cs where C; and C, 
are of length q. Let the initial symbol of R be denoted by b. Since the 
element E= (Ci^R, aC;R) is recurrent, there is a subblock aC: of R 
matched in aC;R by a block Crtb in the ray Ci ^R. Hence there is a 
block C; in R matching a block Cr! in R. Thus Ci— Cg! and T — T3. 

The Morse recurrent trajectory T extensively studied in the litera- 
ture is a trajectory identical with its inverse, whence each element 
based on T is recurrent. Morse and Hedlund gave methods termed 
projection, reduction, association, and substitution by which one can 
obtain a recurrent trajectory from a given recurrent trajectory. One 
can prove readily that the elements based on the trajectories obtained 
by derivation from the Morse recurrent trajectory are recurrent. 

Elsewhere the author proved (3) that the exponent trajectory T, 
of a recurrent trajectory T' is generated by a finite number of sym- 
bols, and is recurrent. Let 73, 73, - -- bea sequence of trajectories 
such that T; is the exponent trajectory of T; , for each 4. We term 
Ts Ty *-- the successive exponent trajectories of T. One can prove 
readily that the successive exponent trajectories of the Morse recur- 
rent trajectory are each of the form R-!aR where a isa symbol and R 
is a ray, whence the elements based on these successive trajectories 
are recurrent. 

We let R,(m) denote the recurrency function of the element E; based 
on a trajectory T. If for each ¢ the Set R1), Ri(2), -- - is bounded, 
T is said to be E-recurrent. For the Morse recurrent trajectory one 
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can prove that the set R;(1) is not bounded whence this trajectory 
is not E-recurrent. The existence of a nonperiodic E-recurrent trajec- 
tory is still an open question. 
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COMMENTS ON CANONICAL LINES 
R. B. RASMUSEN AND B. L. HAGEN 


1. Introduction. In this paper we propose to find the equations of 
the canonical edges of Green using a conjugate net as the parametric 
net of an analytic surface; to give a new interpretation to the line 
called by Davis the associate line of collineation; and, finally, to make 
'a generalization of the canonical quadric of Davis. 


2. Analytic basis. Let the projective homogeneous coordinates 
x!, : -+ , xt of a point P, on a surface S in ordinary space be analytic. ` 
functions of two independent variables u, v. In the notation! of Lane 
if the parametric curves on S form a conjugate net, the coordinates x 
of the point P; and the coordinates y of a point which is the harmonic 
conjugate of the point P, with respect to the foci of the axis of the 
point P,, satisfy a system of equations of the form — 

Xun = px + Ox. + Ly, 
(1) i Luv = cx F az. + dx, 
Zos = gu + bx, + Ny, LN # 0. 
The ray-points of the net at the point P, are given by the formulas 
£i wy — ba, £i = z.— ax. 
Some of the invariants of the net are 


H=c+ab-a,, K = c- ab — b,, 

Ó = c + ab + b, — ôu, R = c+ abt a, — a,, 
4a — 28 + (log r),, r= N/L, 

8G" = 4b — 2a — (log r),,. 


& 
I 


If the covariant tetrahedron, x, X1, x1, y is used as the local tetra- 
hedron of reference, a power series expansion? for one nonhomogene- 
ous coordinate z of a point on the surface in terms of the other two 
coordinates x, y is 


z = 4(La* + Ny!) + &(L6a3 + N88?) + coxt 


3) 
l + tary + tery? + ayit, 





1 Lane, Conjugate nets and the lines of curvature, American Journal of Mathematics, 
vol. 53 (1931), p. 574. 


? Lane, A canonical power series expartion for a surface, Transactions of this So- 
ciety, vol. 37 (1935), p. 481. 
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where the coefficients co, ci, c, c4 are given by 


co = 4LG' [12€ + (log &7/3,], — 4&4 = 4L(H — $), 
ca = $N38' [12:8/ + (log 8/771/2,], 46, = 4N(K — £), 
and the coefficient of x*y? is zero. 


We will assume that the surface S is non-ruled,? that is, that 
$8? -- r2 20. 


3. The second canonical edge of Green. Segre has shown‘ that the 
second* edge of Green is the line of inflexion of the nodal cubic in 
' which the tangent plane at a point P, of an analytic surface S inter- 
sects the four-parameter family of nondegenerate algebraic cubic sur- 
faces having fourth order contact with S at P,. 
The equation in nonhomogeneous coordinates of a general algebraic 
cubic surface through the point P, is 


ax + Gry + as + Dix? + bay? + baz? + bazy + bizz 
(4) + beyz + dix? + day? + das? + dyxty + dex?s + dex y? 
+ dryts + daxs* + dayz? + dioxys = 0. 


If this surface has fourth order contact with the surface S at the point 
P,, its coefficients satisfy the following conditions: 


4,— 03 —05.— 0, al+2b,=0, aN + 25. — 0, 
8LG'ay + 3Lbs J-di — 0, — Lbs 2d, — 0, 

8NB'as + 3Nbs +da — 0, — Nbs + 2d, = 0, 

12coas + 3L%3 + 16LG'b. + 6Lds = 0, 

1200s + 3N%s + 16N38b4 + 6Nd; = 0, 

1265 + 8LG'b. + 3Ldio = 0, 

126505 + 8N38 b + 3N dig = 0, 

LNbs + Nd; + Ld; = 0. 


(5) 


The tangent plane, z=0, intersects this cubic surface in the cubic 
curve 


3 Green, Projective differential geomeiry of one-parameter families of curves and con- 
jugale nets on a curved surface, First Memoir, American Journal of Mathematics, 
vol. 37 (1915), p. 239. 

* B.Segre, La cubique indicatrice del dément linéaire projectif d'une surface, Comptes 
Rendus de l'Académie des Sciences, Paris, vol. 184, p. 729. 

* This classification of the edges of Green is the reverse of that introduced by 
Green, 
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(6) ~ Z = bix? + bey? + dix? + diy? + d4x?y + dezy? = 0, 
where the coefficients bı, bz, di, ds, da, ds can be expressed in terms of 
the invariants given by equations (2) and as. : 
Following the usual method of solving a cubic with its Hessian and 
discarding the solution giving the double point tangents, we obtain 
the following equation of the line of inflexions of the cubic: 
(7) z = a + (bs + 28'as)x + (ba + 2:583) = 0, 
where 
— as 
8(NG'? + LP?) 
+ 20’ [12(NG'* + LB’) + NC’ (log C'rt/2), 
+ LB’ (log 8110), ]], 
=i 
bs = —— 
8( NE + LY?) 
+ 28’ [12(NG’? + LB") + NG" (log C’r'/2), 
+ LB'(log 8/r-:$),]]. 
Any line of the second canonical pencil* of Davis may have its 
equation in the form 


bs {— L8'[(H — $) — (K — &)] 


(8) 
{NG [(H — $) - (K — &)] 


z = 1 + k(@'sx+8'y) = 0, 
where & is a constant. The flex-ray (7) is a line of this pencil in case 
26’ + bs/as = kg’, 2B’ + be/as = kB’. 
_Eliminating k from these equations, we obtain 
(B + rC) [((H — 6) — (K — $] = 0. 
Therefore, necessary and sufficient conditions for the second edge of 
Green to be a line of the second canonical pencil of Davis are 
H-§=K-8, 
[r& (log G’r/2), + B (log B’r-1/2) , |/(B’? + 06/2) = const. 


A line of the first canonical pencil? of Davis joins the points 
(1, 0, 0, 0) and (0, —£G'/L, —kB’/N, 1). It can be verified that the 


(9) 


e W. M. Davis, Contributions to the Theory of Conjugate Nets, Chicago Doctor's 
Thesis, 1933, p. 18. . 
7 Davis, ibid., p. 20. 
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first edge of Green is the line joining the point (1, 0, 0, 0) to the point 
(0, — (b;/as2-4&^)/L, —(bs/as+4B’)/N, 1]. The first edge of Green ` 
is a line of the first canonical pencil of Davis if conditions (9) hold. 
This is a special case of the following theorem. ` 


If one line of an arbitrarily selected pair of lines which are reciprocal 
with respect to a-quadric of Darboux is a line of the second canonical 
pencil of Davis, its reciprocal is a line of the first canonical pencil of 
Davis, and conversely. 


4. The associate line of collineation. The cubic surface 
= $(Lx* + Ny?) + ALE + N38'y?) 


obtained by truncating the power series (3) can be interpreted® geo- 
metrically as follows: first, it has third order contact with the analytic 
surface S given by equations (3) at the point (1, 0, 0, 0); second, it 
has a unode of second order at the point (0, 0, 0, 1). This cubic surface 
intersects the tangent plane s=0 in the nodal cubic 


z = 3(2? + ry?) + 8(&'x? + r88'y*) = 0 


which has for its line of inflexion g= 14+2(6'x+8'y) =0. This is the 
associate line of collineation,!? and is a line of the second canonical 
pencil of Davis. 


5. A generalization of the canonical quadric of Davis. Davis has 
shown!! that at each point P, of a conjugate net on an analytic sur- 
face S there exists a unique quadric surface which has the following 
properties: the quadric has second order contact with the surface sus- 
taining the net; the axis and ray of the net at P, are reciprocal polars 
with respect to the quadric; and the quadric passes through the point 
P, which is the harmonic conjugate of P, with respect to the focal 
points of the axis. We shall generalize this definition by showing that 
at each point P, of a conjugate net there exists a two-parameter 
family of quadric surfaces having the following properties: the quad- 
rics have second order contact with the surface sustaining the net and any 
line of the second canonical pencil of Davis has as its polar rectprocal 
with respect to any quadric of this family the line of the first canonical 
pencil defined by the same value of k. 


* We are indebted to P. O. Bell for this theorem in its general form. 

* Lane, Projective Differential Geometry of yum and Surfaces, The University of 
Chicago Press, 1932, p. 296. 

1? Davis, ibid., p. 25. . 

1 Davis, ibid., p. 11. 


302 R. B. RASMUSEN AND B. L. HAGEN 


The equation? of all quadric surfaces having second order contact 
with the analytic surface S, given by equation (3), is i 


(10) Lx? + Ny? + 2(— 2+ kar + kay + ka) = 0, 


where bs, ks, b, are arbitrary constants when P, is fixed, and functions 
of u, v when P, varies over S. pr 

If we demand that the polar reciprocals of any line of the first. 
canonical pencil of Davis with respect to a quadric given by equa- 
tion (10) be the line of the second canonical pencil of David defined 
by the same value of k, we obtain k= —4kG@’, ka= —4kB’. Substitut- 
ing these values in (10), we have 


(11) Lx? + Ny? E SAL = 0. 
If k=0, and the quadric passes through the point P, we have the 


. canonical quadric of Davis; also if &— —1, we have the quadrics of 
` Darboux. 
It is interesting to note that for k = —1 the line in the second canon- 


ical pencil of Davis is the line of inflexions of the ray-point cubic.” 

The second canonical tangent™ of Davis is the line joining the ca- 
nonical point (0, 8’, — €^, 0) to the point P(1, 0, 0, 0). The coordi- 
nates of any point on this line are 


(12) (a, 2B’, c uS, 0), 


where à and y are arbitrary constants. The polar plane of this point 
with respect to the quadrics whose equation is given by (11) is 


(13) u(LB'x — NG'y) — rz = 0, 


which is independent of k. 

For A=0, the point given by (12) is the canonical point of Davis 
and the plane (13) is the canonical.plane of Davis. 

Consequently, we have the theorem: the polar plane of a point on 
the second canonical tangent of Davis with respect to a quadric of the 
family defined by equation (11) is a member of a pencil whose axis is 
the first canonical tangent of Davis. This plane is dependent on the selec- 
tion of the point but is independent of the selection of the quadrtc of the 
family (11). 


Wooprow WILSON JUNIOR COLLEGE AND 
PENNSYLVANIA STATE COLLEGE 


8 Davis, ibid., p. 11. 

P Lane, Conjugate nets and the lines of curvature, American Journal of Mathematics, 
vol. 53 (1931), p. 577. 

A Davis, ibid., pp. 17-18. 


A NOTE ON A THEOREM BY WITT! 
ROBERT M. THRALL 


1. Introduction. Let F denote the free group with » generators and 
let .F*-be the cth member of the lower central series? of F. Witt? 
E has- shown. that Q°=F°/Fet+! is a free abelian group with w.(m) 
= = (1/2) n (c/2)n* generators (the summation is over all divisors d 
of c and yu is the Möbius u-function). 

The set of kth powers in F generates a normal subgroup Hy. Let 
PF, = F/H, and Gr, = Fy/ Ft. We shall call Fy the free k-group and 
Gy. the free k:group of class c. It is a consequence of Witt's result 
that Fz/ Fz*!, thé central of G,,,, is abelian and has at most y. (n) gen- 
erators. In this note we show that if p is a prime greater than c, and 
q— p?, then the central of G,, is of order gY where N=y,(n). If the 
prime divisors of & are all greater than c, an analogous result holds 
for the central of Gz, as a consequence of Burnside's theorem that a 
nilpotent group is the direct product of its Sylow subgroups. 

Let M, denote the space of tensors of rank c over the GF|[p]. A 
homomorphic mapping of M, upon the central of Gp, is set up and 
enables one to apply the theory of decompositions of tensor space 
under the full linear group mod p, to determine all characteristic sub- 
groups of Gp, which lie in its central. This theory is applied to de- 
termine all the characteristic subgroups of G,, for c<5 and a 
multiplication table is constructed for Gs. 


2. Commutator calculus.‘ Let s1, 5s, - - - be operators in any group 
G and set s= (s1, 52) — si 15215153 and sir... — ($13. 1, 53). S13... iS 
called a simple commutator of weight k in the components S1, ^ - © , Se. 
The group G* generated by the simple commutators of weight & for 
all choices of sı, - - - , s+ in Gis called the Ath member of the lower cen- 
iral series of G. If sCG* but s@G*t', then s is said to have weight k 
in G. i 

For all sı, $2, ss in G we have 


(1) (3153, 53) = $135132533, (51, $953) = 51351125123. 


Let the weight of s; be æ; and set a=a,+ - - - J-og 4-1. The follow- 
ing relations are then true: 


1 Presented to the Society, April 13, 1940. 

2 For definition see $2 below or [4, p. 49]. 

3 [7, p. 153]. 

* The relations in this section are eithes taken directly from Hall, Magnus, or Witt 
. or are immediate consequences of their theorems. See [4, 6 and 7]. 
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(2) $143... k52313... b = I mod G”, 
(3) $192.-.k5231-.-k5312... b = I mod G”, 
(4) (Cre eee se) = (sa...) ^ mod G’. 

If now a—1=km, m=minimum (oj *:* , os) and ps=| [3z%s;*, 
B=1,---,&, it follows that 
(5) a = TI Gu La)*& 7m mod G2, 

Bral 

3. The groups F,. Let F be the free group generated by si, © + + , Sa, 
and denote by H, the smallest normal subgroup containing the kth 
powers of all simple commutators of 51, * * * , Sa. 


LEMMA I. Let q— p?, p any prime. Then s*C HJ F? for any element - 
sEF. 


PROOF BY INDUCTION. The lemma is trivial for s of weight greater 
than p—1. Suppose the lemma true for all weight greater than c and 
let s be of weight c. By the definition of weight, s can be written in 
the form s=; - + - £v, where v has weight greater than c and the /; 
are of weight c and are all simple commutators in 51, +- , Sa. Then 
by the fundamental expansion formula’ for (PQ - - - )? we have 


2 q4 q 
S = bees df oio cc V0 


where wE F? and the vg are all of weight greater than c. By defini- 
tion /$C H, and by our induction hypothesis YCH,UF? and so 
stCH Fr. 


COROLLARY I. Let s have weight c, for c «p. Then s*C HW Fett, 
Set H,,— H,CVF* and H, =H, F°. Then we have 
COROLLARY II. For c «p, Hy, Fet! = Hy WU Fe, 

LEMMA II. F/F œF (FUH). 


We note first that applying the second homomorphism theorem to 
Hall’s formula’? F; 2 (F/H4/H, we obtain the result Fj} =F°/H,,. 
(for all c). Now 


5 See [4, formula 3.51] or [6, p. 111]. 
* See [2, p. 32]. 
7 See [4, formula 2.491] or [2, p. Wa 
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FE O Hye) © (F/B) (FO B,]/E, 

= FAE I Bae VF) = FoP, 

since H; O F+ = H, est. 
Set Q= FU FS. 
THEOREM I. For c< p, Q; is abelian of order q", N —w.(n). 
DEFINITION. h, +--+, i ts said to be a basis for Fe mod Ft}, 4f any 


operator t of weight c can be written uniquely in the form t=] [uf where 
0c Fett, 


1 


Evidently such a basis exists, and by Witt's theorem? k =N; and 
we may choose the #; as simple commutators in the generators 
355777, Sq. Let p; be the image in Qj; of t;. Then since the t; are a 
basis for F° mod Fet!, any operator p€Q can be written in the form 
p= [ot where 0x d; <q. Hence the order of Q;isat most q” for any c. 
If the order of Q; is less than g” there exists a relation [ [e£ = I where, 
say, d ;750. 

If now £ 7c, this relation together with Corollary II and Lemma II 
imply that [[&*€ HU Fe, or [TZ [[tt* mod Fett. Since the t; 
are a basis for F* mod F**! this requires d;—ge;—0, i=1,---, N, 
which contradicts the assumption that d; and, therefore, d;— qe; is 
not divisible by g. Hence there can be no relation between the p; and 
the theorem is proved. 


ConoLLARY III. For p>c, Gi, is of order g™, 
m=y(n) t + yn, J=1, a 


4. Characteristic subgroups of G —G,,.. A large variety of charac- 
teristic subgroups of G can be obtained from the lower central series 
by sequences of joins, intersections, and commutations. In G the up- 
per and lower central series are identical; in particular, the central C 
(=C,,.) of Gis G?. The central quotient group of G is G,,,.1, and any 
characteristic subgroup H of G is mapped into a characteristic sub- 
group Z HU C/C in G,,. 3. 

We say that K is a minimal characteristic subgroup (m.c.s.) of G 
if no proper subgroup of K is characteristic in G. For G=Gp,0, every 
m.c.s. lies in the central. Indeed any normal subgroup of G must con- 
tain commutators of weight c and therefore must have an intersection 
not equal to J with C. We turn now to the determination of all char- 


acteristic subgroups of G which lie in C. 


* See [7, Theorems 3 and 4, pp. 152-153]. 
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Let A be any automorphism of G, and H any characteristic sub- 
group of G. A induces an automorphism A (H) on G/H and an auto- 
morphism 4 [H] on H. If in particular H is G?, the commutator sub- 
group of G, then G/H is the abelian group of order P^ and type 
1, 1, 1,---. Let the generators of G be Si, < - - , Sm, and let ¢; be the 
image in G/G? of s;. Then A(H) takes the form ¢;—#/ where 


b= TL, on Grip, loulo. 


Hence A itself must be of the form s;—s/ where 


Gij 2 
si = II; fi, r EG. 


To calculate A [C] we apply (5) with k =c. Since G! — I, (5) is now 
an equality and shows that A [C] is independent of the r;. Indeed if 
we set A = (a;;) we see that the formal commutators s; ...;, transform 
like tensors of rank c, that is, according to 4XAX --- XA (Kro- 
necker direct product with c factors). 

Denote by M, the whole space of tensors of rank c. It has dimen- 
sion n°. The group 4,— (AXAX :-- XA} (c factors) is homomor- 
phic to the group {A} of linear transformations, and hence M, is a 

representation space for {A } . Brauer? has proved the following theo- 
rem concerning the decompositions of this representation: 


THEOREM II. If K is a field of characteristic p0, the representation 
A, ts completely reducible for c « p, and it splits into irreducible parts in 
exactly the same way as in the case of characteristic zero. 


The mapping x;...5—54...; (where of course products in C are 
replaced by sums in M.) establishes a homomorphic mapping of M. 
upon C and this mapping is preserved under the group A,, that is, 
C is also a representation space for the group A.. Let C denote C 
written additively. Then C= M,— W., where W, contains all tensors 
whose image in C is identity. We call W, the space of commutator 
relations, W, is evidently an invariant subspace of M, under the ten- 
sor group and by Theorem I it has dimension n°—y,(n) if p>c. Be- 
cause of the complete reducibility of the representation A, we can 
write M,= W.+P. where P, is likewise an invariant subspace of Me, 
and furthermore the decomposition into irreducibly invariant sub- 
spaces of P, under A, will be the same as that of C under the group 
of automorphisms of G. (P, is not uniquely determined by W, but 
its decompositions are.) Let Ri, - - - , Ri be irreducibly invariant sub- 


* See [3, p. 867]. 
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spaces of M. whose direct sum is Pe, and let Ti, - - - , T, be the corre- 
sponding subgroups of C. Then the following theorem expresses the 
above arguments in group theoretic terms: 


THEOREM III. Any minimal characteristic subgroup is isomorphic 
to one of Tı, -- - , Ti and any characteristic subgroup K of G which lies 
in the central is the direct product of the minimal characteristic sub- 
groups which tt contains. (p>c is assumed throughout.) 


The number of characteristic subgroups in G is clearly independent 
of the number n of generators provided that nzc. Hence to obtain 
all characteristic subgroups of the set of groups Gp, with p>c we 
need only consider those with n=c. 


5. The groups Gp, and G,,4. In this section we shall make use of 
the decomposition into irreducibly invariant.subspaces of the tensor 
spaces M, and M,. These can be readily obtained by a direct compu- 
tation based upon the decomposition theorems of M. in general.? We 
suppose »=3 in M, and n —4 in M4. 

|: Mi 23593 T7593 P523 in which the summands have dimen- 
sions 10, 8, 8 and 1 respectively. W:=} 1-2 4-2. and hence Gp, 
has just one m.c.s., its central. 


Mi= Dat Dat Daa + Done + Zsa + er 
+ Sart Daa t Yas + Dos 


in which the summands have dimensions 35, 45, 45, 45, 20, 20, 15, 
15, 15, and 1 respectively. W=} ataa teat eataa 
+212 +2 and hence G,,4 has two m.c.s., one of which is its second 
derived group. Let us denote these by D and E. 

Gp has no proper characteristic subgroups and the only proper 
characteristic subgroup of Gp, is its central G7 s. 


TuxonEM IV. The only characteristic subgroups of Gp, are the mem- 
bers of tts lower central sertes. 


Let H be characteristic in G,,s. Then if HJ or C, by Theorem III 
HDC. H'-H/C must then be Gp,» or its central. In the first case 
H=G,,3 and in the second case H —G; s. 


THEOREM V. The only characteristic subgroups of Gy, are D, E and 
the members of the lower central serses. 


It is easy to see that if a characteristic subgroup HDC then H is in 


LEER UT A 
1 See for instance [1, Theorem 4.4D, p. 129]. 
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the lower central series. To complete the proof we show then that if 
HDC, H=D or E. Since HDC, either H'-I;in which case HCC 
and therefore H=D or E; or H'DG? a (by Theorem IV). It remains 


“now only to show that H'G? , implies HDC. If now H'DG s, then 


HN C OG, , and hence for the commutator 513 Of weight 3 we have a 
factorization 513 — hd where hGH and dC C (and so d has weight not 
less than 4). Since H is normal (h, s) — (513: d, 54) — 5:4 CH. But 
the conjugates of sys generate C so that HDC contrary to hypothesis, 
and the theorem is proved. 

For the sake of completeness we give a multiplication table for 
Gp.. Applying the formulas of $2 and Theorem I we have for any 
operator s of Gp, a unique expression in the form . 


A a; Gij 433 Gi Gjk( 
aaa UE si [I s; Il sisi II s Sjki 
ii dei fk 


If now 59-5452, then applying the readily verified formula (st, $ 
= ff fiesta we obtain! ($«j «k) 


G= a+ by cag b — ba 
Ciji = Gijj F bij; — biCs;a + bai; — bibja; 
(0) cim = asi + bju + ajCy) s — bitij, 
Gk = Gijk F bijt + bitis + brai; — bya san — bjbjay — bibya y 
Ciki = Gimi F biri + bijs + bitin — bib;as. 
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NON-INVOLUTORIAL SPACE TRANSFORMATIONS 
ASSOCIATED WITH A Qı CONGRUENCE 


A. B. CUNNINGHAM 


De Paolis! discussed the involutorial transformations associated 
with the congruence of lines meeting a curve of order m and an 
(m—1)-fold secant, while Vogt? studied the transformation T for a 
linear congruence and bundle of lines. In the present paper the trans- 
formations associated with the congruence of lines on a conic and a 
secant of it are discussed. 

' Given a conic r, a line s meeting r once, and two projective pencils 
of surfaces 


| Fame | DOf"SUg, | Final íor'gty, 


where n Zm--1, n/Em!'4-1, [r, s|=A, and g, g’ the residual base 
curves. ) 

Through a generic point P, there passes a single surface F of | F|. 
The unique line ¢ through P, r, s meets the associated F’ in one resid- 
ual point P’, image (T) of P. The transformations to be considered 
are of three types: 

Case I. n=m+1, n'=m'+1. 

Case II. n «m--1, n' «m'-F1. 

Case III. n2 m-F1, n' «m'-F1. 


Case I 
Given 


| Fon |: rts*—tg; | Essi] à ee 88s 


where g, g’ are of order n?+2n—1, n/?--2n'! —1. The curve g meets r, 5 
in n?--2n — 1, 1? —1 points respectively. 

The conic r is a fundamental curve whose image (T-t) is R: r"*"', 
since there are (n--n’) invariant directions through each point on r. 
R is generated by a monoidal plane curve of order n+n'+1, one 
curve on each plane of the pencil (0,5) =w, as O, describes r. The fun- 
damental line s has for image (T-!) a surface S: s"*"'7, of which 
n--n/ —2 branches are invariant. A is a fundamental point of the first 
kind, whose image (77?) is the plane uw: r. In the plane v: s and tangent 





1 De Paolis, Alcuni particolari trasformazioni involulors dello spasio, Rendiconti 
dell' Accademia dei Lincei, Rome, (4), vol. 1 (1885), pp. 735-742, 754-758. 

2 Vogt, Zentrale und windschiefe Raum-Verwandtschaften, Jahresbericht der 
Schlesischen Gesellschaft für Vaterlündische Kultur, class 84, 1906, pp. 8-16. 
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to r there is a curve C,+n/, image (7-1) of the intersection of r, s at A, 
which lies on R, S. The tangent line [u, v] to r at A lies on the sur- 
face R. i 

From any point Q’ on g’, there is a unique transversal ¿ meeting 
r,s. Any point P on ¢ determines an F and ¢ meets the associated F’ 
in a residual point Q’, thus Q’~(T—1)t. Every point P’ on t determines 
the same F’ and ¢ meets the associated Fin one point P; thus P~(T)t. 
Considering all points on g’ 


£^(T9G;  g,— (TG, 
where g, is the locus of points P. Similarly 
£e (T)G; gs ~ (TDC. 


The eliminant of the parameter from | F|, | F’| is a point-wise in- 
variant surface Ks,,5,'. A generic plane meets every line of the pencil 
(Au), hence the homaloidal surfaces have an additional fixed direc- 
tion d through A. 

The table of characteristics for T! is 


wc Pasportga! Anta titd pntn'+i gnen’ g Bs 

Kw Kanpan': Arty’ path’ satn g És g Ei, 
r~ Rimpang: AHHA pmi gnis E Es uu [u, 1], 
s~ Ssnpint! Anta’ p" grtn’ E žē: C, 

g ~: Gay: A" pin! gi g ka 

zy nw Gin: At^ ri^ gin g By 

Aw u: A f, 

J = wRSGG'. 


The intersection of two $'-surfaces gives the order of By , y=n?+2nn' 
T2n-F1. The curve gy meets r, s in y, y —2n points respectively. 
The equations of 7-! are Tx; — Ryi — Ks; — Suy;-- Kwi, where g; wi 
are the points [t, r], [t, s]. 
Cask II 
Given 


| Fatma | íOP"SUgg; | Firmal Dots", 


where g, g’ are of order 2mn--2m -r2n —n?--1, 2m'/n' 4-2m' -2n! — à 
-F1. The curve g meets r, s in 2mn4-4n —n?, 2mn--2m — n? points re- 
spéctively. 
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Aisa fundamental point of the second kind with image (1-1) C, 44: 
A***’ in the plane v. 

The image (7-1) of a point on s is a curve $444:4» on the quadric 
cone on f, with a (m-+m’)-fold point at the vertex and one point on 
each generator. This curve generates the surface S. The equations of 
T are 


Tx = Ry; — Kz; = Sy, - Kw. 
The table of characteristics for 71 is 


T ~ Puppe wrqat FPEWEL gmbwt? g p. 
K ~ Kasntpmemiga: r0 QUUM. g E | MP 
r~ Rasen pma CDI sm g P. Caen 
S~ Satnttmtm’ ps: BEFNOEE "opere E £s Capati 
gr Gudawuab gis tt gii g ks 
g~ Gintamys: rin sf g p, 
J = RSGG', 


where y=2mn+2m'n+2mn'+3m4+3n+m'+n'—n+5—2nn’. The 
curve g/ meets r, s in [y—(2m—2n+1)], [y — (2n 4-1) ] points respec- 
tively. 


Case III 
Given 


| Fon | : r”s™ lg; p TE: r"s"g, 


where g, g’ are of order n?+2n—1, Im'n'+2m'+2n’—n'*+1. The 
s g meets r, s in n?--2n—1, n?—1 points, and g’ meets r, s in 
n! -F4n! —n'*, 2m'n'+2m'—n"? points respectively. 

In T= (T) A is a fundamental point of the second (first) kind with 
image Cyn" (u). For some point D on a line P’A of the pencil (Au), 
the associated F is the one determined by the direction P’A; thus 
D~(T-)P’A. The locus of D is a curve 9,4: A*'-"' such that 
67 (Tu. 

Since |r, 6]=(m’—n’+2) points aside from A, R: (m' —n' 4-2) 
lines of the pencil (Au), hence R: A*t™’+#, The image (T7) of A as 
a point on s is C,4,"4i and the (m’—n’) tangents to ô at A, hence S: 
Antw' ti, 

For the (2m’—2n’+1) points, aside from those on r, in which g’ 
meets u, t becomes a line of the pencil (Au). Therefore g;: Amin 
and [g’, 8] =(2m’—2n’+1) points. 
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The table of characteristics for 7-1 is 


HS Danenttmgar APWE min immi E Es 
K ~ Kantattmgil Amt print SUME. & g um £y 4, 
T~ Raeueeqil AT mE qma! snm g p, sch 

es Ska n2 Att pni get E Es Cura 
E^ Gaqaweaqa] AIMH ponti gi—"43 gf op. 

FAS Gin: A? p s3» E Èn 

ô ~ u: A r 5, 

J = uRSGG', 


where y=n?+2m'n+4n+1. The curve gy meets r, s in y, y—2n 
points respectively. The equations of T-! are Tx — Ry,— Kz; 5 Sy; 
+Kw,. 

The table of characteristics for T is 


xt, Pisis ass prinio snb g E, ô, 

r ~ Rentnttmepar rete’ grka Fi g zy Cini Íu, v]5, 
S~ Santn'fm'43! putat snm : zy ARM 

g^ Gin, Es ~ Gintan’, 
A~u: Ard, J' = wR'S'G'G, 


where x —2m/n' -2m/un —n'1-3m' -n' -2n 4-4. The curve fg. meets 
r, sin x — (2m' —2n' +1), x — (2m 4-2) points respectively. The equa- 
tions of T are r'y — R'x;-- Kz/ —S'ux;— Kuwl. 

In each of the three cases there exists a monoidal transformation 
in the plane w. The Space transformations are generated by allowing 
the vertex to describe the conic r, and the plane to generate the pencil 
on s. 
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REFLEXIVE BANACH SPACES NOT ISOMORPHIC TO 
UNIFORMLY CONVEX SPACES! 


MAHLON M. DAY? 


Clarkson? introduced the notion of uniform convexity of a Banach 
space: B is uniformly convex if for each e with 0<eS2 there is a 
(e) »0 such that whenever lall =||2’|| =1 and b-b" 2e, then 
[|o+-2’|| £2(1—8(6)). Milman‘ and Pettis’ have demonstrated that 
any uniformly convex space is reflexive ;* that is, that for each BC B** 
there is a £C B with B(f)-—f(b) for every fC B*. The same result 
clearly holds if B is not uniformly convex but can be given a new 
norm defining the same topology under which the space is uniformly 
convex. It has been conjectured that every reflexive space can be 
given such a topologically equivalent uniformly convex norm; that is, 
that, in Banach's terminology,’ every reflexive space is isomorphic 
to a uniformly convex space. We shall show by a large class of ex- 
amples that this is not the case; in fact the following result holds: 


THEOREM 1. There exist Banach spaces which are separable, reflexive, 
and strictly convex,? but are not isomorphic to any uniformly convex 
Space. : 


We shall start with a class of Banach spaces and pick out a simple 
example having all but the strict convexity property; with this as a 
sample of what can happen we easily find a large number of spaces 
satisfying all the conditions of the theorem. As an application of our 
results we show that certain ergodic theorems of Alaoglu and Birk- 
hofl® can be extended to some non-uniformly convex spaces. 


1 Presented to the Society, November 23, 1940, under the title Some more unt- 
formly convex spaces. 

2 Corinna Borden Keen Research Fellow of Brown University. 

? J. A. Clarkson, Uniformly convex spaces, Transactions of this Society, vol. 40 
(1936), pp. 396-414. 

4D. Milman, On some criteria for the regularity of spaces of the type (B), Comptes 
Rendus (Doklady) de l'Académie des Sciences de l'URSS, new series, vol. 20 (1938), 
pp. 243-246. 

5 B, J. Pettis, A proof that every uniformly convex space is reflexive, Duke Mathe- 
matical Journal, vol. 5 (1939), pp. 249-253. 

* That is, “regular” in the terminology of Hahn. We use B* to denote the conjugate 
space of the Banach space B; B**=(B*)*. 

7S. Banach, Théorie des Opérations Linéaires, Warsaw, 1932, chap. 11. 

* B is strictly convex if the set of points with ||P]| 1 contains no line segments; 
that is, if [||| -||/]| =1 and 5" —154-(1— 4b’ with 0 «£«1, then [27] «1. 

? L. Alaoglu and G. Birkhoff, General ergodic theorems, Annals of Mathematics, (2), 
vol. 41 (1940), pp. 293-309. 
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Let (81), i1, 2, - -- , be a sequence of Banach spaces and let p 
be a real number >1. Let B= £7(B;] be the class of all those se- 
quences b= (b;] with 5;C B; and llb] = (OG ice|| Bil] 7)” < o. It is eas- 
ily verified that, with this norm and the obvious definitions of vector 
operations, B is a Banach space. 


LEMMA. Pr{B i} ts reflexive (strictly convex) if and only if all Bi 
are reflexive (strictly convex); in fact, (£»(B;])*- ev {BF}, where 
1/p-+1/p'=1. . | 


For reflexivity we need only prove the last statement. If f is linear 
on B=P{B,}, let b; be any element of B of the form (0, 0, -* = j. 
bi, 0, 0,--- ) and define f;iC B? by f.(b;)=f(6,); then there exist 
b;C B, with |b] =1 and [[/4]/2f;(52 S||fil] for all à. Since |b| =1 
the sequence ja,0;} is in P?}B,;} if and only if the sequence of real 
numbers {a;} is in I». If b! — (œb, orbs, - - - , obj, 0, 0, - - ) and 
b={aib;} CP?{B,}, then ||b/—5]|-50 so f(b))£(b); clearly f(b7) 
=) asgodf (b), so the series $i soif i(b;) converges if ?^|o;| » « o. 
Hence the sequence {f;(b;)} CI? and therefore the sequence 
f4|] E17; so to each fE [?7(B;] ]* we have associated a point 

fil of Pr’ {BF} such that for any b= (5i), f(b) =). fi(b). Con- 
versely if {fi} EP” {BF}, 


iso s DIA s (Lae) (Zle) 


fi} defines an fE (P?{B,})*, 


»')!7', so we have completed 



































` by Hólder's inequality; so this sequence 
with f(b) =} f(b); clearly ||| = Qo fs 
our proof of reflexivity. 

The proof of strict convexity is straightforward if we notice that 
strict convexity is equivalent to what Krein and Smulian" call “strict 
normalization"; B is strictly normalized if ||b+’|| =|]6||+||b’|| and 
\|b’|| #0 imply b=20’, 12:0. 

We now make a simple choice of the spaces B; to get an example of 
a reflexive space not isomorphic to a uniformly convex space. Let B; 
be the t-dimensional Minkowski space of points b;— (ba, - - - , bij) in 
which ||b;|| =sup;s; | b.;| ; then each B; is reflexive since it is finite di- 
mensional, so B= £»| B;] is reflexive, by our lemma, for any choice 
of 1 «p « o. This B can not be given a uniformly convex norm de- 
fining the same topology. 











1! V, Smulian, On some geometrical properties of the unit sphere in the space of the 
type (B), Recueil Mathematique (i.e., Matematicheskii Sbornik), new series, vol. 6 
(48) (1940), pp. 90-94. 
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Suppose that there is such a norm—we shall represent it by | b| — 
defined in B. For 0 «€x 2 we define ô(e) = inf (2— | b4-b!| ), where the 
inf is taken over b, b/C B with [5| S120’ and |b—2’| 2e; it can 
easily be shown that 5(e) >0 for all such e if and only if the norm [8| 
is uniformly convex. For the topologies to be the same it is clear that 
there must exist m, M with 0<mSM<o such that em||]| sz | b] 
< M||ėl|; without loss of generality we can make m=1 by a change 
of scale of |b| and get ||b]| < || x M||d|| with 1 & M< œ. If we fix any i 
this must also hold in B; since B, is a closed linear subspace in B; so, if 
we let K; be the “sphere” of those points of B; with | b,| S1, we see: 
that Ky is contained in the unit cube, Ez, [sup;s; [5| € 1], and con- 
tains the cube Es, [sup;a; | bis S1/M]. If we let «—1/M, we know 








that the points (aa, ea, +--+, €;0), e,— +1, all lie in Ki.. Considering, 
for example, b— (o, --- , a, a) and b’=(a,---, a, —a), we have 
b—b'— (0, - - - , 0, 2a), and (b3-5^)/2— (o, - - - , a, 0). Now |b—0'| 
2||b—b'||=2a, so $|b+b’| <1—6(2a); that is, |(a,---, o, O)| &1 


— ô(2aæ) or | (e/(1— 8(2a)), 5, a/(1—8(2a)), 0)| S1. This could 
have been done with any choice of ej, 7 Si—1, so we can repeat i—2 
more times, noting that 1—6(2a) «1 and that 5(e) decreases as e de- 
creases, so that 8[a/(1—8(2a))]z 89(20), j=1,---, i—1; setting 
b;— (e/(1—3(20))3,0, - - - ,0), we have |b;| <1, but |,| z||b 4| » 1 
if 4 is large enough. This contradiction proves our theorem. 

Since B is clearly separable if all B; are, we could apply a theorem 
of Clarkson to show that an example satisfying all the conditions in- 
cluding strict convexity exists. However we need only take B; to have 
an lsi norm instead of an (m) norm and if q;— o fast enough (q;=1 
will do) then this new example is isomorphic to the old one while, by 
our lemma, it is strictly convex. 

Itis clear from the nature of our construction that if we had taken 
B; with the /! norm. instead of the (m) norm a similar contradiction 
would have appeared if we tried to fit in a uniformly convex norm 
Gust for simplicity in the construction it is easier to take the dimen- 
sion of B; to be 2f in this case). Finally the finite dimensionality of 
the B; was used essentially only in proving reflexivity; this and the 
existence of subspaces of large dimension are our main requirements. 
Let I, wa cardinal number 20, 1 «q « œ, be the n-dimensional space 
with /¢ norm; in this notation the ordinary /* spaces would be K, Us- 
ing our example as a guide we have the following result: 


THEOREM 2. The space P*{ It} is not isomorphic to a uniformly con- 
vex space, provided there exists a,sequence Us of indices for which 
lim; wi; Z N o while at the same time either lim; q= + © or lim; q;, —1. 
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In the first case we can show that psp) has a subspáce isomor- 
phic to the example first given while in the second case it contains a 
subspace isomorphic to the example suggested in the paragraph pre- 
ceding this theorem. By the same sort of embedding argument we can 
clearly get the same result for P? {Le} if the g; are not bounded away 
from one and infinity. " 
A recent result of Boas is that P»[1*:] is uniformly convex if g;=g 
for àll and 1«q« œ, It is not yet known whether Pr {je} can be 
made uniformly convex, or is already so, if the g; are bounded away 
from land o ;i.e., if there existm, M such that 1 «m Eg; S M «.c for | 
all t. 


An application to ergodic théory. Milman and Alaoglu and Birk- 
hoff have use for the following lemma: 


If K is a closed, convex, non-empty subset of a uniformly convex 
space, then there is a unique point in K of least norm. 


From a theorem of Mazur!! that any closed, convex set is closed . 
under weak convergence we have the following result. 


LEMMA. If K is a closed convex non-empty set in a Banach space 
whose unii sphere is weakly compact, there 4s at least one point in K 
of least norm. If B is also strictly convex, then there is just one such 
point. SU 


_ From this it follows that the general ergodic theorems depending - 
on the minimal methods of proof of Alaoglu and Birkhoff hold in. 
more spaces than the uniformly convex ones; we note the extensions - 
of one or two of their theorems (we number them correspondingly); 
that the extensions are real and not merely formal follows from our - 


7, existence theorem. 


THEOREM 5. If Gis abelian, tf B is strictly convex and has unit sphere 
weakly compact, and if the norms of the operators T, are at most one. 
then every element of B ts ergodic. 


THEOREM 6. If the norms of the operators T, are at most one, if the 
unii sphere in B is weakly compact, strictly convex and without sharp 
edges, then every element of B ts ergodic. 


* S. Mazur, Uber konvexe Mengen in linearen normierten Ratimen, Studia Mathe- 
matica, vol. 4 (1933), pp. 70-84. 

1 The unit sphere of B is weakly compact if given any sequence (5.] of points 
with Iln] 41 there is a subsequence [5,;] amd a point bo (clearly of norm not greater 
than 1) for which lim, f(b) =f (bo) for all fC B*. * 
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COROLLARY. If B is any P? {Bt} or PP{ Let}, 1<p<0,1<gq:< o, 
pi any cardinal =0, then every element of B is ergodic. 


Theorem 6 can be stated in a more symmetric form. 


THEOREM 6'. If the norms of the operators T, are at most one, and if 
_ the unit spheres in both B and B* are weakly compact and strictly con- 
vex, then every element of B is ergodic. 


By a theorem of Gantmakher and Smulian™ weak compactness of 
the unit sphere in both B and B* follows from the weak compactness 
of either unit sphere; so this can be weakened slightly. Alaoglu and 
Birkhoff in a footnote remark that the condition that the unit sphere 
in B have no sharp edges is equivalent to the condition that the unit 
sphere in B* be strictly convex. Note that a theorem of Milman as- 
serts that a Banach space with a weakly compact and strictly convex 
unit sphere is reflexive. 


INSTITUTE FOR ADVANCED STUDY 


.35 V, Gantmakher and V. Smulian, Sur les espaces linéaires dont la sphere unitaire 
est faiblement compact, Comptes Rendus (Doklady) de l'Académie des Sciences de 
l'URSS, new series, vol. 17 (1937), pp. 91-94. 


DIFFERENTIAL AND INTEGRAL INVARIANTS OF PLANE 
CURVES AND HORN ANGLES! 


J. M. FELD 


1. Introduction. A horn angle has been defined by E. Kasner as a 
figure formed by an ordered pair of oriented analytic arcs which pass 
through a common point in a common direction and which have con- 
tact of order n21 at the common point. The order of contact is said 
to be the order of the horn angle. Thus, in a horn angle of the first 
erder the arcs forming its sides have, at the vertex of the angle, the 
same inclination (direction) but different curvatures. Horn angles of 
the first order have a unique absolute conformal invariant, first found 
by Kasner.? Two relative conformal invariants of horn angles of the 
first order were given later in a joint paper by Kasner and Comenetz.? 
Kasner has also determined conformal invariants of the fifth order 
for horn angles of second order contact.‘ 

Kasner and Comenetz obtained the above-mentioned inyariants by 
the use of power series and by repeated differentiation of the Cauchy- 
: Riemann equations. It is shown in $2 of this paper that the relative 
and absolute conformal invariants of horn angles of the first order can 
be obtained directly from two standard formulas; one of these ex- 
presses d?y/dx* in terms of u and v where x —x(u) and y=y(v); the 
other expresses the Schwarzian derivative 


iss] = 2/2 3 (9 Joy 


dx?! dx 2 dai dx 


in terms of u and v under the same conditions. As a consequence, the 
invariants are presented in a form which permits of their being inter- 
preted as invariants, not only under the conformal group, but also 
under a group of multiply differentiable transformations of the type: 
x=x(u), y 2y(v), where x is a function of u alone, and y is a function 
of v alone.5 


! Presented to the Society, February 25, 1939. 

? E. Kasner, Conformal geometry, Proceedings of the Fifth International Congress 
of Mathematicians, Cambridge, 1912, vol. 2, p. 81. 

? E. Kasner and G. Comenetz, Conformal geometry of horn angles, National Acad- 
emy of Sciences, vol. 22 (1936), p. 303. See also Comenetz, Kasner's invariant and iri- 
hornomeiry, American Mathematical Monthly, vol. 45 (1938), p. 28. 

* Kasner, Transactions of this Society, vol. 44 (1938), p. 25. 

* Transformations of this type occur, for example, in the papers: Kasner, Transac- 


tions of this Society, vol. 16 (1915), pp. 333-349; Cayley, Collected Works, vol. 11, 
p. 148. 
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In $3 we obtain, in terms of what we define as higher Schwarzian 
derivatives, an infinitude of differential and integral invariants under 
the inversive group. The fundamental differential inversive invariant, 
which is of the fifth order, was first obtained by G. Mullins and later, 
using other methods, by Liebmann, Kubota, Morley, Patterson and 
Kasner.” The use of higher Schwarzian derivatives enables us to ob- 
tain simply and in compact form an infinitude of relative and abso- 
lute differential and integral invariants of curves. _ 

In §4 we derive inversive invariants of horn angles of order n23. 


2. Conformal invariants of horn angles of the first order. Let the 
transformation 


T: z= ¢(u), 3=3(8), zo x iy B8ox—iy 


map a region r of the gaussian z-plane conformally on the region r' 
of the u-plane. Let the analytic arce? cı and c3 in the region r be the 
first and second sides respectively of a horn angle of the first order, o, 
the vertex of which is at the point P. Let T map cı and « upon the 
arcs c{ and c respectively in r’ where the latter form a horn angle 
of the first order, a’, with vertex at P’. Let 0 represent the common 
angle of inclination at P of c and cs, kı and k: their respective curva- 
tures at P, while dki/ds; and dkz/dss represent respectively the values 
at P of the derivative of curvature with respect to arc-length. The 
same symbols primed represent the corresponding quantities asso- 
ciated with ci and qj at P’. 

Let f(s, 2)=0 be the self-conjugate equation (in isotropic coordi- 
nates) of a curve c in the z-plane. Likewise, let arcs cı and cs be repre- 
sented by fi(s, 2)=0, fa(z, 2)=0, respectively, and let their images 
€', cl, ci on the u-plane be given by g(u, &) —0, g:—0, g1—0, respec- 
tively. By d"z/dz^, d"z,/d3}, d"z1/dz3 we designate the nth deriva- 
tives taken along c, cı and c respectively. Likewise d"u/dà^, d^ui/ds, 
and d^wi/d&$ represent respectively derivatives along c’, c/ and c 
in the z-plane.  ' 

Since 

5 Columbia University Dissertation, 1917. : 

7H. Liebmann, Beiträge zur Inversionsgeometrie der Kurven, Sitzungsberichte der 
Bayerischen Akademie der Wissenschaften, Munich, vol. 1 (1923), p. 79. T. Kubota, 
Beiträge sur Inversionsgeomeirie, Tóhoku Imperial University Science Reports, vol. 13 
(1924—1925), p. 243. F. Morley, On differential $nversive geometry, American Journal 
of Mathematics, vol. 46 (1926), p. 144. B. Patterson, The differential invariants of 
inversive geometry, ibid., vol. 50 (1928), p. 553. E. Kasner, Transactions of this So: 
ciety, vol. 44 (1938), p. 25. ` 

* This restriction can be relaxed to require only that the arcs possess derivatives 
of the third order. 
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dz dz / d3\ du 

T mcis 
dz du’ du/ dù 


2-(/216/22 
ET 


Evidently the derivatives of z with respect to u as well as of Z with 
respect to # are independent of the particular curve c; furthermore, 
«' being a horn angle of the first order, d:i/d$s =duz/dü at P'; con- 
sequently, by applying equation (2.2) to c; and c/ , and subtracting 
the results, we get 


(2.3) d*z, dzi =/ (5 | | d*u; =] 
i dà ` dz = Ldu/ \da dà day 
Since dz;/dZı =dz1/dz: at P, division of equation (2.3) by equation 
(2.1) applied to c; and c/ results in 
d?z; dza d?zı dzı 
dz! dz, dat/ da, 
-(1/ 2) I / dts _ Pm =] 
di  d&/ dal 
Consequently, the left members of (2.3) and (2.4) represent complex 
relative conformal invariants of the second order of horn angles of the 
first order. 


When the variables in the Schwarzian derivative (y, x} undergo 
a transformation x —x(s), y —y(t), it was proved by Cayley?’ that 


e3 bs-(264-(Sts3*(Sts. 


` In isotropic coordinates this becomes 


(2.5) {az} = (1/2) [ts a} — (3, a} + {z v] 5] 


showing the effect of a direct conformal transformation on (sz, z]. 





(2.2) 








(2.4) 


° A. Cayley, “On the Schwarzian derivative and polyhedral functions,” Collected 
Works, vol. 11, p. 148. 
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From (2.5’) we find that, for the horn angles «œ and a’ at points P 
and P’, 


E E E I-G/z)t E E 


Consequently, korn angles of the first order possess the complex rela- 
tive conformal invariant of the third order given by the left member of 
(2.6). 

From the relative invariants (2.4) and (2.6) of index one and two 
respectively we obtain the absolute invariant of the third order 


(= 7 dz, — da A = 
dz3/ di, dà dz 


{2 5] — {2u 21} 





13 77 


A simple computation indicates that 
dz d?s 


— = eih, ee Se eet 21839 k 
(2.1) d£ 
d's 21 «C + 3 ie). 
—— = 4 $ 
dg? 


` Substitution of the values given by (2.7) in (2.4) and (2.6) shows that 
each of these complex relative invariants implies one real relative in- 
variant, namely, 


Ry = ky and dks/dss = dkı/dsı 
respectively. In this form they were given in a joint paper by Kasner 
and Comenetz.!? 
Substitution from (2.7) in Mi leads us likewise to a single real 


invariant, namely, Kasner's unique absolute conformal invariant of 
the third order of horn angles of the first order: 


(ks — hx)? 


* 
Sa ccn — Jussu. 
dks/dsa — d&/s — e E 


Mi 
Comenetz!! has proved that if a conformal transformation, S: 
t2= (41,9), — ys Jm y) 


maps a region fr; in the x1y:-plane on a region rs in the xsyz-plane, so 


1? Kasner and Comenetz, National Aeademy of Sciences, loc. cit. 
1 American Mathematical Monthly, vol. 45 (1938), p. 86. 
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that a curve c in fı is mapped on ¢ in rs, then 
ka = mkı + my cos 01 — mz, sin 61 


and 
dks/dsy = m*dki/dsy + m[ma,y, cos 261 + 3(my,, — ms) sin 26], 


where m —1/(J)!* and J is the jacobian of S. These formulas, de- 
scribing the laws of transformation of curvature and rate of change of 
curvature under conformal mapping, are equivalent, except for fac- 
tors, to (2.2) and (2.5’) respectively. Consequently, Comenetz’s for- 
mulas are obtainable by appropriately interpreting standard identities 
that express the second derivative and Schwarzian derivative in terms 
of new variables. This remark enables us to regard (2.4), (2.6) and 
My as invariants of horn angles under a group other than the con- 
formal group. 

Explicitly, let the curves fi(x, y) 20, fa(x, y) 0 form a horn angle 
of the first order in a region R of the xy-plane, x, y being cartesian 
coordinates. Let the transformation K: x ^x(s), y —y(i), map R uni- 
formly and continuously on a region R’ of the si-plane. We assume 
that K is provided with at least third derivatives in R. Then K maps 
the horn angle in R on a horn angle of the first order in R’. If we now 
write equations (2.1) and (2.2) in terms of x, y and s, t, thereby ex- 
pressing the transformations that dy/dx and d*y/dx? undergo under 
K, just as (2.5) does for {y, x}, we obtain the result that horn angles 
of the first order, under a group of transformations of type K, have 
the relative? invariants 
d'y /dys d'y jdyi 


da? ax, da? dx, 








; By = { ys, xs} = b» aij 


and the absolute invariant 41,/ Bs. 


ES Higher Schwarzian derivatives and inversive invariants of 
curves. The inversive group in the gaussian plane is given by 


z = (au + b)/(cu + d), z= 4, ad — bc #0. 


The first of these equations represents a subgroup G, containing only 
directly conformal inversive transformations. We first consider the 
transformations of G. Let any member of G transform the curve C: 


B The term relative invariants as used here and elsewhere in this paper, means a 
quantity that is multiplied by some function which depends only upon the transfor- 
mation; however, contrary to usual practice, the multiplier need not be a power of 
the jacobian of the transformation. 
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f(s, 2) 20 into C’: g(u, #) =0. Then, inasmuch as for such transforma- 
tions Íz, u} = {g, a} =0, (2.5’) reduces to 


j dz? 
3.1 2,2, = 1/2) u, ü 
68.1) {8} = (1/75) t al 
from which we gather that {z, Z} is a relative invariant of curves un- 
der G. Noting that dz — (dz/d&)d&, we obtain 
fs, 2]d£* = fu, a} a2 
indicating that [z, z] dz? is an absolute invariant under G. Since 
dk 
Is, 3} = 2ie2?@ —, dz = "ds, 
ds 
we get the real absolute invariant 
(— 1/24) 2, 2} de? = — dkds. 


If we let d\?= +dkds, choosing the sign that makes dy? positive, the 
integral invariant à represents what has come to be known as the 
inversive arc-length.? Letting p represent radius of curvature, 


— dkds = dpds/p’, 


under which form this invariant was found, by other means, by Lieb- 
mann and Kubota: 
Differentiating (3.1) twice, we obtain 


oa den (/ yate cie / E) 


and 
a dz\* d* 
— {s,z} = (1/—) — fu, a 
dz? is 3} ( 5s) dg td] 
5 d a} d?z (=) 
58 da) a Mg 


e [e 
«6/6 


18 See, e.g., Patterson, American Journal of Mathematics, loc. cit. 
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From (3.1), (3.2) and (3.3) we then obtain, recalling that is, u} =0; 


tsala} - T [S tsa} /te.3} | 


dp 


(3.4) E G/ 2) (s a}/{u, a} 


Let the left member of (3.4) be represented by the symbol iz, Bhs, 
which we shall call the second Schwarzian derivative of z with respect 
to 3. It follows from (3.4) that fz, zh is a relative invariant of the 
fifth order under the direct inversive group. In our new notation (3.4) 
becomes : 


BD (h= (1/2) bs al 


Generalizing the definition of the second Schwarzian derivative by 
a process of recurrence, we shall call ; 


(3.5) fz, Bh att = Z is 3} ./{z, zs 22 iG L 2), / s. ah) 


the (n+1)-th Schwarsian derivative. We let (s, #}1={s, 2}. 

It can be shown by induction" that the Schwarzian derivatives of 
order n=1 are all relative invariants of index two under the direct in- 
versive group, or that 


(3.6) fz 3}, = 6/2) t« it} x, k21. 


Consequently, the ratios 
(3.7) (s 2} / (o 2} x, jÉéhRk-123--, 


are absolute differential invariants of plane curves under G. Of these, 
the one of lowest order, namely that of the fifth order, is 


Is = ls, z}2/{2, z}. 


` We proceed to express Is in terms of k and derivatives of k with re- 
spect to s. 


“The proof of this statement involvesestraightforward computation, which we 
shall omit. 
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From 
(z, 8] = 2ietitak/ds 
we obtain 
d Q/. dk dk 
— [sz] = 20 (4 —2 =) 
dz ds 
and 
di . BR ak dk dk\* 
e = 2e00] s s 6c S - 2(Z) ]. 
dz? ds? ds? ds ds 


Substituting these expressions in Íz, Z}2, we find 
"T uf ot dk 5 a er 
. 2,814 e| —/ — — — | — / —]— — 

i ds/ ds 4\as?/ ds "ds 
and therefore 
i [ ak dk\? 5 /d*k\? dkN? dk 
SEROR 
2 Lds* ds 4 \ds? ds ds 
Hence, Is implies only one real invariant, namely 
dk dk\? 5 /d*k\? dEN? dk 
TORTO 
ds? ds 4 \ ds? ds ds 
In terms of p and derivatives of p with respect to s, 
dp dp d?p A) (2) 
It =| —4— —p? +4—(—) p —4(— 
: [ 4r ae G X ds 
e) 9 / I2 ] 
5l p — 4l — 4(— 
= (> a) t ($) ds 
in which form this invariant was first obtained by G. Mullins.!5 


Recalling that the inversive arc length À = f ( -E db/ds)!?ds and that 
therefore dk/ds = (dA/ds)* we find that I¥ assumes the simple form 


If = (2fa, s} — w (2). 


From (3.6) it obviously follows that 
{z,z},da* = {u, a} adat, k= 1. 


15 Columbia University Dissertation, 1917. 
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Consequently, 


x = f ({s, 2] ,) 2s 


ts an integral invariant under G. However, Ax, being complex, implies 
two real invariants, one of which may be only a constant. When k= 1 
the unique non-constant invariant, as shown above, is the inversive 
arc-length. 

Under the complete inversive group, which includes the group G 
and the involutory transformation z=#, the absolute values of the 
invariants referred to above are invariant. 


4. Inversive invariants of horn angles. From (3.6) it obviously fol- 

‘lows that curvilinear angles, and therefore horn angles of order n, 

nz], have, under the direct inversive group G, the absolute invari- 
ants of odd order, namely 2k+1: 


D Za} s/ (s, AM k21. 


However, we can obtain from (3.6) certain other, less obvious horn 
angle invariants. Let o be a horn angle of order 2n+1, nz: 1. Differ- 
entiation of (3.6) results in 


^d d3N* d 
m in s]. = (1/3 RE fu, a}. 
dà dü/ da 
az dz ^ 
sas 3 5 / (5). 
dü? dik 
Since a is of order 2n-+1, fsi, Zsa { 22, Za} a, D £i). fus falnat 
the vertex of the horn angle; consequently, by subtracting the equa- 
tions obtained by stating (4.1) for the two sides of a we find that 


d d 
X { zs, Zl. = xu { 21, zi}, 


(ame m] 


Therefore, the left member of (4.2) represents a relative inversive in- 
vartant of order 2n+2 and index three of horn angles of order 2n4-1, 
nei. 

Let a be a horn angle of even order: 2n+2, 221. Now it follows 
from (3.6), by subtraction of (3.5) stated for the two sides of « that 


(4.1) 
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d? d? 
323 [zs &]. = de fan Zila 


dz 
(4.3) a : " 
(1/55) [s inde m is d ae] 
= IS peg | 924m — 1 ale 
da) | da “oo daz ©? 


Consequently, horn angles of order 2n+2, n=1, have, under the direct 
inversive group, the relative invariant of order 2n+3 and index four 


given by (4.3). 


BROOKLYN COLLEGE 


ON A PROPERTY OF k CONSECUTIVE INTEGERS! ` 
ALFRED BRAUER 


S. S. Pillai? has just proved the following theorem: In every set of 
less than 17 consecutive integers there exists at least one integer which 
is relatively prime to all the others; there are sequences of k integers 
for k=17, 18, - - - , 430, however, which have not this property. Pillai 
conjectures that the same is valid for every #217. I shall prove that 
this conjecture is true. 

The method of the proof is similar to the method I applied in a 
joint paper with H. Zeitz? in proving that the following conjecture 
is wrong for every prime p243. 

Denote by b, the nth prime. Then there exist at most 2p,-1—1 con- 
secutive integers such that each of these integers ts at least divisible by 
one of the primes pi, fs, © © , Pn 

This conjecture was De by Legendre for his proof of the theorem 
of the primes in arithmetical progressions. First I prove the following. 


LEMMA. Let w(x) be ihe number of primes p Sx. Then we have 


log 
(1) (2%) — x(x) Z js z] +2 
for every x z 75. 
ProoF. If we put, as usual, 
O(a) = zx log $, 
pas 


then we have 


ovx) — (2) = Y; QE LY (eg p/log 22) 
Q) a<pS2s z<pSia 4 
-4 >> log p} og 2x = (9(2x) — 9(x)] /log 2x. 
zcpSia 


` 1 Presented to the Society, September 12, 1940. 

2 S, S. Pillai, On m consecutive integers, Proceedings of the Indian Academy of Sci- 
ences, section A, vol. 11 (1940), pp. 6-12. 

3 A. Brauer und H. Zeitz, Über eine zahleniheoretische Behauptung von Legendre, 
Sitzungsberichte der Berliner mathematischen Gesellschaft, vol. 29 (1930), pp. 116- 
125. Cf. A. Brauer, Question concerning thg maximum term in the diatomic series— 
proposed by A. A. Bennett, American Mathematical Monthly, vol. 40 Mrd pp. 40% 
410. 
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It is known that* 
9(2x) — B(x) = 9(2x — 2) — B(x) > . x — 3.4 


(3) 
— 4.5 log? x — 24 log x — 32. 


Hence, by (1), (2), and (3), it is sufficient to prove that 
JIx — 34x13 —4,5log?x —24logx —32 > (21og x/log 2+2) (log x J-log 2), - 
f(x) 27x — 3.4x11—log? x(4.5-+2/log 2) — 28 log x —32—2 log 20. 
It is easy to see that f(x) >0 holds for x —1024, since log 1024 «7. 
. Moreover we have 


9 + 4/log 2 28 
f(z)-.-— py n E Leu 0 for x z 1024. 
x x 


Hence f(x) is increasing for xz 1024 and the lemma is proved for 
x 21024. 

For 75 $x «1024 the lemma can be proved directly. For instance, 
it follows for 591 Sx<1024 and for 355 €x «591 by the fact that 
there are 22 primes between 1024 and 1182 and 20 primes between 
591 and 710. In the same way we get the lemma for 231 €x «355, 
159 xx «231, and so on. 


THEOREM. For every k Z217 there exists a sequence of k consecutive in- 
tegers such that none of these k integers is relatively prime to ihe product 
of the others. 


Pnoor. In view of the paper of Pillai, it is sufficient to prove the 
theorem for k 2300. We put 


k 
4 m = |— | 2 75. 
(4) [+] > 
Let bı, bs, - - - , p- be the primes in the closed interval {1 NE m| and 
Prat, Prag © © ~, Pa the primes in the closed interval {m+1 eM 2m]. 
If we consider & consecütive integers, then each of the primes 
(5) Pi; pa, aaa | Pry Pro Pea SOS ps 


divides at least two of the & integers, since each of these primes is 
less than 2m, hence by (4) less than &/2. Therefore -each of these k 
integers which is divisible by at least one of the primes (5) is not rela- 
tively prime to all the &—1 other integers. Hence it is sufficient to 


t See, for example, E. Landau, Handbach der Lehre von der Verteilung der Primzah- 
len, vol. 1, 1909, p. 91. 
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E prove that there exist sequences of k integers such that for £z 300 
each ‘of these integers is divisible by at least one of the primes (5). 
We consider the simultaneous congruences 


5 (6). x = 1 (mod 2), a = 0 (mod paps ^ - - pr). 
Let x be a solution of (6). Then the integers 
(7) 4—2m, x—2m--2, 280, €—2, x, x+2, - t, 3 -2m— 2, x 2m 


form a sequence of 2m-+1 odd integers of the form 
. (8) St x + 2p, us p70,1,---,m. 


If p is divisible by the odd prime 5,, we have p» S pr, since p € m be- 
cause of (8). Hence we obtain from (6) that gis 


(9) i £ + 2u = 0 (mod $»). m 


It follows from (9) that all those integers of (7) which have riot the 
form x+2° with r21 are divisible by at least one of the primes., 





Pa, Pa oe ay Pr. 
If we put 
10) ` [= | Til 
( log 2 zx 


then the integers of the form x 27 with rz 1 in the set (7) are the 
integers 


(11) xt2,x4t25-::,-xc2. 
By (4), it follows from the lemma and from (10) that the number of 
primes in the closed interval {m+1--- 2m} is 1 


log m 
(2m) — «(m) 2 2524 +2 -2t. 
log2 
On the other hand the primes in this interval were frei Pr+2s * * ^o Par 
hence 


(12) s—r 22, fas S Pe 
. Beside the congruences (6) we now subject x to the following 2: çon- 
. gruences ` i 


i & 4- 27 = 0 (mod Pr), ; 
(13) aes ee ee 
y—2720 (mod fau 


These congruences always have solutions. For every solution x all the 


e 
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numbers (7) are divisible by at least one of the primes (5), since each 
of the integers (11) is divisible by at least one of the primes 


Prt Prot, 705, Da because of (13) and (12). 
Hence each of the 4m+3 consecutive integers 
(14) x—2m—1, x—2m, x—2m--1, --- , 2-1, x, x 1, , x -2m- 1 


is divisible by at least one of the primes (5), since 
X—2m—i1zsx-—2m-d-12...ex—i1z-cx--1 
=... m y+ 2m- 1-2 0 (mod 2). 
Because of (4) we have 
k S 4m 4 3. 


Therefore we can take k consecutive integers from (14). None of these 
k integers is relatively prime to the product of the k—1 others. 


. INSTITUTE FOR ADVANCED STUDY 


A CORRECTION TO “A REMARK ON THE SUM AND THE 
INTERSECTION OF TWO NORMAL IDEALS 
IN AN ALGEBRA” 


TADASI NAKAYAMA 


K. Asano has called my attention to an error in my paper A remark 
on the sum and the intersection of two normal ideals in an algebra, Theo- 
rem 1 of the paper holds only for local simple algebras, while the re- 
maining theorems are true as they stand. 


OSAKA IMPERIAL UNIVERSITY 


1 This Bulletin, vol. 46 (1940), p. 469 
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The three hundred seventy-sixth meeting of the American Mathe- 
matical Society was held at Columbia University on Friday and 
Saturday, February 21-22, 1941. The attendance was approximately 
three hundred fifty including the following two hundred thirty-five 
members of the Society: f 


C. R. Adams, R. B. Adams, Leonidas Alaoglu, C. B. Allendoerfer, R. L. EN 
T. W. Anderson, Lawrence Annenberg, L. A. Aroian, K. J. Arrow, F. E. Baker, 
S. F. Barber, Joshua Barlaz, P. T. Bateman, Felix Bernstein, E. E. Betz, Garrett 
Birkhoff, Archie Blake, Gertrude Blanch, R. P. Boas, Salomon Bochner, Frank 
Boehm, H. F. Bohnenblust, Samuel Borofsky, D. G. Bourgin, C. B. Boyer, A. T. 
Brauer, H. W. Brinkmann, H. C. Brodie, A. A. F. Brown, B. L. Brown, Jewell H. 
Bushey, J. H. Bushey, S. S. Cairns, A. D. Campbell, D. E. Christie, J. A. Clarkson, 
R. M. Cohn, T. F. Cope, Byron Cosby, Richard Courant, Ruth Crucet, H. B. Curry, 
M. D. Darkow, Norman Davids, D. R. Davis, Jesse Douglas, Arnold Dresden, R. F. 
Dressler, J. E. Eaton, M. L. Elveback, Paul Erdós, C..J. Everett, J. M. Feld, Aaron 
Fialkow, F. A. Ficken, M. I. Fields, N. J. Fine, W. B. Fite, D. A. Flanders, G. E. 
Forsythe, Tomlinson Fort, M. C. Foster, R. M. Foster, J. S. Frame, K. O. Friedrichs, 
T. C. Fry, H. P. Geiringer, Abe Gelbart, B. P. Gill, R. L. Gilman, J. W. Givens, 
A. M. Gleason, Michael Golomb, M. C. Graustein, C. H. Graves, M. C. Gray, S. L. 
Greitzer, H. M. Griffin, C. C. Grove, D. W. Hall, F. C. Hall, Marshall Hall, N. A. 
Hall, P. R. Halmos, Philip Hartman, C. M. Hebbert, M. H. Heins, Edward Helly, 
J. G. Herriot, Fritz Herzog, L. S. Hill, Einar Hille, Abraham Hillman, T. R. 'Hollcroft, 
G. M. Hopper, Harold Hotelling, S. E. Hotelling, E. A. Hoy, R. Y. Hoy, Chung-Tsi 
Hsu, E. M. Hull, Alexandra Illmer, R. P. Isaacs, Seymour Jablon, Nathan Jacobson, 
R. A. Johnson, H. A. Jordan, Mark Kac, I. N. Kagno, Shizuo Kakutani, E. R. van 
Kampen, Irving Kaplansky, Edward Kasner, L. S. Kennison, J. R. Kline, E. R. 
' Kolchin, B. O. Koopman, Arthur Korn, H. N. Laden, Jack Laderman, H. G. Landau, 
; A. W. Landers, M. K. Landers, G. A. Larew, Solomon Lefschetz, Joseph Lehner, 
* B. A. Lengyel, Howard Levi, Madeline Levin, Marie Litzinger, E. R. Lorch, A. N. 
Lowan, J. C. C. McKinsey, L. A. MacColl, C. C. MacDuffee, G. R. MacLane, H. F. 
MacNeish, W. G. Madow, Dorothy Maharam, Dorothy Manning, W. P. Mason, 

"Walther Mayer, A. E. Meder, F. H. Miller, H. L. Mintzer, Don Mittleman, E. C. 
Molina, Elizabeth Monroe, Richard Morris, Nathan Morrison, Marston Morse, Z. I.” 
Mosesson, G. W. Mullins, F. J. Murray, C. A. Nelson, O. E. Neugebauer, C. O. 
Oakley, E. G. Olds, P. S. Olmstead, Oystein Ore, J. €. Oxtoby, N. G. Parke, Everett 
Pitcher, Harry Pollard, George Polya, E. L. Post, Walter Prenowitz, R. G. Putnam, 
H. A. Rademacher, C. F. Rehberg, H. J. Riblet, Moses Richardson, R. G. D. Richard- 
son, J. S. Ripandelli, J. F. Ritt, I. F. Ritter, H. E. Robbins, S. L. Robinson, Benjamin 
Rosenbaum, Arthur Sard, S. A. Schelkunoff, Peter Scherk, I. J. Schoenberg, Abraham 
Schwartz, C. H. W. Sedgewick, L. W. Sheridan, Seymour Sherman, W. A. Shewhart, 
Max Shiffman, L. P. Siceloff, James Singer, L. L. Smail, M. F. Smiley, P. A. Smith, 
Virgil Snyder, Abraham Spitzbart, Wolfgang Sternberg, F. M. Stewart, G. R. Stibitz, 
J. J. Stoker, W. C. Strodt, Alvin Sugar, M. M. Sullivan, J. D. Tamarkin, Alfred 
Tarski, A. H. Taub, J. H. Taylor, B. J. Tepping, J. M. Thomas, R. M. Thrall, E. W. 
Titt, W. R. Transue, W. J. Trjitzinsky, J. W. Tukey, Oswald Veblen, Abraham Wald, 
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G. L. Walker, R. J. Walker, R. M. Walter, Louis Weisner, B. A. Welch, M. E. Wells, 
O. L. Wheeler, A. L. Whiteman, P. M. Whitman, Hassler Whitney, E. P. Wiggin, 
S. S. Wilks, W. H. Wise, Audrey Wishard, Jacob Wolfowitz, H. A. Wood, Leo Zippin, 
O. J. Zobel, Antoni Zygmund. 

The opening session on Friday afternoon was a symposium on ap- 
plied mathematics at which Mr. R. M. Foster presided. The sympo- 
sium consisted chiefly of two addresses, one by Professor J. J. Stoker 
entitled Mathematical problems connected with the bending and buckling 
of elastic plates and one by Dr. W. A. Shewhart entitled Mathemat- 
ical statistics in mass production. Discussion of the first address was 
led by Professor K. O. Friedrichs. Dr. Stewart Way was unable 
to attend and his remarks were read by the presiding officer. The 
discussion leaders of the second address were Professors Harold Hotel- 
ling and S. S. Wilks. Informal discussions of both addresses followed 
the prepared discussions. 

On Saturday morning there was a session for papers in Analysis, 
Professor J. D. Tamarkin presiding, and another for Algebra, Topol- 
ogy, and Statistics, Professor Jewell Hughes Bushey presiding. 

At a general session Saturday afternoon, at which President 
Marston Morse presided, the members of the Society voted to amend 
the By-Laws in accordance with the recommendation of the Council. 
For the convenience of members the By-Laws in revised form are 
published in full below. 


ARTICLE I, OFFICERS 


Section 1. There shall be a President, three Vice Presidents, a Secretary, four As- 
sociate Secretaries, a Treasurer, and a Librarian. 

Section 2. It shall be a duty of the President to deliver an address before the So- 
ciety at the close of his term of office or within one year thereafter. 

Section 3. The Librarian shall have charge of arrangements for the exchange of 
the Society’s publications. 


ARTICLE II. BOARD oF TRUSTEES 


Sectton 1, There shall be a Board of Trustees consisting of five trustees elected by 
the Society, in accordance with Article V. 

Section 2. The function of the Board of Trustees shall be to receive and administer 
the funds of the Society, to have full legal control of its investments and properties, 
to make contracts and, in general, to conduct all business affairs of the Society. 

Section 3. The Board of Trustees shall have the power to appoint a manager and 
such assistants and agents as may be necessary or convenient to facilitate the conduct 
of the affairs of the Society, and to fix the terms and conditions of their employment. 
The Board may delegate to the officers of the Society duties and powers normally 
inhering in their respective corporative offices, subject to supervision by the Board. 
The Board of Trustees may appoint committees to facilitate the conduct of the busi- 
ness of the Society and delegate to such committees such powers as may be necessary 
‘or convenient for the proper exercise.of those powers. Agents appointed, or members 
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of committees designated, by the Board of Trustees need not be members of the 
Board. 

Nothing herein contained shall be construed to empower the Board of Trustees 
to divest itself of responsibility for, or legal control of, the investments, properties 
and contracts of the Society. 


ARTICLE III. EDITORIAL COMMITTEES 


Section 1. There shall be five Editorial Committees—one of four members for the 
Bulletin, one of three members for the Transactions, one of three members for the 
Mathematica] Reviews, one of three members for the Colloquium Publications, and one 
consisting of three representatives of the Society on the Board of Editors of the 
American Journal of Mathematics. 


ARTICLE IV. COUNCIL 


Section 1. The Council shall consist of fifteen members at large, and the following 
ex officio members: the officers of the Society specified in Article I, the members of 
the Editorial Committees, ex-secretaries who have served as secretaries for ten years 
or more, and ex-presidents for a period of six years after the completion of their re- 
spective presidential terms. 

Section 2. The Council shall formulate and administer the scientific policies of the 
Society and shall act in an advisory capacity to the Board of Trustees. 

Section 3. All members of the Council shall be entitled to be present at any meet- 
ing of the Council and to take part in the discussion at that meeting. 

Section 4. In the absence of the Secretary from any meeting of the Council, one 
of the Associate Secretaries present may be designated as Acting Secretary for the 
meeting, either by written authorization of the Secretary, or, failing that, by majority 
agreement among the Associate Secretaries present. 

Section 5. The voting members at any meeting of the Council shall be the follow- 
ing: the members at large of the Council; the President; the Vice Presidents; the 
Secretary; the Acting Secretary for the meeting, if one is designated in the absence of 
the Secretary; the Treasurer; and a member of each Editorial Committee chosen an- 
nually by the committee, provided that if such voting member is absent at any meet- 
ing of the Council an alternate designated by him from among the membership of the 
committee shall have the power to vote. 

Section 6. The method for settling matters before the Council at any meeting shall 
be by majority vote of the voting members present. If the result of such a vote is 
challenged at the time by any member of the Council, it shall be the duty of the 
Secretary—or of the Acting Secretary for the meeting—or of a member present who 
shall be designated by the Council for that purpose—to prepare a list of the voting 
members present, on the basis of which the presiding officer shall determine the true 
vote by a roll call. 

Section 7. A quorum for the transaction of business at any meeting of the Council 
shall consist of five voting members as defined in Section 5 of this Article. 

Section 8. Between meetings of the Council, business may be transacted by a mail 
vote. Voting members for this purpose shall be the members at large of the Council, 
the President, the Vice Presidents, the Secretary, the Treasurer, and the voting mem- 
ber of each Editorial Committee as designated in Section 5. An affirmative vote on 
any proposal by mail shall require at least a majority of the voting members, and at 
least three-quarters of the total number of votes transmitted to the Secretary before 
the time announced for the closing of the polls. If two or more voting members request 
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postponement at the time of voting, action on the matter at issue shall be postponed 
until the next meeting of the Council, unless at the discretion of the Secretary the 
question is made the subject of a second vote by mail, in connection with which brief 
statements of reasons, for and against, are circulated. 


ARTICLE V. ELECTIONS AND TERMS OF OFFICERS 


Sectton 1. The term of office shall be two years in the case of the trustees, the 
President, the Vice Presidents, the Secretary, the Associate Secretaries, and the 
Treasurer; three years in the case of the Librarian and the members of the Editorial 
Committees. The term of office for members at large of the Council shall be three 
years, five of the members at large retiring annually. In every case, however, the 
officials specified in Articles I, II, III, and IV shall continue to serve until their suc- 
cessors have been duly elected and qualified. 

Section 2. The President and Vice Presidents shall not be eligible for immediate 
re-election to their respective offices. A member at large or an ex officto member of 
the Council shall not be eligible for immediate election (or re-election) as a member 
at large of the Council. 

Section 3. Election of officers specified in Article I, trustees, members of Editorial 
Committees, and members at large of the Council shall be by ballot at the Annual 
Meeting. An official ballot shall be sent to each member by the Secretary at least 
one month before the Annual Meeting, and such ballots, if returned to the Secretary 
in envelopes bearing the name of the voter and received prior to the closing of the 
polls, shall be counted at the Annual Meeting. Each ballot shall contain one or more 
names proposed by the Council for each office to be filled, with blank spaces in which 
the voter may substitute other names. A plurality of all votes cast, whether cast in 
person or by mail, shall be necessary for election. In case of failure to secure a plurality 
for any office, the members present at the Annual Meeting shall choose by ballot be- 
tween the two having the highest number of votes. A 

Section 4. If the President of the Society die or resign before the expiration of his 
term of office, the Council, may, with the approval of the trustees, designate one of the 
Vice Presidents to serve as President until the next Annual Meeting, when the Society 
shall elect a President for a two-year term. Such vacancies as may occur at any time 
in the group consisting of the Vice Presidents, the Secretary, the Associate Secre- 
taries, the Treasurer, the Librarian, and the members of the Editorial Committees 
may be filled by the Council with the approval of the trustees. 

Seciton 5. If any trustee die or resign during his tenure of office, the vacancy thus 
created shall be filled for his unexpired term by the Board of Trustees, 

Section 6. If any member at large of the Council die or resign more than one year 
before the expiration of his term, the vacancy for the unexpired term shall be filled - 
by the Society at the next Annual Meeting. 


ARTICLE VI. ELECTION oF MEMBERS 


Seciton 1. Election of members shall be by vote of the Council. 

Section 2. There shall be four classes of members, ordinary, contributing, institu- 
tional contributing, and sustaining. 

Section 3. A firm, corporation, institution, association or individual interested in 
the support of mathematics, may be elected to sustaining membership. A sustaining 
member shall receive the Bulletin, the Transactions, and Mathematical Reviews (see 
Article IX), and shall have the privilege of ilominating one or more persons for election ` 
by the Council to ordinary membership in the Society, the number to be determined 
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by the Council. Such nominations shall not be acted upon until at least thirty days 
after their presentation to the Council (at a meeting or by mail). 

Sectton 4. A firm, corporation, institution, or association interested in the support 
of mathematics may be elected to institutional contributing membership. An institu- 
tional contributing member shall receive the Bulletin or have the privilege, for each 
twenty-five dollars contributed, of nominating one person to ordinary membership 
in the Society. Such nominations shall not be acted upon until at least thirty days after 
their presentation to the Council (at a meeting or by mail). 

Section 5. Except in the case of nominees of sustaining members and of institu- 
tional contributing members, application for admission to ordinary membership shall 
be made by the applicant, on a blank provided by the Secretary, and shall be ap- 
proved by two members of the Society. Such applications shall not be acted upon 
until at least thirty days after their presentation to the Council (at a meeting or by 
mail), except in the case of members of other societies entering under special action of 
the Council. 

Section 6. An ordinary member may become a contributing member by paying the 
dues for such membership. (See Article VII, Section 4.) 

Section 7. An ordinary member or a contributing member shall receive the Bulle- 
tin, except in the case of members whose dues are remitted under Article VII, Section 
10. 


ARTICLE VII. Dukes 


. Section 1. Persons elected to ordinary membership in the Society by the Council, 
under the provisions of Article VI, Section 5, shall be admitted to membership upon 
the payment, within sixty days of the date of their election, of an initiation fee of five 
dollars. 

Section 2. The annual dues of persons elected by the Council to ordinary member- 
ship under the provisions of Article VI, Section 5, shall be eight dollars, with the fol- 
lowing exceptions: (1) during the first three years of membership, the annual dues 
shall be six dollars; a person shall be considered to have completed his first year of 
membership on January 1 following his election; (2) the amount of dues may be 
altered by reciprocity agreements with other societies; (3) the Council may make 
special rulings in exceptional cases, with the approval of the Board of Trustees. Each 
new member shall pay in proportion to the unexpired fraction of the year at the time 
of his election. 

Seciton 3. Four dollars and fifty cents of the annual dues of those members who 
receive the Bulletin under the provisions of Article VI shall be allocated in payment 
, therefor. . 

Section 4. The minimum dues for a contributing member shall be fifteen dollars 
per year. Members may, upon their own initiative, pay larger dues. 

_ Section 5. The dues for an institutional contributing member for any year shall 
not be less than twenty-five dollars. Institutions may pay larger dues. 

Section 6. The dues of a sustaining member for any year shall not be less than one 
hundred dollars. A sustaining member who contributes annually at least five hundred 
dollars shall be designated as a Patron of the Society. 

Section 7. Persons elected to ordinary membership as nominees of sustaining mem- 
bers or institutional contributing members under the provisions of Article VI, Sections 
3-4, shall not be required to pay an initiation fee. They shall not be required to pay 
' dues, so long as it is agreed that they dre designated by the sustaining member or 
institutional contributing member under these provisions. If a nominee of a sustaining 
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member or an institutional contributing member later becomes a dues-paying mem- 
ber, he shall pay dues at the rate of six dollars a year for the remainder (if any) of his 
first three years of membership, and eight dollars a year thereafter. 

Section 8. If the annual dues of any member remain unpaid beyond a reasonable 
time, the Board of Trustees shall remove his name from the list of members, after 
due notice. 

Section 9. Any member not in arrears of dues may become a life member on the 
payment of a sum to be determined in accordance with actuarial principles. A life 
member shall have for life the status and privileges of an ordinary member, without 
further payment of dues. 

Section 10. After retirement from active service on account of age, any member 
who is not in arrears of dues and with membership extending over at least twenty 
years may—by giving proper notification to the Secretary—have his dues remitted, 
on the understanding that he will thereafter receive the programs of the meetings, 
but not the Bulletin. 


ARTICLE VIII. MERTINGS 


Seciton 1. The Annual Meeting of the Society shall be held between the fifteenth 
of December and the fifteenth of January next following. Notice of the time and place 
of this meeting shall be mailed by the Secretary or an Associate Secretary to the last 
known post office address of each member of the Society. The times and places of the 
Annual and other meetings of the Society shall be designated by the Council. No mat- 
ter of general business shall be considered at any meeting of the Society except the 
Annual Meeting, without the recommendation of the Council. 

Section 2. The President may call a meeting of the Council whenever the affairs 
of the Society make it desirable; he shall call a meeting of the Council on written 
request of five of its members. 

Seciton 3. The Board of Trustees shall have its regular Annual Meeting on the 
first day of the Annual Meeting of the Society. Special meetings of the Board of 
"Trustees may be called by the Chairman of the Board upon three days' notice of such 
meeting mailed to the last known post office address of each trustee. He shall call a 
meeting upon the receipt of a written request of two of the trustees. Meetings for the 
transaction of business may also be held by common consent of all the trustees. 

Section 4. Papers intended for presentation at any meeting of the Society shall be 
passed upon in advance by a program committee appointed by or under the authority 
of the Council; and only such papers shall be presented as shall have been approved by 
such committee. Papers in form unsuitable for publication, if accepted for presenta- 
tion, shall be referred to on the program as preliminary communications or reports. 


ARTICLE IX. PUBLICATIONS 


Section 1. The Society shall publish an official organ called the Bulletin of the 
American Mathematical Society. It shall publish a journal called the Transactions of 
the American Mathemasical Society, the object of which shall be to make known im- 
portant researches presented at meetings of the Society. It shall publish a periodical 
called Mathematical Reviews containing abstracts or reviews of current mathematical 
literature. It shall publish a series of volumes called Colloquium Publications which 
shall embody in book form new mathematical developments. It shall also cooperate 
in the conduct of the American Journal of Mathematics. 

Section 2. The editorial management of*the Bulletin, Transactions, Mathematical 
Reviews, and Colloquium Publications, and the participation of the Society in the 
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management of the American Journal of Mathematics shall be in charge of the respec- 
tive Editorial Committees as provided in Article III, Section 1. 


ARTICLE X. ETETE, 


These By-Laws may be amended or suspended at any meeting of the Society on 
recommendation of the Council and by a two-thirds vote of the members present, 
provided notice of such proposed action and of its general nature shall have been given 
in the call for such meeting. 


Following the business meeting Professor H. F. Bohnenblust gave 
an address entitled Partially ordered linear spaces. During the latter 
part of the afternoon there were two sessions, one for Geometry, 
Professor Virgil Snyder presiding, and one for Algebra and Analysis 
at which Professor E. L. Post presided. 

Titles and cross references to the abstracts of papers read at this 
meeting follow below. Papers whose abstract numbers are followed by 
the letter ? were read by title. The papers numbered 1 to 9 were read 
before the section for Analysis; those numbered 10 to 18 before the 
section for Algebra, Topology, and Statistics; those numbered 19 to 
22 in the section for Geometry; those numbered 23 to 27 in the section 
for Algebra and Analysis; papers numbered 28 to 54 were read by 
title. Paper 21 was read by Professor Kasner. Dr. Bers was intro- 
duced by Dr. Abe Gelbart, Dr. Weinstein by Dr. H. E. Robbins, Dr. 
Snapper by Professor J. H. M. Wedderburn, Mr. Rosenbloom by 
Professor J. R. Kline, Dr. Bergman by Dr. D. C. Spencer, Dr. Kober 
by Professor Einar Hille, and Dr. Wundheiler by Professor D. J. 
Struik. 

. 1. R. P. Boas: A note on functions of-exponential type. (Abstract 47- 
3-129.) 

2. P. R. Halmos: On the decomposition of measures. (Abstract 47-3- 
133.) 

3. Abe Gelbart: On the behavior of a function of two complex vari- 
ables in the neighborhood of an tsolated essential singularity. (Abstract 
47-3-131.) 

4. I. J. Schoenberg: On absolutely convex functions. (Abstract 47-5- 
245.) 

5. George Polya: On converse gap theorems. (Abstract 47-3-139.) 

6. Dorothy Maharam: On measure in abstract sets. (Abstract 47-3- 
136.) 

7. Lipman Bers: Analytic functions of two complex vartables in 
domains bounded by two analytic hypersurfaces. (Abstract 47-3-128.) 

8. H. N. Laden: On Kryloff-Stayermann interpolation. (Abstract 
47-3-135.) 
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9. Alexander Weinstein: On the decomposition of a Hilbert space by 
its harmonic subspace. (Abstract 47-5-252.) 

10. Ernst Snapper: Structure of linear sets. (Abstract 47-3-124.) 

11. P. C. Rosenbloom: Post algebras: Y. Postulates and general prop- 
erties. (Abstract 47-3-123.) 

12. Hassler Whitney: Geometric methods in combinatorial topology. 
Preliminary report. (Abstract 47-3-180.) 

13. Oystein Ore: Transformation of sels. (Abstract 47-3-122.) 

14. Shizuo Kakutani: A generalization of Brouwer's fixed-point 
theorem. (Abstract 47-3-177.) 

15. Archie Blake: The exploratory determination of statistical dis- 
tributions. (Abstract 47-3-169.) 

16. Abraham Wald: On testing statistical hypotheses concerning sev- 
eral unknown parameters. (Abstract 47-5-275.) 

17. W. G. Madow: The distribution of the general quadratic form in 
normally distributed random variables. (Abstract 47-3-170.) 

18. Jacob Wolfowitz: Tests of statistical hypotheses where the dis- 
tribution forms are unknown. (Abstract 47-3-172.) 

19. Aaron Fialkow: The foundations of the conformal differential 
geometry of a subspace. (Abstract 47-3-156.) 

20. Peter Scherk: On real closed curves of order n41 in projective 
n-space. II. Preliminary report. (Abstract 47-3-165.) 

21. Edward Kasner and J. J. DeCicco: Lineal element transforma- 
tions which preserve isothermal families. (Abstract 47-3-161.) 

22. J. M. Feld: The geometry of whirls and whirl-motions in space. 
(Abstract 47-3-155.) 

23. Howard Levi: On the ideal theory and structure of differential 
polynomials. (Abstract 47-3-120.) 

24. Marshall Hall: A problem in partitions. (Abstract 47-3-118.) 

25. Irving Kaplansky: Maximal fields with valuations. (Abstract 
47-1-5.)- 

26. Stefan Bergman: Numerical methods for conformal mapping of 
polygonal domains. (Abstract 47-3-148.) 

27. E. R. Kolchin: On the basis theorem for differential systems. Pre- 
liminary report. (Abstract 47-3-119.) 

28. E. F. Beckenbach: On almost subharmonic functions. (Abstract 
47-3-126-t.) 

29. Stefan Bergman: On a class of linear operators applicable to 
functions of a complex vartable. (Abstract 47-3-127-t.) 

30. L. M. Blumenthal and G. E. Wahlin: On the spherical surface 
of smallest radius enclosing a bounded subset of n-dimensional euclidean 
space. (Abstract 47-3-150-1.) 
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31. A. H. Clifford and Saunders MacLane: Factor sets of a group in 
sts abstract unit group. (Abstract 47-3-117-1.) 

32. A. H. Clifford: Semigroups admitting relative inverses. (Abstract 
47-3-116-t.) : 

33. J. J. DeCicco: Isodeviate systems of geodesic series. (Abstract 
°4753-152-t.) 

34. M. C. Foster: Note on autopolar surfaces. (Abstract 47-3-157-t.) 

35. Paul Erdós and Joseph Lehner: On the distribution of the number 
of summands tn the partitions of a positive integer. (Abstract 47-3- 
173-1.) 

36. H. L. Garabedian: Hausdorff methods of summation which in- 
clude all of the Cesàro methods. (Abstract 47-3-130-1.) 

37. H. H. Goldstine: The prolongment and representation of multi- 
linear functionals. (Abstract 47-3-132-1.) 

38. F. B. Jones: Monotonic collections of peripherally-separable con- 
nected domains. (Abstract 47-3-176-1.) 

39. Edward Kasner and J. J. DeCicco: Conformal geometry of dif- 
ferential equations of first order. (Abstract 47-3-158-1.) 

40. Edward Kasner and J. J. DeCicco: Conformal geometry of 
velocity systems. (Abstract 47-3-159-t.) 

41. H. Kober: On a theorem of Schur and on fractional integrals of 
purely imaginary order. (Abstract 47-5-228-1.) 

42. Don Mittleman: Theory of ortho-family: A generalization of 
natural family. (Abstract 47-3-163-1.) 

43. Oystein Ore: Theory of monomial groups. (Abstract 47-3-121-t.) 

44. H. A. Rademacher: Ramanujan's identities under modular 
transformations. (Abstract 47-3-175-t.) 

45. Raphaél Salem: On absolute convergence of trigonometrical series. 
I. (Abstract 47-3-141-2.) 

46. Raphaél Salem: On absolute convergence of trigonometrical series. 
II. (Abstract 47-3-142-1.) 

47. Henry Scheffé: An inverse problem in correlation theory. (Ab- 
stract 47-3-171-t.) 

48. J. A. Shohat: On Bernoulli numbers and polynomials. (Abstract 
47-3-145-1.) 

49. M. F. Smiley: Betweenness in general lattices. Preliminary re- 
port. (Abstract 47-5-201-2.) 

50. I. J. Schoenberg: On integral representations of completely mono- 
ione and related functions. (Abstract 47-3-143-t.) 

51. R. C. Stephens: On abstract mappings. (Abstract 47-3-179-t.) 

52. Alvin Sugar: Postulates for the calculus of binary relations in 
terms of a single operation. (Abstract 47-3-168-1.) 
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53. G. T. Whyburn: On mappings into the circle. (Abstract 47-3- 
181-4.) 
54. Alexander Wundheiler: Abstract algebraic definition of an affine 
vector space. Preliminary report. (Abstract 47-3-166-1.) 
T. R. Horrcnorr, 
Associate Secretary 


WILLIAM CASPAR GRAUSTEIN—IN MEMORIAM 


William Caspar Graustein was born in Cambridge, Mass., Novem- 
ber 15, 1888. He graduated from Harvard, Magna cum Laude in 
1910. He spent the next year in the same place doing graduate work 
in mathematics, his main interest being then, as ever afterwards, in 
geometry. He received his first initiation into the higher branches of 
that subject by reading Klein’s incomparable 1893 lectures on 
*Hóhere Geometrie." As a matter of fact this nearly had a most 
disastrous effect, for when Study in Bonn heard that his prospective 
pupil had been reading Klein, he wrote, “So ist er ganz und gar 
verdorben.” However, Study relented sufficiently to receive him in 
the autumn of 1911, thereby initiating a close personal and intellec- 
tual intimacy that lasted many years, and had the deepest influence 
on the whole of Graustein’s subsequent career. 

He took the doctor’s degree, Summa cum Laude in July, 1913, and 
returned at once to Harvard as instructor in mathematics. He was 
then promoted to an assistant professorship in the newly formed Rice 
Institute in Houston, Texas. He joined his Cambridge friend Griffith 
Conrad Evans in building up there, with the warm approval of the 
President Edgar Odell Lovett, the most advanced mathematical 
centre south of Mason and Dixon’s line. This lasted for four fruitful 
years, then came the war. Graustein was bound he would serve his 
country, in spite of official discouragement on account of his name and 
antecedents, and serve he did in the Ordnance Department at the 
proving ground at Aberdeen, Maryland, eventually becoming a first 
lieutenant. 

He returned to Harvard in the autumn of 1919 to help in the con- 
genial task of rehabilitating the Division of Mathematics, which in 
one year had lost three of its most valuable members through death 
and transfer. He worked mightily at that task till the day of his 
death. He was chairman of the Division from 1932 to 1937, and 
Assistant Dean of the Faculty of Arts and Sciences 1939-41. But he 
served mathematics outside his own university as well, acting for 
twelve years (1924-36) as an Associate Editor, and for five years 
(1936-41) as one of the Editors, of the Transactions of the American 
Mathematical Society, and chairman of the very busy organizing 
committee of the proposed 1940 International Mathematical Con- 
gress in 1938. He was killed in a motor accident, January 22, 1941. 

Graustein's doctoral thesis, written with Study, was entitled “Eine 
reelle Abbildung analytischer komplexer Raumkurven.” For a number 
of years Study had been interested in the geometry of the complex 
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domain. In three-space we may have varieties depending analytically 
on any number from one to five of real parameters. But it is always 
heartening to have something real to represent complex elements, 
and many writers had occupied themselves with this problem of 
representation. Study had recently flirted with one of the methods, 
which was based on an idea initiated by Poncelet, but more closely 
associated with the writing of a vituperative Frenchman, F. Maxi- 
milien Marie. It consists in replacing each complex point by an 
ordered pair of real points, the closest pair of the elliptic involution 
whose double points are the given point and its conjugate. This 
conjugate is represented by the same pair in opposite order. Ana- 
lytically the point with rectangular Cartesian coordinates x! is repre- 
sented: by the ordered pair 


xi + zi xí— à 
? = +i . 
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When it comes to representing simple loci like lines, circles and planes, 
there are a distressing number of special cases which must be handled 
separately ; the isotropic elements cause trouble. The points of a com- 
plex space curve depend on two real parameters, and will be repre- 
sented by the points of two real surfaces connected by an analytic 
relation. Graustein shows that: 

A. They are translation surfaces. 

B. There is a first and a second system of curves on the one so 
related to a first and a second system on the other that at corre- 
sponding points the tangent to the first curve on either surface is 
parallel to that of the second curve on the other. 

C. The relation is area-preserving, but not conformal. 

Graustein retained his interest in complex geometry for a number 
` of years. In Volume 16 of the Transactions he takes up the question 
of when pairs of complex elements in euclidean three-space can be 
carried into one another by real motions. The criterion depends on 
certain real invariants, as the squared distance from a complex point 
to its conjugate. In the twenty-fourth volume of the same journal he 
generalizes the Marie representation. What is the most general repre- 
sentation where a complex point (z) is represented by a real ordered 
pair (x)(y) it being required that the conjugate point (Z) shall be 
represented by (y)(x), a real point shall be represented by itself 
counted twice, the functions involved shall be analytic, and the rela- 
tions involved shall be invariant under some specifed group. Two 
years later in Volume 26 of the Annals of Mathematics he relates the 
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generalized method of representation to the main problem of his 
thesis. 

A complex curve is represented by two real surfaces in one-to-one 
correspondence with correspondence of parallelism. This idea led 
Graustein to make a further study of the relation of two surfaces 
when the normals at corresponding points are parallel, and in Volume 
23 of the Transactions he published a paper on “Parallel Maps of 
Surfaces.” If we have a one-to-one correspondence between two sur- 
faces, neither of which is developable, of such a sort that normals 
at corresponding points are parallel, they have the same spherical 
representation. If a point P’ corresponds to a point P, there is a pro- 
jective relation among the tangents at P’ connecting each with that 
which is parallel to the tangent at P corresponding to the given one. 
When the relation is non-parabolic, that is to say, has two self-cor- 
responding elements, the projective invariant J of this relation is 
fundamental in the transformation. Graustein shows that it is equal 
to the cross ratio which the pair PP’ make with the corresponding 
focal points in the congruence of lines connecting corresponding 
points. This beautiful result leads to many interesting theorems. The 
author wrote five other short papers dealing with mapping and ap- 
plicability. 

The development of the tensor calculus of Ricci and Levi-Civita 
introduced a modification in differential geometry as profound as that 
produced nearly a century before by the publication of Gauss’ “Dis- 
quisitiones Generales.” Many geometers threw themselves entirely 
into the new work; Graustein was more cautious, he recognized the 
advantages in the new notations, new points of view and new tech- 
niques, especially when more than three dimensions were involved. 
But what attracted him most was the invariant or covariant char- 
acter of the new processes, and that led him to the idea of developing 
methods on the more classical lines, which seemed to him to go really 
deeper into the geometrical questions involved. The first result of this 
study was his “Méthodes Invariantes dans la Géométrie Infinités- 
imale,” crowned by the Belgian Academy of Sciences in 1929. A year 
later appeared in this Bulletin, Volume 36, an address delivered by 
request before this Society, “Invariant Methods in Classical Differen- 
tial Geometry.” 

What sort of things are invariant under the transformations of 
differential geometry? First of all Jacobians are. A vector normal to a 
surface is not concerned with the choice of parametric curves on the 
surface, and the three componefits of such a vector are proportional 
to the three Jacobians O(x*x/)/O(uv). Again we have three funda- 
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mental quadratic differential forms, that which,gives the directions 
of the isotropic lines, that which gives the asymptotic lines, and that 
which gives the isotropic directions on the spherical representation. 
Their algebraic invariants will give geometric invariants of the sur- 
face. Beyond these there is an invariant process called directional 
differentiation. This was, I think, first developed by Lamé. Graustein 
uses it with telling effect. The directional derivative of a point func- 
tion f in the direction of a given element of arc is 


The great trouble is that the order of differentiation is material 
when we perform the process twice 
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He turns the difficulty by introducing a new operator V. If s and s’, 
are arcs on an orthogonal system of curves, 
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where 1/c is the geodesic curvature of s and 1/o’ that of s’. It then 
appears that 


Vs Os! Vs! Os 


The Gauss and Mainardi-Codazzi equations are easily found in terms 
of these new symbols. 

It is clear that such invariant methods, though first developed for 
the case of euclidean measure in three-space, can be widely general- 
ized. Graustein did just this in the thirty-sixth volume of the Trans- 
actions. Here we have a forty-page article on the geometry of Rie- 
mann spaces. The basis of directional differentiation is a mixed tensor 
given by the equation 

à af à of ? af 
Os? Os? = Os? Os: ask 

Another development of these directional methods appeared two 
years earlier in the same journal, in an article entitled “Parallelism 
and Equidistance in Differential Geometry.” Consider two curves 
Cand C’+ AC’ on a surface. What shall we mean by saying that they 
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are equidistant with regard to a one-parameter family of curves C’? 
Clearly that the arcs of the latter bounded by the first two are all 
equal. But when they are not equal we should like to develop some 
measure of their spreading. If the curves C are given by the values 
of the function f Graustein defines as the “distantial spread” of the 
curves C with regard to the curves C’ 











I mention in passing a personal] regret that the author found it neces- 
sary to mar such a pretty conception with such a cacophonous name. 
Analogous to this is the angular spread, defined by the equation 


1 dw 
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where w is the properly measured angle between that curve C on 
- which the distances are measured and the various curves C' while 1/p 
is the geodesic curvature. The two types of spreads are closely con- 
nected, and have many pretty properties. 1/p vanishes in the case of 
Levi-Civita parallelism. The two are connected by interesting rela- 
tions. 

I will give it as my personal opinion that Graustein's work dealing 
with invariant methods was his most important contribution to 
mathematical science. His last published paper, in the forty-seventh 
volume of the Transactions, was somewhat different. It gave a com- 
plete and beautiful solution of the difficult problem of harmonic 
minimal surfaces. This had been only incompletely handled by pre- 
vious writers. l 

Any notice of Graustein’s life work should include some mention 
of his textbooks. The first of these, “Plane and Solid Analytic 
Geometry” written in collaboration with W. F. Osgood appeared in 
1921. It is a thoroughly usable introductory text, with adequate 
exercises. It has never seemed to me, however, that the book was 
entirely at peace with itself. When a distinguished analyst and an 
enthusiastic geometer work together, if both are good teachers, the 
result may well be a good book, but it may also lack the inner con- 
sistency which it would have possessed had either author written it 
alone. No such charge can be brought against Graustein’s “Introduc- 
tion to Higher Geometry” which first saw the light in 1930 after 
many years of most careful preparation. Soon after W. E. Byerley 
returned to Harvard in 1876 he introduced a course in “Modern 


348 J. L. COOLIDGE - [May 


Methods in Analytic Geometry? drawing its inspiration from the lec- 
tures by Evan W. Evans that he had beard while he was at Cornell. 
That course became at once one of the fixtures in the Harvard mathe- 
matical curriculum, successive teachers modified it to suit their own 
ideas and Graustein gave it repeatedly. Thisexcellent book represented 
the results of his experience. The first three quarters are devoted to 
a careful presentation of the projective geometry of points, lines, and 
conic sections, combining geometric and algebraic methods easily 
and naturally. Then fifty pages are given to the circle, and tlie geom- 
etry of inversion. This is prettily done. I cannot help feeling, however, 
that it.should have been postponed to the end of the book, as the 
author seems to have introduced it because he felt, and rightly, that 
no well trained geometer should be ignorant of these things, rather 
than because it fitted naturally with the rest of the work. The last 
chapter of forty pages, deals all too briefly with the projective 
geometry of three-dimensional space. 

Graustein's last textbook “Differential Geometry" appeared in 
1935. This also represents the results of many years of teaching an 
introductory course in the subject. It is classical and conservative in 
spirit, great use is made of vector methods, and Study's vector nota- 
tion. Near the end we have a twenty page introduction to the ab- 
solute differential geometry. It is interesting to contrast this book 
with the recent one on the same subject by Eisenhart, published just 
five years after. One has the impression that Graustein introduced 
some ideas of absolute geometry as a matter of conscience, he did 
not like the idea that a student who had finished the book should 
have no knowledge whatever of the more modern technique. Eisen- 
hart introduces tensor notation as soon as he can and feels himself 
cramped as long as he is confined to three dimensions. 

It is not the function of this Bulletin to carry long reviews of text- 
books, but it is eminently proper to bring to the memory of the 
members of our Society beautifully written works of a great teacher 
and great friend of all who teach or learn mathematics. 


WiLLIAM C. GRAUSTEIN 
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BOOK REVIEWS 


Bibliography on Orthogonal Polynomials. By J. A. Shohat, Einar Hille, 
and J. L. Walsh. Washington, D. C., National Academy of Sci- 
ences, 1940. 9+203 pp. $3.00. 


This bibliography is concerned principally with Hermite, Legendre, 
Laguerre, Jacobi, Tchebycheff, and related polynomials. These poly- 
nomials, which enter into many phases of pure and applied mathe- 
matics, happen to be both important and interesting. Since the time 
of Legendre (1752-1833) new applications have been requiring new. 
advances in the theory of the polynomials, and new advances in the 
theory have been finding new applications. Hence it is inevitable that 
the literature of the subject has grown to vast proportions and will 
continue to grow. One who, by reason of preference or necessity, 
wishes to become acquainted with the whole theory or with some part 
of it is embarrassed not only by the extensiveness of the literature 
but also by the fact that so many different persons have made con- 
tributions in so many different books and periodicals. It is fortunate 
that the National Research Council of the National Academy of Sci- 
ences has collaborated with the three authors to bring forth this 
bibliography. 

The book begins with an alphabetical list of complete titles of 332 
periodicals. These periodicals are thereafter referred to by number. 
This necessitates repeated reference to the list of titles, but it elim- 
inates confusion which results from abbreviations. 

The second part of the book gives a code index. Some Roman 
capitals represent special classical orthogonal polynomials (OP); for 
example H represents Hermite OP. Other Roman capitals specify 
the domain of orthogonality and the character of the weight-func- 
tion. Lower case Greek letters refer to topics, properties, applications, 
etc.; subheadings are lower case Roman letters and then Arabic 
numbers. For example a refers to general properties of OP; ad to 
zeros of OP; Had to zeros of Hermite OP; and Had4 to bounds for 
the zeros of Hermite OP. The symbol £ refers to expansions of func- 


tions; Bal, Ba2, - - - , Ba19 refer to 19 different classes of functions 
(L, L*, L’, continuous, bounded variation, etc.) to be expanded; and 
Bb1, - - - , 6b19 refer to properties of expansions. For example Bb14. 1, 


* * , Bb14.9 refer to 9 different types of convergence of expansions 
such as uniform, absolute, almost everywhere, and in mean; and 
Bb15.1, -- -, 8b15.6 refer to summability of expansions. The symbol 
y refers to general series of OP not necessarily resulting from expan- 
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sion of functions; 6 to mechanical quadratures; e to interpolation; 
§ to approximations; y to the moment problem; 6 to probability 
and statistics; and the code continues until w is reached. 

The third and main part of the book (pp. 25-184) lists 1952 articles 
by about 600 authors. The full title of each article is given exactly as 
it appears with the article except in the case of non-Latinic alphabets, 
when a translation is given. Following each title is an abstract in 
code. For example, the fourth entry under E. Hille is: 

A class of reciprocal functions. [36] (2) 27 (1926) 427-64. 


H:ab£—b7—b10—b13—c—d1—d3—d4—47—1—13—g—i—j—l1 
m1.1— m1.2— n2—fa1—a5—b12— b14.1— b14.2—b14.3—b14.4 
— b14.8— b14.9 — b15.1, 6a2, xb, u, m, p. 


It takes only a short time to find that the [36] refers to the Annals of 
Mathematics and to decode the abstract to obtain a clear and precise - 
statement of the topics discussed in the paper. 

The fourth part of the book lists 89 books and 39 theses containing 
theory of OP. Some of these are abstracted and some are not. 

The fifth and last part of the book is a topical index which liste 
works on (i) Hermite OP; (ii) Jacobi OP; (iii) Laguerre OP; (iv) 
Legendre OP; (v) Applications to theory of approximation, prob- 
ability and statistics, and mathematical physics; (vi) Series in OP; 
(vii) Interpolation, mechanical quadratures; (viii) Moment problem; 
(ix) OP in the complex domain; and (x) Tables and graphs. One feels 
that these lists are long; there are for example more than 500 papers 
on series in OP of which the three authors of this bibliography are 
collectively responsible for 29. Checking over 500 abstracts to find, 
for example, papers on uniform convergence of series in Hermite poly- 
nomials sounds like a formidable task; but actually this task is very 
much simplified by the code form of the abstracts. One simply looks 
for H8b14.1 without being required to read hundreds of pages of 
verbose abstracts. 

So far as the reviewer can determine, the bibliography is accurate 
and is complete in the sense that it contains all titles which it certainly 
should contain. There are naturally many books and papers with ap- 
plication to OP which are not cited; for example some on general 
theory of orthogonal functions which apply to polynomials as well 
as to other orthogonal functions; some on trigonometric and power 
series; and some on Sturm-Liouville theory. But to start listing all 
these and other works which bear upon some ramification of the 
theory of OP would lead to bibliography without end, and one must 
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feel that the authors have shown good judgment in delimiting their 
bibliography. 

The standard of excellence and usefulness of this book by three 
capable authors is such that the book will be a valuable adjunct to 
libraries and to the research equipment of those who work with OP. 
It is appropriate that the book should be used as a model for future 
bibliographies in other subjects. 

RALPH P. AGNEW 


Theoretical Hydrodynamics. By L. M. Milne-Thomson. London, 
Macmillan, 1938. 552 pp. $11.25. 


A very comprehensive mathematical treatment of the theory of 
fluid motion is contained in this text, which presents the lectures by 
the well known author on this subject to the junior members of the 
Royal Corps of Naval Constructors at Greenwich. The material 
presented consists mainly of the theory of the perfect fluid motion, 
for the first time based consistently on vector notation throughout the 
text, which thus becomes very concise and brief in the details of 
mathematical deduction. The great advantages of this form of mathe- 
matical writing for this field are obvious to anyone who surveys the 
wealth of material given in this text. In justice to the author not all 
the saving in space should be attributed to the use of vector nota- 
tion; however, instead a considerable amount can be ascribed to the 
experienced and able use of the descriptive text which is brief but 
complete in all details. However, the physical interpretations given 
seem to be treated somewhat too briefly for engineers, and experi- 
mental and practical applications are outside of the scope of this 
theoretical treatment. 

A brief review of the contents will bring out the structure of the 
book. Chapter I contains elementary problems of great variety based 
on Daniel Bernoulli's theorem. The mathematical tools are introduced 
in Chapter II on vector analysis, which is followed by the discussion 
of general properties of fluid motion and such phases of two-dimen- 
sional flow as can be treated without recourse to the complex vari- 
able. Chapter V introduces the latter and opens up the main part of 
the book, Chapters VI-XIV, dealing comprehensively with two-di- 
mensional motion in all its aspects from the standpoint of the complex 
variable and conformal mapping. In addition to the chapter headings 
of streaming motion, aerofoils, sources and sinks, moving cylinders, 
theorem of Schwarz and Christoffel, the wake, rectilinear vortices, 
we find also jets and currents and waves treated extensively in this 
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part. The succeeding four chapters are taken up with three-dimen- 
sional phenomena and related mathematical problems under the 
headings of Stokes’ stream function, spheres and ellipsoids, solid 
moving through a liquid, vortex motion. The last chapter is devoted 
to the introduction of the equations of motion for viscous fluids and 
concludes with a brief description of boundary layer theory. 

While this book can be recommended as a text in classical hydro- 
dynamics for advanced graduate student engineers, it will take a 
more important place as a reference work and as a source of many 
original approaches in the manner of presentation for those teaching 
the subject. The over five hundred exercises ranging from easy to very 
difficult should prove very interesting since many were taken from 
the official examinations for Constructor Lieutenants at the Naval 
College and for the degree of M. Sc. at the University of London. 

A. T. IPPEN 


Convergence and ‘Uniformity in Topology. By J. W. Tukey. Annals of 
Mathematics Studies, no. 2. Princeton, University Press, 1940. 
9+90 pp. $1.50. 


The extension of metric methods to non-metrizable topological 
spaces has been a principal development in topology of the past few 
years. This has occurred in two directions: one through a rebirth of 
interest in Moore-Smith convergence due to results of Garrett Birk- 
hoff, and the other through the concept of uniform structure due to 
André Weil. In this pamphlet these ideas and their interrelations are 
given a full and detailed treatment. Many of the results are new. This 
is likewise true of the point of view and much of the mechanism. 

Chapters I and II are concerned with set theory, partially ordered 
sets, Zorn’s lemma, and directed sets. In particular a stack (=the 
set of finite subsets of a given set, ordered by inclusion) is a directed 
set. Directed sets are classified into cofinally equivalent types, and 
these are found to be partially ordered. Chapter III introduces the 
phalanx (a function from a stack to a topological space T). It is 
proved that the topology of T is describable by the convergence of 
its phalanxes. Chapter IV considers compactness and equivalent 
properties in terms of phalanxes. The biggest compactification of a 
space is defined and constructed from ultraphalanxes. Chapter V is 
concerned with coverings of a space (by open sets), and the equiva- 
lence of the existence of families of coverings to the existence of 
metrics and pseudo-metrics. This leads naturally to the notion of 
uniform structure (Chapter VI). A uniform structure is a family { U} 
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of coverings of T such that, for any two, Ui, Us, there is a third, Us, such 
that, for each u€ Us, the sum of the u’s in Us meeting uo lie in a set 
of U, and in a set of Us. Such a structure exists if and only if T is 
completely regular. This notion generalizes the notion of metric. A 
given space may have various inequivalent uniformities; a compact 
space has only one. The concept of completeness is extended, and it 
is proved that any space with a uniform structure may be completed. 
Chapter VII carries over these notions from a collection of spaces to 
their product. An extension of Tychonoff’s embedding theorem is 
proved. Chapter VIII presents a number of examples. 

An extensive symbolism makes the reading difficult—especially 
so when meeting one of the numerous misprints or omissions. 

N. E. STEENROD 


Formal Logic. By Albert A. Bennett and Charles A. Baylis. New 
York, Prentice-Hall, 1939. 17-407 pp. 


Itis well known that logic, which for a long time remained in prac- 
tically the same form in which Aristotle left it, has lately been under- 
going a revolution. The cause of this phenomenon is, essentially, the 
impact of mathematics upon logic. It has been realized for some time 
that, by using mathematical methods, the statement of logical prin- 
ciples can be greatly simplified; likewise their scope can be extended 
so as to take in types of reasoning—such as those dealing with rela- 
tions—which were only awkwardly handled by the traditional meth- 
ods. The result has been the creation of an entirely new formal 
framework of great power and elegance. 

As in many such revolutions a long time has had to elapse between 
the discovery of the new ideas and their appearance in elementary 
textbooks. Although the revolution in logic has been going on for 
nearly a century, yet it is only within about the last decade that 
textbooks of general logic have shown appreciably the effects of the 
new ideas. But since 1930 there have appeared a number of books of 
that character in which this effect has been marked. These include 
books by Stebbing, Cohen and Nagel, Eaton, Chapman and Henle, 
and a recent book by Churchman. Noneof these books contains a com- 
plete revamping of the subject, but every one is something of a 
compromise between the old and the new; nevertheless the amount of 
information concerning the new doctrine is considerable. 

The present book belongs to the category just described. It aims 
“to provide a simple and clear survey of the field of formal logic syn- 
thesizing classical and modern developments into a unified treat- 
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ment." It is the joint work of a mathematician and a philosopher, 
both of whom identifed themselves with the new movement to the 
extent of becoming officers in the Association for Symbolic Logic. 
Under these circumstances a deeper penetration by the new ideas is 
to be expected. 

The book begins with a chapter on the nature of logic. This is ex- 
tremely well done; there is nothing comparable to it in any of the 
other books at the reviewer's disposal. A feature of it is the inclusion 
of examples of relatively complicated reasoning processes to be car- 
ried out informally. This is followed by a chapter on logical sym- 
bolism, in which the nature of symbols, and also of propositions, is 
discussed. After this follow two chapters containing a philosophical 
discussion of individuals, concepts, relations, classes, etc. The next 
two chapters are devoted to the traditional analysis of propositions 
and syllogisms. Boolean algebra, with a class interpretation, is then 
taken up in a chapter entitled *Formal Non-syllogistic Class Infer- 
ence." After a chapter on classification, definition, and descriptions 
there follow three chapters, with a distinctly modern flavor, on the 
propositional algebra, the theory of propositional functions, and the 
formulation of logical deductive systems. 'The book closes with two 
chapters on probability and scientific method, occupying together 
about fifty pages. 

The above outline will give an idea of the scope and general plan 
of the book. Let us now consider a few criticisms. l 

The reviewer is somewhat disappointed in regard to the treatment 
of the traditional logic. The procedures of the Boolean class algebra 
are simpler than those of the traditional logic and include them as 
special cases. Consequently, with the introduction of the former logic 
the latter has become practically useless. Yet in spite of this the 
authors devote a considerable portion of their book to developing 
the traditional logic along essentially traditional lines; in particular 
they establish the valid moods by giving a table showing the possible 
conclusions in each of 64 possible cases, and then saying that the 
reader may check the table by means of the Veine diagrams. There 
should be a Society for the Prevention of Cruelty to Students to stop 
this sort of thing! 

The foregoing must not be supposed to mean that traditional logic 
has no uses whatever. There are in fact two main uses, neither of them 
practical. In the first place a book like this will be studied largely by 
philosophers; and in philosophy it seems that the history of the sub- 
ject is especially important. From this point of view Aristotelian 
logic will be interesting to philosophers for a long time to come. Again, 
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the derivation of traditional logic on the basis of an underlying 
Boolean algebra is a useful illustration of the technique of the latter. 
The first of these purposes will be equally well served, and the second 
vastly better, if traditional logic is treated after Boolean algebra, 
rather than before. Then the syllogistic rules can be derived, e.g. in 
ways suggested by the reviewer in Mind, vol. 45 (1936), pp. 209—216. 

In connection with the above criticism there is another related one. 
The traditional hypothetical syllogism, dilemma, etc., are treated by 
the authors in the chapter on syllogisms. It is evident, however, that 
these topics have to deal with propositions as unanalyzed wholes, 
and should therefore be treated in an earlier part of the discussion. 
It would be useful to have all the relations between propositions as 
such, including those discussed here in Chapter 2, treated together 
under the heading Propositions. So far Churchman is the only author 
who has done this (see his Chapter 2). 

The discussion should be preceded by a general discussion of sig- 
nificance of formal methods. The present authors postpone this to 
Chapter 11, at which time the student has become sufficiently 
sophisticated to tackle the difficulties of applying this idea to the 
calculus of propositions. But an idea of the nature of formal reasoning, 
as exemplified in the class calculus, can be presented to the reader at 
a much earlier stage; just as a quite adequate idea of the nature of 
logic as such is presented in Chapter 1. Such a discussion is the na- 
tural sequel to Chapter 1 as presented ; and the reviewer was conscious 
of ahiatus at that point. A discussion of the sort stated is necessary 
in order to answer the question of how we can use formal methods 
to establish logical theorems, such as would be necessary for a devel- 
opment of the theory of the syllogism according to the above lines. 

Let us now turn to a criticism of a different kind. In the discussion 
of concepts and classes the authors introduce at the start two levels 
of equivalence (and hence of inclusion), viz., strict or logical equiva- 
lence, and material or factual equivalence. The distinction is in keep- 
ing with a conceptualist-idealist point of view which the authors 
maintain throughout the work. The reviewer sympathizes with this 
point of view, and recognizes that for some purposes it may be neces- 
sary to consider simultaneously not only two, but even three or more 
such levels of abstraction. But if such distinctions are introduced 
into the calculus of classes the result is a mathematical system of 
great complexity. It seems better, when setting up the formal 
calculus, to introduce it first with only equality relation; to point 
out that this equality relation may be interpreted in either way; and 
to reserve the consideration of a calculus with two or more equality 
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(or inclusion) relations until a later stage of the inquiry. Generaliza- 
tions of this kind are not considered in any other elementary text. 

To sum up, we have in this book by Bennett and Baylis a textbook 
on logic, designed for presentation to beginners, and intended as an 
introduction to modern mathematical, as well as to traditional 
formal logic. This is a difficult expository problem; and one for which 
a thoroughly satisfactory solution has not yet been found by anyone. 
That the book should, under these circumstances, be something of a 
compromise, is perhaps inevitable. The reviewer has criticized it from 
an ideal point of view, with reference to the goal to be attained— 
which, by the way, is of some importance for mathematics; these 
criticisms are to be taken not as pointing out defects in this book but 
as suggesting ways in which the next approximation to the goal can 
be improved. The text is one of great merit; most of the criticisms 
here made would apply to any similar book the reviewer knows of. 

HASKELL B. Curry 


The Theory of Group Characters. By D. E. Littlewood. Oxford Uni- 
versity Press, 1940. 8+292 pp. 


The theory of group representations and group characters has 
already been treated very recently in the comprehensive expositions 
of Hermann Weyl’s The Classical Groups, and F. D. Murnaghan's 
The Theory of Group Representations. We now have a third treatment. 
All three differ not only in emphasis but also in the spirit? of their 
approach to the subject. 

Littlewood's book is intended by him to give “a simple and self- 
contained exposition of the theory? in relation to both finite and con- 
tinuous groups, and to develop some of its contacts with other 
branches of pure mathematics such as invariant theory and the theory 
of symmetric functions." Thus the first fifty-two pages of his text 
are devoted to an exposition designed to make it self-contained. 
Chapter I consists mainly of a discussion of the classical canonical 
form of a matrix under similarity transformations, the properties of 
unitary, orthogonal and real orthogonal matrices, the reduction of 
Hermitian matrices under unitary transformations, and the defini- 
tion of direct product. Chapter II presents the concept of an algebra 
and its regular representations, the consequent definition of trace, 
and the further topics necessary for an understanding of the property 


1 Reviewed in this Bulletin, vol. 46 (1940), pp. 592—595. 
2 Cf. Footnote 4. . 
? Of group characters, not of group representations. 
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that a semi-simple algebra over the complex field may be expressed 
as a direct sum of total matric algebras. The third chapter includes 
_ the topics of permutation groups, the relation of the number of parti- 
tions of an integer » to the number of classes in the symmetric permu- 
tation group on 7 letters, and the representations of finite groups by 
permutation groups. Finally the discussion of the semi-simplicity of 
a group algebra and the basic theory of group representations are 
presented in the beginning of Chapter IV. 

The somewhat sketchy character of this first part of Littlewood’s 
book would seem to have been dictated by its brevity and to result 
necessarily in proofs which are neither as complete‘ nor as conclusive 
as is desirable. Nonetheless, simpler and shorter modern proofs (of the 
results on matrices and linear algebras which are developed) do exist 
and could have been employed. They were hardly to be expected, 
however, in an exposition which uses spur for trace and trace for a 
special spur, which employs Frobenius algebra where nearly all others 
use group ring or group algebra, which returns to simple matric alge- 
bra after fourteen years of total matric algebra, which presents the 
theory of group representations so that a major mining operation is 
necessary to unearth the fundamental Schur lemma, and which 
ignores completely nearly all work of the past fifteen years on 
matrices and linear algebras. 

The remaining portion of the text comprises nearly five-sixths of it, 
and is devoted to the properties of group characters themselves. They 
are defined in Chapter IV and a beginning is made there also of the 
subject matter of Chapter IX, which is a study of the relations be- 
tween the characters of a group and those of its subgroups. In Chapter 
V the formula of Frobenius for the characters of the symmetric 
group is derived and the properties of primitive characteristic units 
and the Young tableaux are treated. Chapter VI contains a discussion 
of immanants and S-functions.5 The author remarks that the S-func- 


* For example, the demonstration given of the primitive result that a matrix satis- 
fies its characteristic equation uses the similarity theory to prove the result for mat- 
rices with distinct characteristic roots and is completed by the statement “if A is any 
matrix whatsoever we can find a matrix Z such that A --uZ has all its characteristic 
roots distinct and satisfies its characteristic equation. We now take the limit as » tends 
to zero, whence A satisfies its characteristic equation.” 

5 Richard Brauer has noted the fact, in his review of this book in the Mathematical 
Reviews, vol. 2 (1941), p. 3, that these functions were obtained by I. Schur in his 
Berlin thesis of 1941 as the characters of the integral rational representations of the 
full linear group. See also Brauer's review for certain questions he raises about the 
validity of Littlewood's discussion of the characters of a group relative to those of its 


subgroups.: 
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tions may be regarded as generalizations of the coefficient functions 
in Taylor series and so his Chapter VII consists of a study of relations 
between S-functions and special series. Chapter VIII presents a 
method for the numerical computation of the characters of the sym- 
metric permutation group. The main topic of Chapter IX is stated 
above but we call attention to Littlewood's interpretation of the topic 
as a study also of the problem of determining the structure of a group 
with given characters by an analysis of the characters. The last two 
chapters connect the theory of group characters for finite groups with 
the theory of continuous groups, and the book closes with an appendix 
consisting of tables of the characters of the symmetric groups on 
m S10 letters and of transitive subgroups. 

Littlewood's book is thus primarily an exposition in which the ma- 
jor emphasis is on the theory of group characters for its own sake 
rather than as a tool for other theories. This is contrary to the atti- 
tude of the original investigators in the field, and does result in a book 
which is notable for the immense number of formulae and formidable 
computations it contains. The author's justification of his attitude lies 
perhaps in the remark with which he opens his preface: "Since the 
discovery of group characters by Frobenius at the end of the last cen- 
tury the development of the theory has been so spectacular and the 
theory has shown such powerful contacts with other branches of 
mathematics, both pure and applied, that the inadequacy of its treat- 
ment by text-books is rather surprising." The reviewer is inclined to 
regard as exaggeration the words “spectacular,” “powerful” and “sur- 
prising,” and as unjust the word “inadequacy,” but hopes with the 
author that the special properties of group characters which he de- 
rives may have some future interesting applications. 

A. A. ALBERT 


The Theory of Group Representations. By Francis D. Murnaghan. 
Baltimore, The Johns Hopkins Press, 1938. 369 pp. 


Books on group representations come out in waves, it seems. In 
short succession, three new books on the subject appeared: Murnag- 
han’s Theory of Group Representations, Weyl’s Classical Groups, and 
D. E. Littlewood’s Theory of Group Characters. Perhaps, it is worth- 
while to compare the general point of view of these new volumes with 
the books published during the preceding periods in the history of the 
theory. 

First, group representations were treated as a special chapter of the 
theory of finite groups, furnishing a powerful method for the study 
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of these groups. The books of Burnside, Blichfeldt, Dickson, Miller, 
and Speiser belong to this period. Of course, in those days no self- 
respecting physicist could be seen near the shelves of libraries housing 
works on group theory. This was the realm of mathematicians, inter- 
ested in the subject because of its great mathematical importance and 
its inner beauty. 

Suddenly, with the birth of quantum mechanics and modern nu- 
clear physics, everything was changed. There were no self-respecting 
theoretical physicists anymore who would not know about repre- 
sentations, Schur’s lemma, characters, the orthogonality relations, 
and so forth. The books of this period (Wigner’s Gruppentheorie, 
Weyl’s Theory of Groupsand Quantum Mechanics, van der Waerden’s 
Gruppentheoretische Methode in der Quantenmechanik) were dedi- 
cated half to group theory and half to quantum mechanics, treating 
the former subject as far as it was needed for the applications to 
physics. There is no need to describe the imimense progress accom- 
plished in this work. Very likely, the books mentioned will be counted 
among the classics of science. 

It is not surprising that the opening of this new field was accom- 
panied by a change of existing values. Certain special groups, the 
symmetric group and the rotation group suddenly came into promi- 
nence. It would not be true to say that they reenacted the story of Cin- 
derella. Such mathematicians as Frobenius, A. Young, I. Schur, Weyl 
had studied them in detail, but apparently nobody thought of writing 
books on them, before the applications to physics were found. Of 
course, the mathematical work was obliterated by the spectacular 
success of the applications. 

What we see today, seems a natural reaction. The mathematicians 
feel that a theory which admits such applications deserves to be put 
in the form of books for its own sake. Of course, the needs of physics 
do not exhaust the mathematical riches. There are more general cases 
which can be treated, connections to other mathematical theories 
which can be studied, new questions which can be asked. In this situa- 
tion, it is hardly an accident that several mathematicians felt the 
need for a new book on group representations and proceeded to write 
it, independently of each other. The mathematical theories were 
treated in all detail, the physical applications were not given. Of 
course, the three books of Murnaghan, Weyl, and Littlewood differ 
widely, owing to the different interests of the authors, and their differ- 
ent points of view. 

Professor Murnaghan describes the object and scope of his book 
with the following words: “We have attempted to give a quite ele- 
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mentary and self-contained account of the theory of group representa- 
tions with special reference to those groups (particularly the sym- 
metric group and the rotation group) which have turned out to be of 
fundamental significance for quantum mechanics (especially nuclear 
physics).” 

The book begins with a short discussion of the group concept, of 
linear spaces, and of matrices. No systematical treatment of these 
subjects is attempted, while, in the later text, the knowledge of the 
reader is widened, whenever the need arises. We have a representation 
of a group G by linear transformations of a fixed “carrier space” S, if 
with every element A of G a linear transformation M4 of SS is associ- 
ated such that we have M4Mgs-— Mas for any two group elements 
A, B of G. Chapter II deals with the question of reducibility. If all 
the linear transformations of a representation F leave a subspace Sı 
of the carrier space S invariant, then the representation is reducible. 
It breaks up into two representations F, and Fy, where F, consists 
of the linear transformations induced by F in Sı, and F; of those in- 
duced by Fin the projection space of S modulo S;. We have complete 
reducibility, when S is the direct sum of two invariant subspaces S 
and S3; in this case, F is completely determined by the two lower di- 
mensional representations Fi and Fi. (It may be remarked that: the 
terminology of the book is not the customary one; what Murnaghan 
terms “completely reducible” is usually denoted as decomposable 
while the words *completely reducible" are used in another connec- 
tion.) Then the fundamental theorem of Burnside is proved, which 
gives a necessary and sufficient condition for reducibility of represen- 
tations; after that follows the generalization of this theorem by Fro- 
benius and Schur. In order to handle the question of complete 
reducibility in important cases, Auerbach's theory of bounded repre- 
sentations is developed. The third chapter is concerned with the rep- 
resentations of finite groups and their characters. Each representation 
is characterized by its character, i.e., the trace of the linear transfor- 
mation M4 which represents the general element A of G. The main 
properties of these group characters are derived. This is about as 
much as is given of the general theory, the greater part of the book 
is dedicated to the study of special groups, and it is on these special 
groups that the emphasis of the book is placed. Two types of finite 
groups are treated in detail, the symmetric and the alternating per- 
mutation groups. An important method for dealing with finite groups 
is the forming of the average of a function of a general group element. 
In order to extend this method to compact continuous groups, it is 
necessary to replace the summation by an integration over the group 
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manifold. Particular attention has been devoted to this method of 
group integration for the unitary and the orthogonal groups. The 
treatment of the representations of the full linear group includes all 
continuous representations. In the case of the orthogonal group, not 
only the one-valued representations but also the two-valued spin- 
representations are thoroughly studied. In all these cases, many in- 
teresting properties of the group characters are derived, e.g., the 
analysis of the direct product of two representations is given. This 
is one of Professor Murnaghan's own fields of research. Two shórt 
chapters on crystallographic groups and on the Lorentz group and 
semivectors conclude the book. 

'This description of the contents wil show that the *meet" of 
Murnaghan's book and Weyl's *Classical Groups" is smaller than 
one might have expected. Actually, on several occasions, friends of 
the reviewer expressed regret that two so similar books appeared at 
the same time. It is therefore necessary to emphasize that they are 
written for quite different classes of readers, with different ultimate 
aims. The two authors have different mathematical temperaments, 
their tastes differ. Professor Murnaghan has kept the modern alge- 
braic view more or less in the background, and sometimes is less in- 
sistent on general results than, perhaps, the algebraist would like to 
see. This should not be understood as a criticism of the book. The 
avowed aim of the author was to make the theory of representations 
of the most important groups accessible in a relatively elementary 
way, and to write a self-contained book, without borrowing much 
from other theories. It is not the connection of the theory with other 
parts of algebra and mathematics in which Murnaghan is interested. 
The need to study the representations of certain groups has arisen, 
for instance in physics, and he wants to find out as much as possible 
about these representations, in the most direct way. 

Professor Murnaghan’s book is written with the clarity which could 
be expected from the author. All the details are worked out with 
great care. So the book should prove of high value to mathematicians 
and physicists who want to become acquainted with the material. 
Very little special knowledge is required.of the reader. The volume 
can be warmly recommended. 

There are a number of misprints, but hardly any of them are of a 
serious nature. Professor Murnaghan authorizes me to say that a list 
of misprints is available and will be supplied on request. 

RicHARD BRAUER 


ANNOUNCEMENT OF THE PROJECT FOR THE 
COMPUTATION OF MATHEMATICAL TABLES 


FEDERAL WORKS AGENCY 
WORK PROJECTS ADMINISTRATION 
NEW YORK, N. Y. 


Sponsored by the Bureau of Standards, Washington, D. C., Dr. Lyman J. Briggs, 
Director, and Dr. Arnold N. Lowan, Technical Director of the Project. Administra- 
tive Staff: Mr. Murray Pfeferman and Mr. Milton Abramowitz. Technical Staff: 
Dr. Gertrude Blanch, Dr. Norman Davids, Mr. William Horenstein, Mr. Jacob L. 
Miller, Miss Ida Rhodes, Dr. J. Rasenthal, and Mr. Herbert E. Salzer. 

The Project for the Computation of Mathematical Tables has been in operation 
since January 1, 1938. The aim of this project is to compute Mathematical Tables of 
fundamental importance in Mathematics, Physics, Chemistry, Engineering, Statistics 
and related sciences. Lists of (A) Tables Published, (B) Tables in Process of Repro- 
duction, (C) Tables for Which Manuscripts are Completed, (D) Tables for Which 
Computations are Completed, (E) Tables for Which Computations are in Progress 
and (F) Tables under Consideration, are given in this announcement. 

The project would welcome suggestions for the computation of tables of interest 
in pure and applied Mathematics as well as information regarding computational work 
in progress elsewhere. Communications should be addressed to Oliver A. Gottschalk, 
Acting Administrator, Work Projects Administration, 70 Columbus Avenue, New 
York City. 

Requests for copies of published tables should be addressed to Dr. Lyman J. 
Briggs, Director, National Bureau of Standards, Washington, D. C. 


A. Tables Published 


1. Table of the First Ten Powers of the Integers from 1 to 1,000. 80 pp. (1939). 
2. Tables of the Exponential Function e*. 535 pp. (1939). 


z = [— 2.5000(0.0001)1.0000; 18D]! == [1.0000(0.0001)2.5000; 15D], 


x = [2.500(0.001)5.000; 15D], x = [5.00(0.01)10.00; 12D]. 
3. Tables of sin x and cos x for Radian Arguments. 275 pp. (1940). 
x = [0.000(0.001)25.000; 8D], x = [0(1)100; 8D], 
x = [0.00001(0.00001)0.00009; 15D], «= [0.0001 (0.0001)0.0009; 15D], 
z = [0.001(0.001)0.009; 15D], x = [0,01(0.01)0.09; 15D], 
x = [0.1(0.1)0.9; 15D], x = [0.00000(0.00001)0.01000; 12D]. 


There is also included a conversion table between radians and degrees. 
4. Tables of sin x, cos x, sinh x, cosh x for Radian Arguments. 405 pp. (1940). 
x = [0.0000(0.0001)1.9999; 9D], x = [0.0(0.1)10.0; 9D]. 
There is also included a conversion table between radians and degrees. 
5. Tables of Planck’s Radiation and Photon Functions. Published in the Journal 
of the Optical Society of America, vol. 30, pp. 70-81 (1940). 





1 The figures in the square brackets give the range and the interval of the argu- 
ment, and the number of decimal places (D) or significant figures (S) in the entries. 
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6. Table of Ss(x), Cs(x), Es(x) and — Es(—x), where 


3 giní 3 t 
Sas f = di, Cil) = f Td 
° © 





3 1 o wt 
Ei() - f T4 -B(-2- f 
x = [0.0000(0.0001)2.0000; 9D]. 
7. Table of Si(x), Cs(x), Ei(x) and —Es(—<x), 

x = [0.000(0.001)10.000; 9S, 105 j.1 
8. Tables of Grid Coordinates (American Polyconic Projection) at 5 minute inter- 
vals of latitude and longitude for latitudes from 7? to 28°. (For the War Department.) 

B. Tables in Process of Reproduciton 


1. Table of log, N, N= [1(1)100,000; 16D]. 
2. Table of log, x, x= [0.0000(0.0001)10.0000; 16D]. 
3. Table of the Probability Functions: 


ES e», E Í. edt, 
[x = 0.0000(0.0001)1.0000; 15D], — x = [1.000(0.001)5.736; 15D]. 

4. Table of the Probability Functions: 
æ = [0.0000(0.0001)1.0000; 15D], æ = [1.000(0.001)7.800; 15D]. 

5. Tables of Section Moduli and Moments of Inertia for Structural Members 


used in Naval Architecture. (For the Bureau of Marine Inspection and Navigation.) 

6. Table of the Electronic Functions 

1 moi Moc? 
Gun - — (G—1) and Hpo =% 6G 
aan y : ( ) an p E 8 

for 8 ranging from 0 to 0.99999 99990 at various intervals. 

T. Table of arc tan x for 

æ = [0.000(0.001)7.000(0.01)50.00(0.1)300.0(1)2000(10)10000; 12D]. 


8. Table of Five-Point Lagrangian Interpolants for arguments ranging between 0 
and 2, intervals of 0.001. (For the War Department.) 
C. Tables for which Manuscripts are Completed 


1. Table of the Bessel Functions Jo(s) and Ji(z) for complex arguments, s= pe” 
for p ranging from 0 to 10 at intervals of 0.01 and 9 ranging from 0° to 90° at intervala 
of 5°, to 10 decimal places. 

2. Table of the definite integrals: 


1 1 
A(k, n) = f w*sinnxxdx and B(k,») = f zx*cosmaxdz for k= 0, 
o . 0 


1,2,---,10 and n = 1,2,--- , 100 to 15 decimals. 


1941] MATHEMATICAL TABLES 365 


3. Table of /$Jo(t)dt from 0 to 10 at intervals of 0.01 to 10 places. 
4. Table of exact values of five-point Lagrangian Interpolants. (For the War De- 
partment.) 


D. Tables for which Computations are Completed 


1. Table of the fractional powers x* for both x and y ranging from 0 to 1 at inter- 
vals of 0.01 and for other values of x and y to 15 decimal places. 
2. Tables of Stellar Functions for *Point-Source" Models. 


E. Tables for which Computations are in Progress 


1. Bessel Functions of the fractional orders 1/3, +2/3, +1/4, 3/4 for real and 
pure imaginary arguments ranging from 0 to 10 at intervals of 0.01 to 10 decimal 
places. 

2. Table of On (x) = (x/2x) Jziin(x) for 5—1,2,3, --- ,20 and x ranging from 0 
to 10 at intervals of 0.01 to 10 decimal places. 

3. Table of the Bessel Functions Yo(z) and Yi(z) for the same complex arguments 
as in C.1. 

4. Tables of tan x and cot x for x ranging from 0 to 2 radians at intervals of 0.0001. 

5. Table of Qa(x) = (x/2x)!^ Ju in(x) for n= —21, —20, - - - , Oand xranging from 
0 to 10 at intervals of 0.01 to 10 decimal places. 

6. Tables of S#(x) and Ci(x) for x ranging from 10 to 100 at intervals of 0.01. 

7. Various hydraulic tables based on Kutter's and Manning's formulae. (For the 
War Department.) 

8. Table of the Associated Legendre Functions of the First and Second Kind, for n 
ranging between 1 and 10, and m between 0 and 4; for arguments x and #x where x 
ranges between 0 and 10 at intervals of 0.1. Also corresponding values for half-integral 
values of z, and values of the functions for arguments in degrees. (Tabulation sug- 
gested by the National Defense Research Committee.) 

9. Tables of Grid Coordinates of Northwestern Extension of U. S. (American 
Polyconic Projection. For the War Department.) 

10. Table for Map Projections of Northwestern Extension of U. S. (American 
Polyconic Projection. For the War Department.) 

11. Tables of Length of Meridional Arc at one-minute intervals. (For the War 
Department.) 

F. Tables under Consideratson 


1. A 12 place table of Inverse Circular and Hyperbolic Functions other than arc 
tan x. 

2. Extensive tables of Elliptic Integrals and Elliptic Functions. 

3. Table of the Gamma Function for complex arguments, x-4-£y, for both x and y 
ranging from 0 to 5 at intervals of 0.05. 

4. Table of the Error Functions for complex arguments. 

5. The zeros of the Legendre Polynomials up to the 16th order to 15 decimal 
places and the weight coefficients for Gauss' Mechanical Quadrature Formula. 

6. Tables of the Confluent Hypergeometric Functions for selected values of the 
parameters. 

7. Table of the integral fo Yo(é)dt. 

8. Tables of three-point, four-point, and six-point Lagrangian Interpolants. 

9. Table of the first ten powers of the reciprocals of the integers from 1 to 1000. 

10. Table of solutions of Mathieu's Differential Equation. 


NOTES 


There is a mistake in the naming of the Committees to Select Hour 
Speakers on page 179 of the March Bulletin. These committees are: 
For the Annual and Summer Meetings, Professors J. R. Kline, Chair- 
man, L. M. Graves and M. H. Ingraham; For Eastern Sectional 
Meetings, Professors T. R. Hollcroft, Chairman, C. R. Adams and 
Finar Hille. Those for the Western and Far Western Sectional Meet- 
ings are correct as announced. 


The Mathematical Association of America plans a series of publi- 
cations called The Herbert Ellsworth Slaught Memorial Papers. 
These papers will be primarily of expository character, probably be- 
tween forty and eighty printed pages in length. 


The Sixth International Congress for the Unity of Science will be 
held at the University of Chicago September 2-6, 1941. 


A symposium including an address by Professor G. A. Bliss of the 
University of Chicago on Functions of lines in ballistics and an address 
by Professor Marston Morse of the Institute for Advanced Study on 
Some new methods and problems in minimal surface theory was held 
at the University of Cincinnati on November 9, 1940. 


A symposium on mathematical economics was held at the Univer- 
sity of Notre Dame February 28 and March 1, 1941. The following 
addresses were given: Functionals 4n the theory of economics, Professor 
H. T. Davis, Northwestern University; The theory of technological un- 
employment, Professor Oscar Lange, University of Chicago; Problems 
of valuation and rate-making, in public enterprises, Professor Harold 
Hotelling, Columbia University; The dynamics of commodity prices, . 
Dr. C. F. Roos, Institute for Applied Economics, New York City; 
Statistical cost-curves and price policy, Professor Joel Dean, University 
of Chicago; The determination of weight-functions for dynamic eco- 
nomics, Dr. Franz Alt, Institute for Applied Economics; Unexpected 
effects of certain taxes, Professor Harold Hotelling; On the solvabtlity 
of the Walrasian system of equations, Dr. Abraham Wald, Columbia 
University; The geometrical and arithmetical determination of the index 
of prices, Professor Karl Menger, University of Notre Dame. 


Professor Lawrence Crawford of South African College, Cape 
Town, has been elected president,of the Royal Society of South 
Africa. 
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At the Annual Meeting of the Mathematical Association of Amer- 
ica Professor R. W. Brink of the University of Minnesota was elected 
president, Professor R. E. Langer of the University of Wisconsin first 
vice president, and Professor B. H. Brown of Dartmouth College 
second vice president. 


Professor Einar Hille of Yale University has been elected a member 
of the Royal Physiographical Society of Lund, Sweden, as successor 
of Professor Vito Volterra. 


Associate Professor A. A. Albert of the University of Chicago de- 
livered the William Lowell Putnam lecture at Harvard University in 
March. He spoke also at Princeton University, the Institute for Ad- 
vanced Study and Brown University. 


The following eighty-nine doctorates, with mathematics or mathe- 
matical physics as a major subject, were conferred during 1940 in 
universities in the United States and Canada; the major subject is 
mathematics unless otherwise specified. The university, month in 
which the degree was conferred, minor subject (other than mathe- 
matics), and the title of the dissertation are given in each case if 
available. 

P. H. Anderson, Illinois, June, minor in economics, Distributions 
in stratified sampling. 

L. A. Aroian, Michigan, February, A study of R. A. Fisher's t-dás- 
tribution and the related F-distribution. 

Fred Assadourian, New York, June, minor in physics, Zniransitive 
Abelian almost-translation groups of almost-pertodic functions. 

A. A. Aucoin, Louisiana State, May, An algebratc treatment of dio- 
| phantine analysis. 

R. A. Beaumont, Illinois, June, minor in astronomy, Projections of 
non-Abelian groups upon Abelian groups containing elements of infinite 
order. i 

E. G. Begle, Princeton, June, Locally connected spaces and general- 
ized manifolds. 

J. O. Blumberg, Pittsburgh, August, Fundamental regions in Sy for 
the simple quaternary Gio, Type Il. 

J. I. Bohnert, Pittsburgh, August, Conical surface roulettes. 

A. A. F. Brown, Princeton, June, Jordan fields on groups. 

G. W. Brown, Princeton, April, The reduction of a certain class of 
composite statistical hypotheses. 

R. H. Bruck, Toronto, June, The general linear group $n a field of 
characteristic p. i 
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E. F. Canaday, Duke, June, The sum of the divisors of a polynomial. 

R. F. Clippinger, Harvard, June, Matrix products of matrix powers. 

R. H. Cole, Wisconsin, June, The expansion problem associated with 
an ordinary linear differential equation and boundary conditions apply- 
ing at a set of colinear points. 

R. H. Cook, Iowa State, December, major in applied mathematics, 
minors in physics and mathematical physics, Evaluation of error 4n 
approximation by function methods. 

W. E. Cox, Ohio State, June, On commutative normal matrices and 
unitary equivalence of matrices. 

A. B. Cunningham, West Virginia, June, minor in physics, Non- 
involutorial space transformations associated with a Qi,» congruence. 

Norman Davids, New York, June, minor in physics, Minimal sur- 
faces spanning closed manifolds and having prescribed topological post- 
tion. 

Bernard Dimsdale, Minnesota, July, minor in physics, Lacunary 
orthogonal polynomials. 

W. D. Duthie, Princeton, June, Segments in ordered sets. 

John Dyer-Bennet, Harvard, June, A free algebra with three opera- 
tions. 

C. J. Everett, Wisconsin, March, Rings as groups with operators. 

Sheng-Chin Fan, Michigan, June, Integration with respect to an 
upper measure function. 

H. T. Fleddermann, Louisiana State, May, Density properties of 
Sets. 

Sister Elizabeth Frisch, Catholic University, June, minors in 
physics and biology, Determination of a set of independent relations 
characterising a certain system consisting of a conic and quartic curve. 

Holly C. Fryer, Iowa State, July, major in mathematical statistics, 
minors in mathematics and genetics, An analysts of group differences 
arising from a Poisson distribution of observations obtained from irra- 
diation experiments. 

R. E. Gaskell, Michigan, June, A problem in heat conduction and 
an expansion theorem. : 

A. M. Gelbart, Massachusetts Institute of Technology, June, minor 
in physics, Growth properties of functions of two complex vartables. 

J. H. Giese, Princeton, June, Conformally flat hypersurfaces of 
spaces of constant curvature. 

P. W. Gilbert, Duke, June, minors in physics and philosophy, 
N-to-one mappings of linear graphs. 

B. E. Gillam, Missouri, June, 4 new set of postulates for euclidean 
geometry. 
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H. E. Goheen, Stanford, June, minor in physics, On the primitive 
groups of classes 4P and 5P. 

Katharine E. Hazard, Chicago, August Index theorems for the 
problem of Bolsa in the calculus of variations. 

M. H. Heins, Harvard, June, Studies in the theory of functions 
analytic and single-valued in a multiply-connected region. 

A. D. Hestenes, Harvard, June, On the -transformation x'—°e* = 
x *e** and the related linear $-difference equations of G. D. Birkhoff. 

J. F. Heyda, Illinois, June, minor in physics, Uniqueness properties 
over sets of positive linear measure of functions of a complex variable. 

F. B. Hildebrand, Massachusetts Institute of Technology, June, 
minor in physics, Solution by.- polynomial approximation of singular 
integral equations arising in static field theory. 

L. C. Hutchinson, Massachusetts Institute of Technology, June, 
minor in physics, On the classification of the trivector. 

R. F. Jackson, Harvard, June, major in mathematical physics, 
Reciprocity theorems in the theory of atomic spectra. 

F. P. Jenks, Notre Dame, June, A new set of postulates for Bolyai- 
Lobachevsky geometry. 

J. L. Kelley, Virginia, June, A study of hyperspaces. 

Fred Kiokemeister, Wisconsin, June, The parastrophic criterion for 
the factorization of primes. 

H. L. Langhaar, Lehigh, June, Steady flow in the transition length 
of a cylindrical condutt. 

J. H. Levin, Chicago, August, Minima of double integrals with re- 
spect to unilateral variations, and applications to subharmonic functions. 

P. E. Lewis, Illinois, June, minor in physics, Characters of Abelian 
groups. 

D. T. McClay, Harvard, June, Analytic families of somas. 

A. W.McGaughey, Cincinnati, June, Lacunary double Fourter series. 

Ingo Maddaus, Michigan; February, Types of “weak” convergence 
of linear normed spaces. 

Dorothy Maharam, Bryn Mawr, June, The nolion of measure on 
absiract sets. 

A. V. Martin, Duke, June, minor in philosophy, Monotone trans- 
formations of non-compact two-dimensional manifolds. 

A. B. Mewborn, California Institute of Technology, June, minor 
in physics, Contributions to the general geometry of paths. 

C. E. Miller, Toronto, June, On finite collineation groups of a given 
degree. 

W. L. Mitchell, Wisconsin, July, -Topological tines and infinite 
mairices. 
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J. €. Montgomery, Yale, June, Relations between the roots of a 
polynomial and the roots of its first derivative. : 

A. M. Mood, Princeton, june, The distribution theory of runs. 

C. W. Moran, Illinois, June, minor in physics, Asymptotic theory 
of linear differential equations singular in several parameters. 

W. L. Morris, Duke, June, minor in physics, Kinetic-harmontic 
sysiems. 

H. T. Muhly, Johns Hopkins, June, Valine and infinitely near 

` algebraic loci. 

C. G. Mumford, Duke, June, Topics in double Fourier series. 

J. P. Nash, Rice Institute, June, A class of continuous functions and 
convergence criteria for their Fourier series. 

Albert Neuhaus, Chicago, March, Products of normal semi-fields. 

H. E. Newell, Wisconsin, June, On the asymptotic forms of the solu- 
tions of an ordinary linear matric differential equation in the complex 
domain. 

K. L. Nielsen, Illinois, June, minor in astronomy, General boundary 
value problems for linear differential equations. 

J. M. H. Olmsted, Princeton, June, Lebesgue theory on a Boolean- 
algebra. 

R. S. Pate, Illinois, June, minor in astronomy, Systems with opera- 
tions which are not single-valued. 

H. V. Price, Iowa, August, minors in applied mathematics and 
education, Analyses of a group of pre-tesis for students of first year 
college mathematics. 

M. O. Reade, Rice Institute, June, Generalizations to space of the 
Cauchy and Morera theorems. 

: C.J. Rees, Pennsylvania, February, Elliptic orthogonal polynomials. 

F. D. Rigby, Iowa, August, minors in applied mathematics and 
physics, Topologies in distributive lattices. 

C. V. Robinson, Missouri, June, Contributions to distance geomeiry: 
(1) Congruence order of euclidean and spherical subsets. (2) Helly 
theorems on the sphere. 

N. N. Royall, Brown, June, On Laplace transforms of multiply 
monotonic functions. 

J. M. Sachs, Chicago, December, Theory of surfaces in conjugate 
parameters. 

W. J. Schart, Ohio State, August, Conditions for solutions of certain 
differential equations which have specified properties. 

Edith R. Schneckenburger, Michigan, February, On 1-bounding 
monotonic transformations which are equivalent to homeomorphisms. 

K. C. Schraut, Cincinnati, June, Convergence factor theorems for 
double and multiple series having unbounded partial sums. 
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I. E. Segal, Yale, June, Ring properties of certain classes of functions. 

C. E. Shannon, Massachusetts Institute of Technology, June, 
minor in electrical engineering, Algebra for theoretical genetics. 

R. W. Shephard, California (Berkeley), August, I. Incidence of 
taxation studied in a sapies economic system. II. A note on the length 
of production. 

Seymour Sherman, Cornell, June, minor in philosophy, A com- 
parison of linear measures in the plane. 

S. S. Smith, Chicago, August, Motion of a spheroid and a ee 
under mutual gravitation. 

Abraham Spitzbart, Harvard, June, Approximation in the sense of 
least pth powers by polynomials with auxiliary conditions of interpola- 
hon. 

D. W. Starr, Illinois, June, minor in political science, The Schrö- 
dinger wave equation from the point of view of singular integral equations. 

B. M. Stewart, Wisconsin, July, Left-associated matrices with ele- 
ments in an algebraic domain. 

G. B. Thomas, Cornell, June, Regular ternary quadratic forms. 

V. J. Varino, Wisconsin, July, An extension of the theory of matrices 
with elemenis in a principal ideal ring. 

L. F. Walton, California (Berkeley), August, On ideal numbers. 

J. S. de Wet, Princeton, June, On the connection between the spin and 
statistics of elementary particles. 

A. L. Whiteman, Pennsylvania, February, Additive prime number 
theory in real quadratic fields. 

Orla V. Wood, California (Berkeley), May, On the linear homo- 
geneous differential equation of the second order with four regular singu- 
lar points. 

Max Wyman, California Institute of Technology, June, minor in 
physics, General COTES geometry with two types of linear connec- 
Hon. 


The following doctorates were conferred in 1939, but were not in- 
cluded in the list in the preceding volume of this Bulletin (vol. 46, pp. 
391—397). 

J. F. Daly, Princeton, October, On the unbiased character of likeli- 
hood-ratio tests for independence in normal systems. 

G. N. Garrison, Princeton, October, Quast-groups. 

Andrew Sobczyk, Princeton, October, Projections in Minkowski 
and Banach spaces. 

M. E. Wescott, Northwestern, August, minor in economics, A set 
of Newton polynomials analogous to Laguerre's polynomials. 
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G. W. Whaples, Wisconsin, On the structure of modulus with a 
commutative algebra as operator domain. 


Assistant Professor J. E. Eaton of Hofstra College has been pro- 
moted to an associate professorship. 


Dr. K. C. Schraut of the University of Dayton has been promoted 
to an assistant professorship. 


Assistant Professor Saunders MacLane of Harvard University is 
on leave this term at the University of Chicago. 


The following appointments to instructorships are announced: 
Cornell University: Mr. W. H. Durfee; Fenn College (Cleveland): 
Mr. C. W. Topp; Harvard University: Dr. I. E. Segal; University of 
Michigan: Dr. Sam Perlis. 


Mr. H. W. Macrosty, president of the Royal Statistical Society, 
died January 19, 1941, at the age of seventy-six years. 


Professor Francesco Palatini of the Technical Institute of Turin 
died June 2, 1940, at the age of seventy-four years. 


Professor Emeritus E. S. Loomis of Baldwin-Wallace Up beue died 
December 11, 1940. 


Professor Emeritus D. C. Miller of Case School of Applied Science 
died February 22, 1941, at the age of seventy-four years. He was a 
member of the Society from 1923 to 1936. 


The death of Mr. J. O. Watts of Queen's University in Kingston, 
Ontario, has been announced. 


ABSTRACTS OF PAPERS 


SUBMITTED FOR PRESENTATION TO THE SOCIETY 


The following papers have been submitted to the Secretary and the 
Associate Secretaries of the Society for presentation at meetings of 
the Society. They are numbered serially throughout this volume. 
Cross references to them in the reports of the meetings will give the 
number of this volume, the number of this issue, and the serial num- 
ber of the abstract. 


ALGEBRA AND THEORY OF NUMBERS 


182. Reinhold Baer: A unified theory of projective spaces and finite 
abelian groups. 


It is the object of this investigation to develop in detail a theory which contains as 
. special cases both projective geometry and the theory of finite abelian groups. The 
primary abelian operator groups lend themselves in quite a natural manner for this 
purpose. Those partially ordered sets that are exactly the systems of all the ad- 
missible subgroups of suitable primary abelian operator groups are determined, and 
it is shown that the group and its operators are completely determined by the sys- 
tem of admissible subgroups. Those questions which are fundamental in the two 
theories are discussed, such as the basis-theorem, the relations between dualities 
and bilinear forms, and so on. (Received March 12, 1941.) 


183. Richard Brauer: On the connection between the ordinary and 
the modular characters of groups of finite order. 


Let G be a group of finite order g=#*g’, where f is a fixed prime and (p, £g) 1. 
If SY is a character of G, then for every element A of an order prime to f the value 
(A) is a linear combination of the modular group characters of G. The coefficients 
are rational integers, the decomposition numbers of G. In this paper it is shown that 
the value (4) of 3 for elements A of an order divisible by p can be expressed by 
means of the modular characters of certain subgroups N; of G. The matrix Z of all 
ordinary group characters of G then appears as a product DX of two square matrics. 
The matrix X contains in its rows the values of the modular characters of G and of 
the N; while the coefficients of D are integers of the field of the p*th roots of unity. A 
number of properties of the coefficients of D are given. (Received March 18, 1941.) 


184. R. H. Bruck and T. L. Wade: Bisymmeiric tensor algebra. I. 


This paper lays a basis for a study of the linear associative algebra of bisymmetric 
tensors (H. Weyl, The Classical Groups, p. 98) which gives a realization of a semi- 
simple algebra. The ordered product of two tensors Ae “and Bo is defined by 
AD BO =C, where (i) =ñ » - » $4. The unit tensor Ny =o) . - may be decom- 
posed into ê direct sum of immanent tensors (T. L. Wade, ae 47-1-10). Fora 
tensor Pb , & determinant, adjoint, and inverse are defined with the aid of a tensor 
i es which constitutes a further generalization of the familiar generalized 
Kronecker delta; here N=. Also the concepts of rank and of rank tensor are intro- 
duced. Explicit algebraic construction is given of the factors of the determinant in the 
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case of a bisymmetric tensor. The determinant of a Kronecker product (Murnaghan, 
The Theory of Group Representations, pp. 68-69) is a special case of the determinant 
defined in this paper. (Received March 27, 1941.) 


185. R. H. Bruck and T. L. Wade: Bisymmeiric tensor algebra. II. 


If an idempotent numerical tensor pu has rank r (as defined in part I), its rank 
tensor, an absolute numerical tensor, factors into the product of two relative tensors. 
For a certain invariant subalgebra of the algebra of bisymmetric tensors, Cy is the 
unit, and for this subalgebra the rank tensor plays the role of the generalized 'Kro- 
necker delta for p=1 (see part I). ce may be thought of as the idempotent numerical 
tensor corresponding to an operator c, or as an immanent tensor corresponding to an 
e, where c and « are used in the sense of H. Weyl (The Classical Groups, pp. 120—127). 
In either case a determinant, adjoint, and' inverse are defined, and the relation be- 
tween the two cases is made explicit. In connection with this work the homomorphic 
correspondence between the group-ring of the symmetric group on f letters and the 
algebra of absolute numerical tensors is established and used considerably. (Received 
March 27, 1941). 


186. D. M. Dribin: A theorem on sets of ideals in solvable extensions 
of algebraic number fields. ` 


The following theorem is proved: Let k be an algebraic number field and K | ka 
normal extension with solvable group. Let I be any set of prime ideals in which 
decompose into prime ideals of relative degree one in K and which are all equivalent 
in k in the ordinary (broad) sense. Then if Ux is the set of all prime ideal divisors in K 
of the ideals in II, all the ideals of Ix are equivalent (in the ordinary sense) in K. 
(Received March 14, 1941.) 


187. Fred Kiokemeister: The parastrophic criterion for the factoriza- 
tion of primes. 


The parastrophic form x(£) of a Frobenius algebra is defined as the determinant 
of the parastrophic matrix in a given basis of the algebra. In particular the para- 
strophic form may be computed with respect to the basis of a maximal domain of in- 
tegrity K of an algebraic number field. Let p be a rational prime number. Then the 
prime ideal factorization (p) —py"p3? - - - pre of p in K is paralleled by the factorization 
of x(£) modulo p into a product of powers of irreducible factors. This result is obtained 
through a study of the relationship between the ideal structure of a linear algebra 
and the zeros of x(é). (Received February 14, 1941.) 


188. C. C. MacDuffee: Products and norms of ideals. 


In an integral domain of a Frobenius algebra over the quotient field of a principal 
ideal ring, the number h of ideal classes is finite. To every left (or right) ideal a corre- 
spond 4 matrices Ai, Ás, * + * , Am one for every ideal class of the domain. The first 
matrix Ai, corresponding to the principal class, is a matrix which determines a minimal 
basis of a. If Bi, Bs, - - - , Ba correspond similarly to the ideal b which belongs to the 
sth ideal class, then the matrix C; - A,B, corresponds to the product ideal a X b. Thus 
ideal multiplication can always be accomplished by means of matric multiplication. 
Call | 4;| = N;(a) the sth norm of a, and N,(a) the principal norm. It is known that 
the principal norm of a product is not always equal to the product of the principal 
norms. It is here proved, however, that the principal norm of aXb is always equal to 
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the product of the ith norm of a by the principal norm of b. (Received March 31, 
1941.) 


189. Saunders MacLane and O. F. G. Schilling: A formula for the 
direct product of cross product algebras. 


Let N be a separable normal extension of a field L with Galois group T. Suppose 
that K is a normal subfield of N belonging to the group A. The authors prove the 
formula (N, T, F) X(K, T/A, G)=(N, T, FG*) where F, G are factor sets belonging 
to N, K, respectively. The factor set G* of N is obtained by “A-symmetric extension” 
of G to N. (Received March 20, 1941.) 


190. Saunders MacLane and O. F. G. Schilling: Group extensions 
characterising complele fields. 


Let F be a field which is relatively complete with respect to a valuation ® with 
residue class field 7. The authors define the *dominant" F' of F as the factor group 
of the multiplicative group of F modulo the group of units u with #(1—u)>0. The 
group F' is a group extension of the multiplicative group of F by the value group. 
Suppose that K is a finite separable extension of F whose degree over the unramified 
field is prime to the characteristic of F. The dominant K’ of K is then a “linked” 
extension of F”. The authors prove that the extensions K > Fare in 1-1 correspond- 
ence with the linked extensions K' 2 F'. The type number defined by Albert (Annals 
of Mathematics, (2), vol. 41 (1940), pp. 678-679) is essentially an integer RE 
a cyclic extension K' O F’. (Received March 20, 1941.) 


191. Saunders MacLane and O. F. G. Schilling: The principal divi- 
sor theorem for function fields. 


Let F be a field of algebraic functions of one variable. The authors investigate the 
structure of extensions K D F in which the divisors of a given class group B of F be- 
come principal. An unramified extension KD F in which exactly the divisors of B 
become principal is termed a Hilbert class field for B. In general there exist several 
“minimal” normal Hilbert class fields belonging to a group B. The Galois groups of 
such separable normal fields are abelian if an only if (i) the order of B is prime to the 
characteristic of F, and (ii) the characters of B can be realized in F. The methods of 
proof differ radically from the ones used in the theory of algebraic number fields. 
(Received March 20, 1941.) 


192. I. M. Niven: Equations in quaternions. 


It is proved that the equation x*J-aix*7i--a4x^31-F --- +¢,=0, with real qua- 
ternion coefficients, has a root in the algebra of real quaternions when s is odd. Also, 
the number of roots of this equation may be finite or infinite, and if finite, does not 
exceed (2n — 1)*. (Received March 20, 1941.) 


193. I. M. Niven: Sums of nth powers of quadratic integers. 


The first problem is to find those quadratic fields all of whose integers are ex- 
pressible as sums of sth powers. This is solved completely, criteria being given in 
terms of # and the basis of each field. The second problem is to determine whether 
any given quadratic integer is expressible as a sum of sth powers. Necessary and 
sufficient conditions are again given; in this case however, integers of real quadratic 
fields are not treated when n is even. (Received March 5, 1941.) 
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194. R. S. Pate: Rings with multiple-valued operations. 


A set R of elements forming a hypergroup with respect to addition and having a 
distributive associative multiplication such that ab is a subset of elements of R is 
defined to be a ring. If R is an additive group every product contains the same 
number # of elements, and s is a divisor of the order of the group. A subring A of R 
such that ARCA isan ideal. To a fixed element q, to every element r of R may be 
associated an arbitrary set of corresponds x; and y; such that r-+x;D q and r C y;4-q. 
A Q ideal contains g, and, if it contains r, contains all corresponds of r. Usually, the 
necessary and sufficient condition that a set of ideals form a lattice is that they be Q 
ideals. For a proper correspondence Q, the classical decomposition of ideals may be 
derived. An analogue of an indeterminate domain may be defined and a result derived 
similar to the Gauss lemma. It can be shown that the "indeterminate domain" of a 
ring with a *well-behaved" multiplication has this same multiplication only if it is an 
ordinary ring. (Received March 17, 1941.) : 


195. Sam Perlis: A characterization of the radical of an algebra. 


The following theorem is proved: If F is any field and A is an algebra over F with 
a unity element, the radical of A consists of all elements 5 such that g+h is regular 
for every regular g. If A does not have a unity element, one may be adjoined without 
altering the radical. (Received March 14, 1941.) 


196. Everett Pitcher and M. F. Smiley: Transitivities of between- 
ness. 


The importance of the transitivity “abc, adc, and bxd—axc" in the theories of 
lattices and of metric spaces leads the authors to investigate all possible five point 
transitivities of betweenness on a line whose conclusions state that just one relation 
holds and whose hypotheses consist of three relations. Thirty-three distinct postulates 
are found. Of these, only ten fail to be equivalent to combinations of the funda- 
mental properties (1), (2), and (3) of Huntington and Kline (Transactions of this 
Society, vol. 18 (1917), p. 305). A discussion of the two possible weak transitivities 
on four points is included. The influence of each of these transitivities, as well as the 
fundamental ones of Huntington and Kline, when applied to a definition of between- 
ness in lattices (this Bulletin, abstract 47-5-201) is investigated. Eight of the five 
point transitivities are shown to hold in metric ptolemaic spaces, while only one of 
them is valid in every metric space. (Received March 31, 1941.) 


197. H. J. Riblet: Certain theorems for symmetric differential func- 
tions. l 


Symmetric differential functions, in which the » quantities 3u***, Yn are not all 
distinct, are considered. It is shown that the symmetric function theorem still holds 
although in different form. For the case in which Yu °° +, Yn are all distinct, an im- 
proved bound is given for the power of the discriminant which occurs in the expression 
of any symmetric differential function in terms of the elementary symmetric functions 
and their derivatives. (Received March 31, 1941.) 


198. W. M. Scott: On matrix algebras over an algebraically closed 
field. 


The matrix algebra A is considered as an (A, A) module, that is to say, as an 
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abelian group with 4 as a right and left operator system. By taking A in reduced 
form, a ret of parts Cy is obtained, of which the Ci; are the irreducible constituents of 
A. These parts Cy are called the simple parts of A, as each forms a simple (A, A) 
module. Each nonzero simple part is isomorphic to a composition factor group of the 
module A. A second set of simple (A, A) modules, the elementary modules of A, is 
defined by use of the Cartan basis system employed by C. Nesbitt in his study of 
the regular representations of algebras (Annals of Mathematics, (2), vol. 39 (1938), 
pp. 634-658). A (1-1) correspondence exists between the elementary modules and 
the composition factor groups of A. The simple parts of A are expressible as linear 
combinations of these elementary modules, and a similar statement may be made 
concerning simple parts of representations of A. A classification of the simple parts of 
A, by use of chains, gives a decomposition of A by elementary transformations into 
parts, each of which defines a directly indecomposable invariant subalgebra of A. 
(Received March 25, 1941.) 


199. H. A. Simmons: Classes of maximum numbers assoctated with 
symmetric equations in n reciprocals. IV. 


The equation considered here is Yn) eG) = b/a, am(c+i)b 
—1, in which s is an integer >1, b, c, m are arbitrary positive integers, TL) 
=x" < * xa, and the a; are non-negative integers. Using the terminology of the 
author's article with W. E. Block (Duke Mathematical Journal, vol. 2, p. 317), the 
results of the present paper are as follows: The largest product of the numbers in 
any E-solution of the equation is the product of the w; of the Kellogg solution w of 
the equation; this product is not attained by the numbers in any E-solution except 
w. With certain restrictions on the a; (—2, 3, - - - , m), the Kellogg solution has the 
two remarkable properties that were established for the Kellogg solutions employed 
in the article referred to above. (Received March 12, 1941.) 


200. H. A. Simmons: Use of matrices in solving linear Diophantine 
equations. 


Given the equation Yin k, n> 1, in which the a; are integers different from 
zero and k is an integer. It is known that this equation has a solution (in integers) 
if and only if (a1, ax, «++, Ga) divides k. The purpose of this paper is to express in 
matricial form the substitutions that are used in solving the equation by the method 
of substitutions (as given, say, in E. Cahen, Théorie des Nombres, vol. 1, chaps. 9, 

. 10). Each matrix here used is nonsingular and every matrix employed except the last 
one has determinant +1. A special order of carrying out the desired matric multiplica- 
tions is advantageous. The method used in this paper is usually briefer than even the 
more refined recent methods that employ continued fractions. (Received March 12, 
1941.) 


201. M. F. Smiley: Betweenness in general lattices. Preliminary re- 
port. 


V. Glivenko (Contributions à V étude des systèmes de choses normées, American Jour- 
nal of Mathematics, vol. 59 (1937), pp. 941-956, and Géométrie des systémes de choses 
normées, American Journal of Mathematics, vol. 58 (1936), pp. 799-828) studied the 
relations between the properties of the lattice operations and metric betweenness ina 
metric lattice. He showed that c wab metrically between a and b if and only if 
(aNe)(bNe) -e- (aU c)(bU e). In particular, he characterized distributive lattices 
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as those in which betweenness is “transitive,” that is, whenever c is between x and y 
and both x and y are between a and b, then c is between a and b. Starting with this 
criterion for betweenness as a definition to be applied to general lattices, this result 
is obtained without the use of a metric. It is also shown that the transitive property 
of Pasch which holds in any metric space, namely, b between a and c with c between a 
and d implies that b is between a and d (see K. Menger, Untersuchungen über allgemeine 
Meirik, Mathematische Annalen, vol. 100 (1928), pp. 78-80), characterizes modular 
lattices. (Received February 7, 1941.) 


202. B. M. Stewart: Left-associated matrices with elements in an 
algebraic domatn. 


The » by n matrices A and B with elements in an algebraic domain of order k are 
said to be left associates if there exists a unimodular matrix P with elements in the 
domain such that PA =B. If the domain is a principal ideal ring, a necessary and 
sufficient condition that A and B be left associates is that A and B have the same 
Hermite normal form. For a domain whose class number is greater than one the 
„presence of non-principal ideals prevents such a direct solution. But if each element of 
A is replaced by its k by k second matric representation there is produced an enlarged 
matrix A’ of order kn by kn with elements in the rational domain, so that for A’ the 
Hermite form is well-defined and easily found. This paper investigates the possibility 
that a necessary and sufficient condition that 4 and B be left associates is that the 
corresponding enlarged matrices A’ and B’ be left associates. The necessity is shown, 
and the sufficiency is proved for nonsingular matrices, for matrices whose column class 
is the principal class, and for matrices of rank 1. Use is made of the results of Steinitz 
concerning the equivalence problem PAQ=B. (Received March 8, 1941.) 


203. H. P. Thielman: Groups of linear fractional transformations. 


G. A. Miller (American Journal of Mathematics, vol. 22, p. 185) has shown that 
two operations s; and sz, each of period two, can be selected in such a way as to give 
a product sis; of any desired period. In the present paper this theorem is applied 
to linear fractional transformations of the form T= (ax+-b)/(cx+d). If T is of period 
two it must be of the form S=(ax+b)/(cx—a), e| cle #0. Two transformations . 
Sie (aix+bi)/(ax—a:) and Sys (asx 4-3) /(e3x —a4) are selected so that the product 
will be of any given period s. The dihedral group is then formed by extending the 
cyclic group generated by S15: by one of the elements S; or Sz If in Sı 4=0, and in 
31 0470, the groups of subtraction and division are obtained (G. A. Miller, Quarterly 
Journal of Pure and Applied Mathematics, 1906, pp. 80-87; E. J. Finan, American 
Mathematical Monthly, 1941, pp. 3-7). Simple representations of all dihedral groups 
are obtained. The results are consequences of the functional equations satisfied by the 
coefficients of Sı and S3. (Received March 13, 1941.) 


204. R. M. Thrall: On Young’s semi-normal representation of the 
symmetric group. 


The main body of the paper is devoted to a new {and shorter) derivation of 
Young's semi-normal orthogonal form for the irreducible representations of the sym- 
metric group Sw on m letters. The procedure is such as to admit an immediate exten- 
sion which yields a specific unitary form for the irreducible representatious of the 
alternating group An». This new derivation fs based on a definition of the semi- 
normal idempotents of the group ring Re of Sm, directly in terms of the regular Young 
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diagrams (“standard tableaux”) associated with the partitions of m. (Received March 
11, 1941.) 


205. G. L. Walker: The elemeniary divisors of a direct product of 
matrices. 


If A= (au) and B= (bag) are square matrices, the direct product (or Kronecker 
product) of A and B is AGB —(a;B), that is, having elements Gijbag arranged in 
rows by lexicographic order on 4 and æ and in columns by lexicographic order on j and 
B. Known results on the characteristic roots of A QB are extended to the determina- 
tion of the elementary divisors of 4 &B in terms of the elementary divisors of 4 and 
of B. The problem is first reduced to the case of 4 and B having the single elementary 
divisors, say (A—p)™ and (A —c)* respectively. Then A @B has elementary divisors: 
(i) (à — po) 77H! where t=1, 2,- -+ , n if pe 40 and mz n; (ii) X" repeated # times 
if p=0, c0; (iii) M, At where k=1, 2, ++, 5—1 and X repeated m—n-+1 times 
if p=c=0 and mz n. (Received March 31, 1941.) 


206. Morgan Ward: Finite operators of formal power series. 


Let R be a ring of formal power series A =) a,x" with coefficients in a commutative 
field. A finite operator w transforms A into another series wA =) a, x" where a, is 
a function of ae, à1, * * - , Gxt, Ga alone. The ring of all such operators is studied and 
in particular the subring of linear operators. The results include as special cases a 
previously developed "calculus of sequences" (Ward, American Journal of Mathe- 
matics, vol. 58 (1936), pp. 255—266), a large part of the symbolic calculus of Blissard, 
Lucas and Bell and Hurwitz' theory of integral power series. (Received March 8, 
1941.) 


207. Louis Weisner: Polynomials whose roots He in a sector. 


From two polynomials A(z) =) a> and B(z) - b}, form the composition- 
polynomials f(s) =) arba and g(s) =} klasbis*. The author proves that if the roots 
of A(z) are real while those of B(s) lie in a sector S with vertex at the origin and 
aperture less than or equal to r, then the roots of f(s) and g(s) lie in S or the sector 
vertical to S. When S is the positive or negative real axis, these results reduce to well 
known theorems of Malo and Schur. The author shows further that when the roots 
of A(z) are negative, the roots of f(g) and g(s) lie in 5. (Received March 13, 1941.) 


208. L. R. Wilcox: Extensions of semi-modular latitces. 


Let L be a semi-modular lattice in which a, 5€ L implies the existence of cC L 
with a+c=a+b, (a, c) .L, and in which there are no points (L. R. Wilcox, Annals of 
Mathematics, (2), vol. 40 (1939), pp. 490—505). Restricted dual-ideals are sets SCL 
such that a€S, bzza, implies bE S, and a, bES, a not parallel to b, implies ab€ S. All 
restricted dual-ideals form a lattice L/ in which L is order-isomorphically embedded. 
It is proved in this paper that the restricted dual-ideals determined by two-element 
sets [b, c] form a complemented modular sublattice L of L’, which contains the image 
of L. Properties of Z are studied. (Received March 14, 1941.) 


209. M. A. Woodbury: On ordered groups. 


A group G is said to be ordered if it,is simply ordered and the group operation 
preserves order. If the group G has the property that it contains an element. such 
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that for every g&G there exists a natural number n for which w*» g, then G is homo- 
morphic (preserves the group operation and X) to a subgroup of the additive group 
of real numbers. If G has the further property that for any gCG preceded by the 
identity there is a natural number » for which g*>#, then the homomorphism be- 
comes an isomorphism. These two properties are equivalent to the Archimedean 
postulate. The Archimedean property is necessary for an isomorphism as is shown by 
an example of Reidemeister (Grundlagen der Geomeirie, pp. 40-41) of a non-Archi- 
medean ordered quasi-field. (Received March 14, 1941.) 


210. Leonard Carlitz: Some interpolation formulas connected with 
polynomials in GF(p"). 


The interpolation formulas discussed are of two types, namely, formulas arising 
from interpolation at xe , and secondly, interpolation at arbitrary M(x) in GF(p*, x). 
This paper is closely connected with a previous paper (this Bulletin, abstract 47-1-80). 
(Received April 1, 1941.) 


211. Leonard Carlitz: The coeficients of the reciprocal of certain 
series. 


` Given the “linear” function f(#) =}. i o(4:/F:)iP™, where the A; are polynomials 
in GF(p*, x), define Ba by means of ¢/f(¢) =) n-0(Bx/gu)é™. In this paper various 
properties of Bm are discussed. Use is made of an identity of the form f(x?) —xf(t) 
Yer" (t) and also of the inverse function of f(t). (Received April 1, 1941.) 


212. L. W. Griffiths: The minimum number of variables in universal 
functions of polygonal numbers. 


The universal functions of polygonal numbers of order m+2, in which the sum of 
the coefficients is not greater than m-+2, were determined in an earlier paper (Annals 
of Mathematics, (2), vol. 31 (1930), pp. 1-12). In each such universal function the 
number s of variables was at most m+2. In this paper a universal function is exhibited 
for each m which involves the smallest number of variables appearing in any of these 
universal functions for that m, and the value of this minimum 2 is determined in 
terms of m. (Received February 28, 1941.) 


213. D. H. Lehmer: On the values of certain Hurwilsian continued 
fractions, 


Euler was the discoverer of a number of remarkable regular continued fractions 
representing certain simple combinations of ¢ and its rational powers as, for example, 
(e+1)/(e—1) = [2, 6, 10, 14,-++ ] or (e*2-2)/(—1) = [1, 3, 5, 7, - - - ]. In this paper 
we find the value of continued fraction [b, a+b, 2a --5, : - - ], whose partial quotients 
form a general arithmetic progression, in terms of quotients of Bessel functions of 
imaginary argument. Only in case 2b/a is an odd integer is the continued fraction 
simply expressible in terms of rational powers of e. All continued fractions like Euler's 
(e—1)3 - [0, 1, 1, 2, 1, 1, 4, 1, 1, 6, - - - ], whose quotients are periodic except for a 
subsequence in arithmetic progression, are also evaluated as Bessel quotients, as well 
as certain continued fractions whose partial quotients are made up of two or more 
arithmetic progressions, Semiregular continued fractions whose numerators are all 


equal to —1 likewise may be evaluated in terms of Bessel quotients of real arguments. 
(Received March 8, 1941.) 
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214. C. D. Olds: On some arithmetical identities. z 


In this note the author considers certain arithmetical identities of the type: 
DX cos [2(a+b)x/p] =>, cos [2(a—b)r/p], ba, where a and b range successively 
over all the quadratic residues of the given prime number p. Some applications are 
indicated. (Received March 8, 1941.) ` ~ 


215. Max Zorn: Transcendental p-adic numbers related to roots of 
unity. ` 


Elementary remarks about some sequences which converge p-adically. (Received 
March 10, 1941.) 


ANALYSIS 


216. E. F. Beckenbach: On functions having subharmonic loga- 
rithms. 


Two new characterizations of functions having subharmonic logarithms are given. 
One is expressed in function-theoretic terms, while the other is given by a generalized 
isoperimetric inequality. (Received March 10, 1941.) 


217. Stefan Bergman: The method of the minimum integral and the 
analytic continuation of functions. 


The measures of geometrical objects which occur in the theory of CT’s (conformal 
transformations) and PT's (pseudo-conformal transformations) can be expressed as 
functions of minima Ag(/) of integrals fs ^| 1dxidyi ++ + dxudys, za xy 5yxs, where h 
runs through all functions analytic in $8 and subjected to certain conditions at the 
point (7). If GC Y then Ag (0) S$ Aw(é), and since the equation dsig(z) = | ds| *7493(¢) defines 
a metric invariant with respect to CT's the lemma of Schwarz-Pick (see Comptes 
Rendus de l'Académie des Sciences de l'URSS, vol. 16 (1937), p. 11) is obtained. On 
the other hand Ag (4 can be expressed with the aid of a system of functions orthogonal 
in $3. Thus, in the case of Schlicht CT’s one obtainscertain refinements of the lemma 
of Schwarz-Pick. The introduction of the concept of B-area enables the author to 
generalize this technique to PT"s. Finally, if one supposes that functions ws(zı, 2), 
k —1, 2, of the PT satisfy certain conditions on a surface bounding a segment a of the 
boundary then wy, 1 are regular in a, and the PT (w, w) can be extended analytically 
through a outside its original domain of definition. Applying then the method of the 
minimum integral for the extended domain, the author obtains results concerning 
distortion on the boundary for PT’s. (Received April 1, 1941.) 


218. Lipman Bers: On a generalized harmonic measure. 


Suppose D is a domain in R,, B its (bounded) boundary, B’ the set of the regular 
boundary points of D, u(P) (PED) a bounded harmonic function (b.h.f.). There exists 
a function j4(P, e) (generalized harmonic measure) which is a b.h.f. of P for every 
fixed Borelian set eC B, a completely additive set function for every fixed point 
PED and satisfies the condition lim [u,(P, e)—u(P)]=0, lim w(P, B—e)=0 
(P—R&B) for every open set eC B, REe. If f(Q) is a continuous function, v(P) 
= fnf(Q)du.(P, eq) is the solution of the following problem (a generalization of the 
Dirichlet problem): determine a b.h.f. v such that lim [v(P) -f(R)u(P)] 20 
(P>REB’). If f is a bounded Baire function, v is a b.h.f. which is “representable by 
u.” The bounded harmonic functions which possess a positive lower bound and which 
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are representable by a given function u form a “representation class” C (u). Every 
function of C(u) is representable by any other function of this class and only by these 
functions. In a given domain there exists either only one or continuously many 
„different representation classes. (Received April 1, 1941.) 


219. P. B. Burcham: Some inclusion relations in the Hausdorff dif- 
ference matrix. 


The matrix (A™c,), where { ca} is a regular Hausdorff moment sequence, has been 
defined as the difference matrix (Transactions of this Society, vol. 48 (1940), pp. 185- 
207). In this paper it is established that corresponding row sequences of the matrices 
(A*a,) and (A"b,) define equivalent methods of summation provided that the se- 
quences {an} and {bn} define the equivalent methods of summation, Cesàro sum- 
mability (C, y—«) and hypergeometric summability (H, a, 1, y), (o, y, y—a) 50. 
Additional results are obtained concerning the column and diagonal sequences of 
these two matrices. In the case that {an} and {ba} define the Cesàro methods (C, a) 
and (C, 8), R(a, 8) >0, it is found that all of the diagonal sequences of the associated 
difference matrices define equivalent methods of summation. (Received February 24, 
1941.) 


220. Richard Courant: On a new type of variational problems, with 
physical demonstrations. 


The classical calculus of variations concerns j oining extremals between two points, 
or spanned within a closed curve, or problems of a similar type. There are, however, 
problems of equilibrium in physics that suggest a more general type of variational 
problems, of which the following is an example: Given s points in the plane; find a 
simply connected graph of extremal arcs joining the s points and having stationary 
length in the variational metric. À famous classical problem by Steiner gives the 
simplest illustration. There is a connection between these problems and isoperimetric 
problems with inequalities as subsidiary conditions whereby in particular any 
ordinary variational problem appears as a limiting case of an isoperimetric problem. 
The position and the treatment of these general problems carries over to more dimen- 
sions; for example: Given in three dimensions a closed graph (say the system of edges 
of a cube); desired a system of minimal surfaces bounded by the graph and having 
common boundary lines to be determined, such that the total area becomes stationary. 
The problems, their solution, and their interdependence can be illustrated by simple 
soapfilm experiments, (Received March 31, 1941.) 


221. E. L. Crow: The expansion problem associated with an ordinary 
differential equation of first order in which the coeficient is a quadratic 
polynomial in the parameter. 


Consider the differential equation dy(x, )/dx= p(x, X)y(x, X), where x is a real 
variable and ^ is a complex parameter. The expansion problem associated with this 
equation and a two-point boundary condition has been discussed by R. E. Langer 
(Transactions of this Society, vol. 25 (1923), pp. 155-172) for the case in which 
P(x, X) has a finite number of simple poles as a function of A. Convergence was estab- 
lished by expressing the series of characteristic solutions as a sum of residues at the. 
characteristic values. However, the method fails when p(x, X) has a double pole, in 
particular when p(x, X) is of the form a (x)A3-Eb()A cla). The present paper ap- 
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proximates the circumstances of the latter problem by replacing one of the boundary 
points on the real axis by two neighboring points in the complex plane. The variable 
x is allowed to range over a simply-connected region including the three boundary 
points. An adaptation of a method developed by Langer (Transactions of this Society, 
vol. 46 (1939), pp. 151-190) for use in the complex domain is employed to establish 
the uniform convergence of simultaneous expansions of two arbitrary functions. (Re- 
ceived March 14, 1941.) 


222. R. J. Duffin: Möbius transforms and Fourier transforms. 


Let g(x) be the Fourier cosine transform of f(x). It is shown that formally 
f(x) = (3x) S aus /nx ma g(2xym/nx). Here pa is the familiar Möbius symbol having 
the values 0, 1, —1. The application of suitable summability methods validates this 
inversion formula for a wide class of functions. It is sufficient to assume that f(x) be 
absolutely integrable. Conditions may also be imposed on g(x); for instance, the 
formula is valid if g(x) is of bounded total variation. (Received March 13, 1941.) 


223. Benjamin Epstein: Asymptotic problems associated with a 
Laplace-Mellin integral equation. Preliminary report. 


In this paper the author studies the integral equation (s) = [47> n—0(At+n)~*f(A)da, 
Az0, Re s >1, f(A) L-integrable. In the first half of his paper he proves Abelian and 
Tauberian theorems for this equation relating the asymptotic properties of y(s) as 
s—1+ with those of f(A) as A ©. The technique utilized is the repeated application of 
Tauberian and Abelian theorems for the Laplace integral equation. The second half 
of the paper is devoted to a moment problem analogous to the Stieltjes moment prob- 
lem over the infinite interval. For example, the following question is considered: Sup- 
pose s runs through the monotone non-decreasing set of real numbers on, 171,2, +++, 
with limit point infinity; then are there conditions on the size of (c4) and the density 
of ea which assure uniqueness of solution? Analytic criteria for this problem are found. 
The chief tools utilized are theorems by Carleman and Junnila for functions analytic 
in a half-plane and a theorem of Boas (Transactions of this Society, vol. 46, pp. 142- 
150). (Received March 11, 1941.) 


224. H. H. Goldstine: The parametric problem of the calculus of 
variations in general analysts. 


The well known problem of the calculus of variations is here extended so that the 
integrand is defined on a region of the spaces of points (t, x», 7p), where p ranges over 
an arbitrary class P. Analogues of the usual necessary conditions, and at least some of 
the sufficiency conditions, are obtained. The principal point of departure from the 
results for the problem in finitely many dimensions is in the discussion and character 
of extremals, (Received March 11, 1941.) 


225. W. J. Harrington and J. B. Rosser: A study of certain functions 
auxiliary to Brun's method in number theory. 


In 1937 J. B. Rosser made a preliminary report on Am improvement of Brun’s 
method in number theory (this Bulletin, abstract 43-3-142). Certain upper and lower 
bounds stated in that report were obtained by approximating certain functions by 
very extensive computations. In the present paper these functions are studied and 
much superior methods of evaluation are devised. The functions consist of infinite 
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series, the terms of which are multiple integrals. The principal aim of the paper is to 
establish certain identities which express the sums of the series in closed form. Pre- 
liminary to proving these identities, one has to prove convergence, continuity, and 
existence of derivatives. These matters take up the bulk of the paper. In the report 
mentioned above, the results stated were relevant only to a particular application of 
Brun’s method. The functions studied in this paper are taken to be sufficiently general 
so that the evaluations obtained can be used in the entire range of application of 
Brun’s method. This paper prepares the way for the publication of the paper of which 
the preliminary report was made in 1937. (Received March 26, 1941.) 


226. J. E. Heyda: A uniqueness property of general monogenic func- 
tions. 

Let f(a) be the class of functions defined by f(a) = f falx, »)(s—a)3dxdy (a in E) 
integrated over the complement C(E) of a closed set E in a bounded domain K of the 
a-plane. The function g(x, ¥) is real and continuous in K and vanishes at points of E; 
moreover s=x-++y, where (x, y) is a point in C(E). The form of the functions f(a) 
is suggested by the non-analytic part of the derivative of F(a), where F(a) is general 
monogenic in E (as defined by W. J. Trjitzinsky, Annales de l'École Normal Su- 
périeure, vol. 55, pp. 119-191) and is represented there by F(a) =h(a)+/feumlog 
(z—o)q(x, y)dxdy. Suppose E contains a closed interval Jand T isa closed linear set of 
points in J having positive measure. The following uniqueness problem is considered: 
what must be the “rarefication” of the set C(E), or, alternately, how fast must 
|a, 9)| —0 as p—0 (p is the distance of (x, y) from the frontier of C(E)) in order 
that knowledge of the functional values of f(a) on T will determine uniquely the values 
of f(z) on I", where [DIY DI and measure I" » measure I’. (Received February 28, 
1941.) 


227. Dunham Jackson: Generalization of a theorem of Korous. 


An elementary treatment of the convergence of series of orthogonal polynomials 
is greatly facilitated if the polynomials of the orthonormal set are known to be uni- 
formly bounded on the domain of orthogonality, or on a part of it where convergence 
is to be proved. A demonstration due to J. Korous (see G. Szegó, Orthogonal Poly- 
nomials, American Mathematical Society Colloquium Publications, vol. 23, p. 157) 
shows in a few lines that the orthonormal polynomials corresponding to a weight func- 
tion po on an interval are thus bounded, if the polynomials for weight p have the 
desired property, and if the factor ø satisfies a Lipschitz condition and has a positive 
lower bound on the entire domain of orthogonality. The purpose of this note is to 
show that the argument of Korous can be extended so as to apply under fairly general 
conditions to orthogonal polynomials in two real variables on an algebraic curve, and 
in-particular to orthogonal trigonometric sums, which can be regarded as orthogonal 
polynomials on a circle. (Received February 6, 1941.) 


228. H. Kober: On a theorem of Schur and on fractional integrals of 
purely imaginary order. 


Schur's theorem ideals with linear transformations on Z4 to L5 involving a kernel 
K(x, y), homogeneous of degree —1, such that K(x, 1)x 12€ L,(0, o). It is shown 
that two types of fractional integrals of order « belong to this class of transformations 
for «K(a) >0 and tend to bounded limits in Ix(0, ©) as 9t(a) 0. The inversion and 
group properties of such fractional integrals of purely imaginary order are studied. 
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The results admit of partial extensions to Lp. Characteristic values and functions are 
also determined. (Received February 13, 1941.) 


229. R. E. Lane: The first three rational operations. 


This paper establishes the foundation for an approach to the number system in a 
manner designed to postpone the need for infinite processes such as Dedekind cuts. 
In contrast to the Cantor and Dedekind approaches, it considers numbers as being 
generated from the unit-elements of a sequence of rational operations analogous to 
addition and multiplication. Postulates are laid down for such a sequence of opera- 
tions, and a number of theorems are derived for the first three rational operations: 
intersection, union, and addition. (Received March 4, 1941.) 


230. Lincoln La Paz: Double integral variation problems with pre- 
scribed transversality coefficients. 


H. A. Simmons has recently published an interesting derivation of the trans- 
versality relationship for the variable limit problem of the calculus of variations 
for n-tuple integrals (Transactions of this Society, vol. 36 (1934), pp. 29-43). It is 
the purpose of the present note to formulate and solve an inverse problem suggested 
by this transversality relationship. Attention is restricted to the double integral case 
but the argument made and the conclusions drawn are easily extended to n-tuple 
integrals. Transversality coefficients are defined for a regular double integral problem. 
Necessary and sufficient conditions for a pair of functions to be transversality coeffi- 
cients of such a problem are obtained and the integrand function of the most general 
variation problem associated with a pair of transversality coefficients is determined. 
(Received March 13, 1941.) 


231. Hans Lewy: Fractional potentials. 


In the theory of the logarithmic potential log r, Laplace’s formula gives the dis- 
tribution of mass in terms of the potential. The author derives an analogous explicit 
formula for potentials 7? with 8 constant and 0 «8 «2. Under certain rather general 
conditions, for a given function U, a mass distribution is determined whose potential 
is U. Similar formulae hold in spaces of arbitrary dimension. They can be utilized in 
the construction of the conductor potential by reducing this problem to that of an 
integral equation of second kind. The restriction of 8 to negative numbers may be 
dropped. (Received February 25, 1941.) 


232. A. T. Lonseth: Dirichlei's principle for certain nonlinear ellip- 
Hc equations, 


Courant's “Dirichlet principle" method of solving the Dirichlet problem for self- 
adjoint linear partial differential equations of elliptic type (Methoden der Mathe- 
matischen Physik, vol. 2, Berlin, 1937) is extended to nonlinear equations of type 
Au —1/2 aP(x, y; 4)/du, where A is the Laplacian differential operator and P(x, y; u) 
is non-negative, analytic in its three arguments, and convex in u. The (unique) solu- 
tion automatically minimizes the integral whose first variation it nullifies. An alterna- 
tive proof of the minimizing property is obtained. Previous existence proofs for this 
type of nonlinear elliptic equation are due to Bieberbach (method of successive 
approximations) and to Lichtenstein (method of Ritz). Analyticity of P(x, y; #) may 
be replaced by less stringent conditions, and A by a more general self-adjoint linear 
elliptic operator. (Received March 12, 1941.) 
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233. L. H. Leonis: A converse to the Fatou theorem. 


Let f(z) be analytic and bounded in |s| <1 and let F(z) be an indefinite integral 
of f(z). Then F(s) is continuous on the closed circle |s] 31 and defines a boundary 
function F(t), ¿=e®, The proof of the Fatou theorem consists of showing that f(s) 
has a radial limit equal to the derivative F'(f) wherever F'(/) exists. In this note the 
author proves conversely that wherever the radial limit f(e) =lim,..f(re*) exists 
the derivative F’() = F'(e't) exists and has the same value. Thus the boundary func- 
tion f(!) is identically equal to the derivative of its indefinite integral, in the sense 
that the two functions exist at precisely the same points and have there the same 
values. An example is constructed to show that the hypothesis of boundedness cannot 
be materially weakened. (Received April 1, 1941.) 


234. L. H. Loomis: A simple proof of the Fatou theorem. 


The Fatou theorem in its simplest formulation can be stated as follows: If f(x) 
is analytic and bounded in the unit circle |s| <1 then the radial limit lim,.1 f(re¥) 
exists for almost all 6. The standard proof of this theorem is based on the fact that a 
function of a real variable having a Lipschitz constant has a derivative almost every- 
where. The manipulations involved center around the Poisson integral formula. The 
present proof assumes the same basis but attains essential manipulatory simplifica- 
tion by using the Cauchy integral formula instead of the Poisson integral and sub- 
stituting the half-plane for the circle. (Received April 1, 1941.) 


235. E. R. Lorch: The spectrum of linear transformations. 


Let T be a bounded linear transformation in a complex Banach space, and let C 
be a simple closed rectifiable curve lying entirely within the resolvent set R of T. 
Then the integral (1/2x3) f/cdt/(tI— T) exists and represents a projection P reducing 
T. P=0 if and only if every point interior to C lies in R. P=] if and only if every point 
exterior to-C lies in R. If C' represents another curve in R and P’ its associated projec- 
tion, then PP’ =P if C lies in the interior of C’; PP’=0 if Cand C’ lie exterior to each 
other. This leads to the construction of a homomorphism between an algebra of sets 
on the one hand and an algebra of projections reducing T on the other—this mapping 
giving the spatial manifold counterparts of a fundamental class of spectral sets. (Re- 
ceived February 13, 1941.) 


236. K. L. Nielsen: Concerning boundary value problems for linear 
differential equations when the boundary conditions are given by Stieltjes 
integrals. 


This paper deals with the boundary values problem formulated by L(x, ^; y(x, A)) 
= f(x) and the boundary conditions M;(y) =) paifey-(t, )das a) =0, (69 1, - ++, m), 
where L(x, A; y(x, A)) is the differential polynomial 9; 9XH—Bg, (x, 1)59lM, 
the operators M; are linearly independent, the involved integrals are in the sense of 
Stieltjes and the ais(x) are functions of bounded variation. Tamarkin (Mathe- 
matische Zeitschrift, vol. 7 (1927), pp. 1—54) presented developments under the as- 
sumption that the roots of the characteristic equation are distinct and that H=1. 
Trjitzinsky (Acta Mathematica, vol. 67 (1936), pp. 1—50) has obtained an asymptotic 
representation of the solution of the differential equation for x in the real interval 
(c, d) and the parameter in certain regions extending to infinity for the case where 
the roots of the characteristic equation are ^not distinct and H is allowed to exceed 
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unity. The author takes Trjitzinsky’s results and obtains the restrictions which are 
necessary on the aj,,(x) and states a theorem determining the values of À for which 
the nonhomogeneous boundary value problem is possible when (c, d) is the interval for 
which the Trjitzinsky existence theorem holds. (Received March 31, 1941.) 


237. C. D. Olds: Expansion of an arbitrary function in terms of cer- 
tain polynomials. 


Let LPs (s) ] bea set of polynomials which satisfies an equation of the type: Q(z) /n! 
— t oa;P;(2). (When (P;(s)] are the Bernoulli polynomials, for example, Q(s) =3*.) 
This property is used to show that under certain conditions an arbitrary function 
f(s), regular in the unit circle, can be expanded in the form f(z)=)_?_06:P;(z). More- 
over, for certain of these polynomials the expansion is shown to be valid by summing 
the series directly. In the case of the Bernoulli polynomials use is made of certain 
results concerning their maximum values due to D. H. Lehmer (American Mathe- 
matical Monthly, vol. 47 (1940), pp. 533—538). (Received March 8, 1941.) 


238. G. H. Peebles: On the behavior of series of polynomials orthogo- 
nal with respect to a weight function of changing sign. 


Most of the properties of polynomials orthogonal with respect to a non-negative 
weight function, which are needed to show convergence of the formal expansion of a 
function, are lost, if the weight function changes sign in the interval of orthogonality. 
The partial sums corresponding to a weight function p(x) which changes sign a finite 
number of times are related very simply, however, to the partial sums corresponding 
to x(x)p(x), where x(x) is a polynomial or reciprocal of a polynomial such that 
a(x)p(x) is non-negative on the interval of orthogonality. This relation is used to study 
the behavior of the partial sums of the expansions of functions in terms of polynomials 
orthogonal with respect to a weight function of changing sign. (Received March 14, 
1941.) 


239. Tibor Radó: On convergence in length and convergence in area. 


The purpose of the paper is to complete and to extend various results in the litera- 
ture on convergence in length and convergence in area. The specific tool is the follow- 
ing inequality. On a bounded measurable set E of a euclidean space, let there be given 
two three-dimensional vector-functions x, xx. Then [/|lx:Xzal| ]?S [llel] -|Joca]| J? 
— [/xı:x:]°, where the integrals are taken over E, provided only that the integrals 
involved exist in the Lebesgue sense. This inequality, which is an immediate conse- 
quence of the identity (i Kata)" 9xixi— (x1: x2) , is a generalization of the inequality 
(7) in Adams and Lewy, On convergence in length, Duke Mathematical Journal, vol. 1 
(1935), pp. 19-26. (Received March 28, 1941.) 


240. W. C. Randels: On Bessel's inequality in abstract spaces. 

Bochner (Fundamenta Mathematicae, vol. 20, p. 262) has defined Fourier series 
for functions whose values are in abstract spaces, and has pointed out that Bessel's 
inequality need not hold. In this paper examples of spaces in which the inequality 
does hold are given and Bochner's counterexample is extended. (Received March 3, 
1941.) 


241. C. E. Rickart: Integration in a convex linear topological space. 


A theory of integration is developed for multi-valued functions F(c) defined over 
a o-field M of subsets of an abstract set M and with values in a convex linear topo- 
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logical space X. The value of the integral is a closed set in X. The fundamental prop- 
erties obtained by Kolmogoroff (Mathematische Annalen, vol. 103 (1930), pp. 654- 
696) for € the space of real numbers are shown to carry over to the more general 
situation. The method of definition of the integral is an extension of that used by 
R. S. Phillips (Transactions of this Society, vol. 47 (1940), pp. 114-145). A notion of 
convergence for subsets of X similar to the Hausdorff convergence for subsets of a 
metric space plays a central role throughout. If the integral is restricted to be single- 
valued, then a very general convergence theorem involving a notion of approximate 
convergence is obtained. The integral contains an integral of G. B. Price (Transactions 
of this Society, vol. 47, pp. 1-50) as well as the Kolmogoroff and Phillips integrals. 
(Received March 14, 1941.) 


242. Raphaél Salem: On some properties of symmetrical perfect sets. 


I. Let P be a symmetrical perfect set of measure zero constructed in (0, 2x) by 
the dyadic process; E, the set of 2? equal intervals obtained after p operations; Fp the - 
continuous non-decreasing function (F,(0)=0, Fp(2r)=1) equal to &/2» in the kth 
interval contiguous to Ep, and linear in each interval of Zp; F the limit of Fp. If c 
is the Fourier-Stieltjes coefficient of GF with respect to e** and E(p) the measure of 
Ep, the series ?  E?[a log n]: | cn | ! converges for a7 3/2 log 2, its sum depending only 
on a, Thence follow some properties of sets of absolute convergence for trigonometri- 
cal series. II. The following theorem is proved: if N is any set of absolute conver- 
gence for trigonometrical series, the sum of N and of any finite set is also a set of 
absolute convergence. (Received March 6, 1941.) 


243. Raphaël Salem: On trigonometrical series whose coefficients do 
not tend to zero. 


If $ pn cos (nz— an), with paZ0, lim sup pa >a>0, converges in a set E, and if the 
point «=0 belongs to E, then there is a sequence of integers {nz} such that sin sx 
tends to zero for every x belonging to E. If E is perfect and if F is any non-decreasing 
function constant in every interval contiguous to E but increasing from one interval 
to another, the Fourier-Stieltjes cosine-coefficients of rank 2n of dF tend to the great- 
est possible limit (F(2x) — F(0)) /x as k— o. If E is a perfect set such that this condi- 
tion is satisfied, then there exists a trigonometrical series whose cgéfficients do not 

` tend to zero and which converges "almost everywhere” in the set E. (Received 
March 6, 1941.) 


244. Henry Scheffé: Linear differential equations with two- term re- 
currence formulas. ' 


Linear differential equations with two-term recurrence formulas (defined below) 
occur very often in applied mathematics. The equation >, j-op;(x)y =0 is assumed 
to have coefficients analytic at some x= xe. Following Frobenius, a formal substitution 

=D PvE is made where {=x— xo if xo c, Em 1/x if xo— v. The formula ob- 
tained by equating to zero the coefficient of #* for integral values of 4i called the 
recurrence formula relative to the point x. For the existence of a two-term recurrencé 
formula, that is, one of the type f(», r)c,-g(», r)e, 4 —0, for »=h, a positive integer, 
necessary and sufficient conditions on the coefficients p,(x) are obtained for some neigh- 
borhood of xo. It is then further assumed that the ,(x) are given elsewhere by their 
analytic continuations. Transformations s —a£?, w= £*y are exhibited which carry the 
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differential equation into a generalized hypergeometric equation with indices d aqtt. 
Interesting corollaries follow. (Received March 12, 1941.) 


245. I. J. Schoenberg: On absolutely convex functions. 


1. A function soi is said to be completely monotone for x>0 if (1) (—1)*f™(x) Z0 
(x>0; n20, 1, 2,-++). The following theorem shows that these requirements are re- 
dundant. Theorem: fi is completely monotone for x>0 if it satisfies, for x0, the 
following conditions: (2) f(x) 20, f'(x) SO, f''(x) 20, and (3) (—1)*f (x) 20 for in- 
finitely many values of s (no matter how distantly spaced). Moreover, the third 
condition (2) may be replaced by the following weaker one: lim infs.4.f’(x) » — œ. 
2. A function f(x) is said to be absolutely convex for —1<x<1 if it satisfies in that 
range the inequalities f 9 (x) 20 (n —0, 1, 2, - - - ). S. Bernstein has shown that f(x) 
is analytic and regular in the domain bounded by the circle Ix | =1/4 and the four 
tangents to it through the points «=1, «= —1. It is shown here that f(x) is analytic 
within the unit circle | x| <1, which is the best result possible. (Received February 7, 
1941.) 


246. H. M. Schwartz: Sequences of Darboux-Stieltjes integrals. 


The results obtained for sequences of Stieltjes integrals (abstract 47-1-43) are ex- 
tended to sequences of upper and lower Darboux-Stieltjes integrals taken in the sense 
of Lebesgue (Leçons sur I'Intégration, 2d edition). (Received March 1, 1941.) 


247. W. R. Scott: A lemma on the Weierstrass E-function. Prelimi- 
nary report. 

Let there be given an integrand f(x!, x, x, X!, X3, X?) which we abbreviate 
f(x, X). We assume that f satisfies the usual differentiability and homogeneity condi- 
tions. Let there be given further a set of values xo, Xo such that (1) f(xo, Xo) »0, 
(2) f(%o, X) 20 and E(xo, Xo, X) Z0 for every vector X, where E is the Weierstrass 
E-function. Let Ys denote the vector with components 0f/8 X, i=1, 2, 3, taken at 
(Xo, Xo). Then there exists a ô= (xo, Xo) 50 such that f(xo, X) Z 8 for every unit 
vector X such that the scalar product X Y, is positive. This lemma is then applied to 
answer various questions concerning the lower semi-continuity of simple and double 
integrals suggested by the following papers; E. J. McShane, Integrals over surfaces in 
parametric form, Annals of Mathematics, (2), vol. 34 (1933); Sem#-continutty of inte- 
grals..., Duke Mathematical Journal, vol. 2 (1936); T. Radó, On the semi-continusty 
of double integrals $n parametric form, to appear in Transactions of this Society. (Re- 
ceived March 12, 1941.) - 


248. W. T. Scott and H. S. Wall: Gronwall iliii: 


It is shown that a necessary and sufficient condition for a Hausdorff mean [H, ca] 
to be a Gronwall mean (f, g) (T. H. Gronwall, Summation of series and conformal 
mapping, Annals of Mathematics, (2), vol. 33 (1932), pp. 101-117) is that [H, c] 
be the product of (E, 8) by (C, a), that is, c -8^/C«qa.« (n0, 1, 2,» - ), where 
0<fS1, «0. The (f, g)-mean which is identical with this [H, c,]-mean has 
f(w) - &w/ [1— (1— 8)w], g(w)  (1— 1). It is also shown that a method of summa- 
tion considered by W. A. Mersman (this Bulletin, vol. 44 (1938), pp. 667—673) is 
identical with (f, g) with f(:w) = [1— (1— ~n] u+- w)!3], g(w) = (1—w)™. (Re- 
ceived February 25, 1941. ) 
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249. J. A. Shohat: On the best polynomial approximation for func- 
tions possessing derivatives. 


By virtue of the characteristic property of the polynomial of best approximation, 
of degree less than or equal to s, to f(x) on a given interval, it may be also considered 
as a Lagrangean interpolation polynomial for f(x). In this way are obtained very simply 
general theorems on best approximation in case f (**D(x) exists, also on the distribu- 
tion of the points of deviation. (Received February 3, 1941.) 


250. L. H. Swinford: On Abel's equation. 


The substitution y=a-+fs?/y+s4? allows one to replace Abels equation 
y'--g(x)yt-I- f(x)? 0 by a system of two first order equations, by which means new 
cases of integrability are found. (Received March 7, 1941.) 


251. Otto Szász: On convergence and summability of trigonometric 
series. 


A new type of necessary or sufficient condition has been given recently for the 
convergence of a Fourier series at a point. This combines a continuity property of the 
function with an order condition on the coefficients, and is generalized in this paper. 
Moreover, instead of a Fourier series, more general trigonometric series are consid- 
ered, associating for example the termwise integrated series with a function. The re- 
sults are closely connected with two summability methods introduced by Riemann 
and Lebesgue. (Received March 5, 1941.) 


252. Alexander Weinstein: On the decomposition of a Hilbert space 
by its harmonic subspace. 


It is shown that a lemma playing a central part in a recent paper of H. Weyl 
on the method of orthogonal projection in potential theory (Duke Mathematical 
Journal, vol. 7 (1940), pp. 411-444, Lemma 2) is an almost immediate consequence 
of a problem of the unified theory of eigenvalues of plates and membranes considered 
some years ago in a joint paper of N. Aronszajn and the author (Comptes Rendus 
de l'Académie des Sciences, Paris, vol. 204 (1937), p. 96). The proof based on these 
results does not require any special construction or computation. (Received February 
7,1941.) 


APPLIED MATHEMATICS 


253. G. E. Hay: The finite displacement of thin rods. 


The finite displacement of thid rods has been considered by G. Kirchhoff, who 
introduced approximation based on the thinness of the rod in a rather unsatisfactory 
manner, In the present paper the method of the tensor calculus is employed, and there 
is introduced a systematic method of approximation which involves the expansion of 
the fundamental equations as power series in a dimensionless parameter eand permits 
a theoretical solution of the problem to any desired degree of accuracy. Finally, ap- 
plication of the theory is made to the problem of “straightening” certain thin rods by 
means of systems of forces applied to the ends. (Received March 13, 1941.) 


254. A. E. Heins: On the transformation theory of the solution of 
partial differential equations. Preliminary report. 


The regularity condition of the Fourier transform of a function defined over a 
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finite domain, and zero outside of this domain, plays an important role in pure mathe- 
matics. This condition also plays an important role in the transformation theory of 
the solution of linear partial differential equations of mathematical physics. By ob- 
serving this regularity condition, boundary conditions which do not enter into a par- 
. ticular problem may be eliminated. With the aid of the finite Fourier transform the 
author obtains solutions of the two-dimensional wave equation and the equation 
of heat conduction under prescribed initial and boundary conditions and the two- 
dimensional Laplace equation under prescribed boundary conditions. The boundaries 
are taken to be either circles or rectangles. The treatment of these problems with 
other contours is now in progress. (Received March 10, 1941.) 


255. A. S. Householder: A theory of steady-state activity in nerve- 
fiber networks. II. The simple circuit. 


Let the neuron N; have the origin s; and terminus s;,1, subscripts being reduced 
modulo s. These neurons constitute a simple circuit. À constant stimulus y; applied 
to N at s; is supposed to cause the production at S: of a stimulus Zi according to 
the equation gip  ai(y;— h), where hy>0, a; 0 if y; Shi, aca, 0 or <0 if 30» hb. 
If S; is a constant stimulus applied from outside the circuit at s;, then y; Sess. 
Then (1) the Sı do not necessarily suffice to determine the o;, and hence, the yi 
unless a181 ° ++ Ga<1. If (a, +++, an) and (æl, +- , ox) are distinct and both con- 
sistent with some (Sı, © - - , Sa), and if some a; 0 and also some aj =0, then (2) a,—0 
implies af 0; (3) e;-aj =0 implies GiGi >+ aj1<0; (4) a¢=a,=0 implies 
040441 * * * 04370. (Received March 8, 1941.) 


256. William Mersman: Heat conduction in an infinite composite 
solid. 


The problem of one-dimensional heat conduction in a doubly infinite composite 
solid, with given initial temperature distribution, is solved uniquely. The classical 
solution for a semi-infinite solid with surface temperature known is used to obtain 
an integral equation, which is solved formally by means of the Laplace transforma- 
tion. The solution is then established and proved unique by classical methods. (Re- 
ceived March 8, 1941.) 


257. I. S. Sokolnikoff: Deflection of non-isotropic elastic plates. Pre- 
liminary report. 


The general solution of the equation for the deflection w of a non-isotropic plate 
with one plane of elastic symmetry, and‘w/ Ox^--2o330*w/0x38y -- 203010 /0x*0 * 
+2andw/aytdx-+andw/ay'=p(x, y), can be written in terms of two analytic 
functions Fi(s) and Fi(z) of the independent complex variables zi x--ki and 
z1—x-- ky, where the complex numbers k; depend on the elastic constants aj. The 
determination of the functions F; can be reduced to the search for certain analytic 
functions of a complex variable ¢ related to zı and z via a pair of mapping functions 
z1= w(t). The development of the theory is analogous to the treatment of certain two- 
dimensional problems in isotropic theory initiated by N. Mushelisvili (Mathematische 
Annalen, vol. 107 (1932), pp. 282-312). Some applications of the theory to a clamped 
elliptic plate are made. The formulas specialize to the known results of the theory of 
isotropic and orthotropic plates. (Received March 8, 1941.) 
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258. R. M. Sutton: An instrument for drawing confocal conics. 


A simple device is demonstrated for drawing families of orthogonal ellipses and 
hyperbolae. On a spring roller is wound a fishline in two strands so that as the line is 
pulled out both strands elongate at the same rate and are held under tension by the 
roller. Confocal hyperbolae are described by holding chalk against the cord without 
slippage; confocal ellipses are drawn in the usual manner by slipping the chalk within 
a loop of fixed length. The eccentricity of either kind of curve is changed with ease, 
and the distance between focal points can be altered quickly. The instrument offers 
convenience, flexibility, and rapidity of operation. (Received March 28, 1941.) 


259. C. J. Thorne and J. V. Atanasoff: The application of a general 
functional approximation method to thin plate problems. 


The approximate solutions to two problems of thin plate theory are obtained by a 
general functional method. This method includes, indeed unifies into a connected 
whole, many of the standard approximation methods and many more. In particular 
it includes the methods of Trefftz, Boussinesq or “least square," and Rayleigh-Ritz. 
The first problem represents that of a centrally loaded, square, clamped plate. The 
solution to this problem illustrates convergence to boundary values as well as the 
differential equation. The solution agrees accurately with the results obtained by 
others. The second problem is that of an infinite, corner loaded plate supported by an 
elastic foundation. A solution containing seventeen constants is obtained. (Received 
March 31, 1941.) 


260. Alexander Weinstein: On the vibrations of a clamped plate 
under tension. 


This problem, of importance for acoustic reception, has been solved in terms of 
Bessel's functions in the elementary case of a circular plate by W. G. Bickley, Philo- 
sophical Magazine, vol. 15 (1933), pp. 776-797. It will be shown here, for a plate of 
any shape, that a convergent sequence of lower bounds for the frequencies can be com- 
puted by using the solutions of the membrane problem for the same domain. In the 
case of a rectangular plate the resulting equations involve only trigonometric and 
hyperbolic functions and can be more easily solved numerically than the equations 
for the circular plate. Upper bounds for the frequencies can be computed by the 
Rayleigh-Ritz method. However, lower bounds are more important in the present 
case. (Received April 1, 1941.) 


GEOMETRY 


261. Reinhold Baer: Homogeneity of projective planes. 


It is the main object of this note to show that the theorems of Desargues and 
Pappus are valid in a projective plane if and only if there exist two one-parameter 
families of dualities of this plane which meet certain requirements (like existence of 
axis and center). (Received March 12, 1941.) 


262. Y. K. Bal: Study on graphs. Preliminary report. 


This is an abstract study of generalized polygons and their properties invariant 
under the independent rigid motion of their vertices. A relation, called "next," is 
introduced, in general by: I. If 4 «3B then BOA, II. A@A cannot hold; in particu- 
lar by: II’. If 43B«2C then not A C. I and Il’ give II. (a) S, is not null. (b) If 
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AGS there are » and only s elements next to it. (c) If A, BES, there are 
(4,,**-, A4,)€ S, for which 4,24, -.- ©A,OB. n is finite and r is finite or 
zero. KA is the number of elements in Sa. Definition of 5,,,: For distinct elements 
AAs ++ - €34, and not 4; 4, when 1« |[:—;j| «p—1. If A; 434, whenever 
[5—i] —$—1, 5,5 is shown by S}, It is proved: [Szal =2n and 5;, cannot exist. 
For distinct elements 4,424449 --- 34,94; is a cycle Ca. A cycle is either S, 
or S. If | C,| =| S. | it is a boundary cycle. The order of S, is the number of distinct 
b-cycles not differing by circular permutation. The order of S2,is shown equal to 
(n!)*/n. For A1 and Bj, 4; - -- €24,,€3H, then the smallest m; is the distance 
(An B3) with (4, 4) —0. It is shown that |.S,| is finite and by further study S,’s are 
classified. (Received March 31, 1941.) 


263. Nathaniel Coburn: Frenet formulas for curves in unitary space. 


The object of this paper is to develop a set of Frenet formulas for any curve X, 
whose equations are functions of a real parameter (À and which lies imbedded in a 
unitary space of s dimensions K,. The derivation proceeds analogously to that of the 
Frenet formulas for a curve Vi which lies imbedded in a Riemannian space of n dimen- 
sions, Va. However, in the Riemannian case, the curve possesses (n —1) independent 
' curvatures; in the unitary space, the curve possesses (21 — 1) independent curvatures. 
Furthermore, in Riemannian space, the curvature matrix of V, in V, is skew-sym- 
metric. Similarly, the curvature matrix of X; in Ks possesses Hermitian symmetry. 
Finally, corresponding to the similar theorem in Riemannian space, it is shown that 
“a complex curve X; in a unitary space K, is'uniquely determined when: (1) an initial 
point; (2) an initial orientation of the n-uple of normals; and (3) the (2n—1) inde- 
pendent curvatures are given.” The paper concludes with a study of geodesic X; in a 
unitary K» with semi-symmetric connection. It is shown that these geodesics are char- 
acterized by the first Frenet curvatures and the orientation of the n-uple of normals. 
(Received February 11, 1941.) 


264. V. G. Grove: The transformation T of congruences. 


In a projective space of three dimensions two congruences are said to be related 
by a transformation T if their lines are in one-to-one correspondence, their develop- 
able surfaces correspond, and each congruence possesses transversal surfaces whose 
tangent planes at the points of intersection with a line of that congruence pass through 
the corresponding line of the other congruence. The transformation T is of two types. 
In the first, called the asymptotic type, the curves on the transversal surfaces of the 
congruences corresponding to developables of these congruences are asymptotic 
curves. If one of the congruences of the pair is a W-congruence, the other is also. In 
the second or conjugate type the curves on the transversal surfaces corresponding to 
the developables form conjugate nets in relation F. If these nets are in the relation of 
a transformation K of Koenigs, they are in the relation of Eisenhart. Associated with 
the conjugate case there exists a one-parameter family, or pencil, of congruences such 
that each focal point of a line of a variable member of the pencil lies on a line. If one 
congruence of this pencil is a W-congruence, all congruences of the pencil are W. 
(Received March 8, 1941.) 


265. Edward Kasner and John De Cicco: Geometry of dual-veloctty 
Systems. 


A dual-velocity system consists of the œ? curves such that the osculating circles 
of the œ! curves tangent to any line 7, constructed at the elements of /, are tangent to 
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another line Z. Any such set may be considered to be analogous to the velocity systems 
as developed by Kasner. Any line transformation, not preserving al! ra-allel pencils 
of lines, ‘converts exactly one dual-velocity system into a dual-velocity system. The 
group preserving all dual-velocity systems is X —$(x), Y —yyV(x) --x(x). This is the 
contact group leaving invariant the set of all dual-isothermal families. Examples of 
dual-velocity systems are equitangential, dual-natural, A, and dual-T' families, Char- 
acterizations of these are obtained by the correspondence between the lines / and L 
mentioned above. Any dual-velocity system contains exactly o'!, «1, one, or zero 
dual-isothermal families. Finally, the invariant theory of dual-velocity systems under 
both the dual-isotherma! and equilong groups is developed. A dual-analogue of natural 
family has been discussed in an earlier paper. (Received February 11, 1941.) 


266. L. J. Savage: Distance spaces. 


By a distance space is meant a set M of elements f, q, - - - over which is defined 
a real valued function D(f, q) such that D(p, q) - D(g, f), and D(p, »)=0. D(p, q) 
may be thought of as the square of the distance from $ to q. This concept is some gen- 
eralization of metric space. A vector space V over which a scalar product x : y is defined 
can be considered as a distance space by setting D(x, y)=(x— y): (x— y). For every 
distance space M there is a “smallest” scalar product space V(M) in which M is im- 
beddable. An interesting class of distance spaces is that of differentiable manifolds 
over which a D(p, g) is so defined as to be suitably differentiable when considered as 
a function of the coordinates. Because of the remark about scalar product spaces these 
differentiable distance manifolds can be handled much like differentiable submanifolds 
of euclidean space. In particular the concepts of regularity, tangent-flat, and first and. 
second fundamental form, can be extended to them. Finally there are theorems con- - 
necting the possibility of imbedding such manifolds into euclidean and pseudo- 
euclidean spaces with certain restrictions on the second fundamental form. (Re- 
ceived March 13, 1941.) 


267. R. K. Wakerling: On the rational loci of «o! (p —1)-spaces in 
r-space. 


The representation upon a p-space of the hypersurface W; in S,, which is the ra- 
tional locus of œ! (p— 1)-spaces, is investigated in this paper. The hyperplane sections 
of W} are represented in 5, by a system of hypersurfaces V; ; passing through a given 
(p—2)-space »—1 times, and having in common c simple points. Some of the proper- 
ties of Ws are discussed together with those of its projection upon a (p--1)-space. A 
special case of the transformation between two r-spaces is given, and the paper is 


concluded with a brief note on rational ruled surfaces of order r—1 in S,. (Received 
March 8, 1941.) 


STATISTICS AND PROBABILITY 
268. A. H. Copeland: 7f. 


If one attempts to apply Boolean algebra to the theory of probability, he discovers 
that it is inadequate for the treatment of conditional probabilities, selections, and 
observations—all three of which are of prime importance in the modern theories of 
probability and statistics, In a number of recent formalizations of the theory of proba- 
bility an additional operator (or logical constant) “if” has been introduced in order 
to handle conditional probabilities. Selections and observations were not introduced 
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into the formal schemes but were merely discussed as interpretations. In a previous 
paper the author showed that by a proper definition of “if” selections and observations 
could be formalized. However, this operator was defined in terms of certain extraneous 
concepts, namely, probabilities and order relations. In the present paper “if” is defined 
only by its relation to the Boolean operators, “and,” “or,” and “not.” This more 
natural definition enables us to study the modified Boolean algebra per se and to 
investigate the structure of and the relations between its elements. (Received March 
31, 1941.) 


269. G. B. Dantzig: Variance of the error of a mean computed by 
grouping. 

To compute the mean of a large number of observations, the range of the data is 
often divided into equal intervals and the mean is then computed as if each observa- 
tion fell at the midpoint of the interval containing it. The error introduced by this 
short cut comes from two sources: (1) the size of the interval h and (2) the amcunt 
of off-centerness /, that is, the amount of shift required to bring the nearest mid-point 
to the origin. Several authors have noted that the average value over all # of the 
Sheppards’ corrected moments (functions of k and the grouped moments) yields the 
true moments of the distribution. It is suggested here that the value of 7 should be se- 
lected at random, so that it is equally likely to have any value between 0 and 5. Then the 
first grouped moment (now validly considered as a random variable) has for expected . 
value the true first moment, and for variance 443: f tp ur ,P pO) E.G — y) /^ ]dxd», 
where (x) is the density of distribution and Bs(6) =6?—6+1/6 is periodic of period 
one (second Bernoulli polynomial). If the amount of off-centerness is randomly chosen, 
Sheppards' corrections are always applicable and the error approximable by square 
root of the variance. (Received March 10, 1941.) 


270. G. E. Forsythe: Cesdro summability of random variables. 


[X1] and { Y1] are sequences of independent real-valued random variables. (xi] 
is otherwise arbitrary, while {Y+} is a normal family (Lévy) with all E(Yi) =0. 
||anu|| is the Cesàro Ca matrix (0 «a « œ). Using theorems of Feller and Gnedenko, 
necessary and sufficient conditions are given for the existence of constants {dns} so 
that both ? Peau (X4—d«4) and a4 (X4 —d4) —0 in probability as n— œ, uniformly in 
kSn. If az 1, du, may always be chosen independent of n and o. With natural defini- 
tions it then follows that for summability of ( X4] to 0, the Ca methods get stronger as 
æ increases. This increase in strength is non-trivial for 0<a<1, but is essentially 
trivial for a2 1. Using another Gnedenko theorem, a necessary and sufficient condition 
is given for C,-summability of { Ya} to the Gaussian distribution G(x). From this it 
is proved: if 0a «3 or if ? foE(¥?) < œ, there can be no Ce-summability of f { Ys }~ 
to G(x); if $Sa<fand 188, Ce CG; if iSa«&, there always exists { Ys} sonable 
Ca to G(x) but not summable-Cg to G(x), a perhaps surprising result. A close relation 
is shown between Ca-summability of { Y+} to G(x) and summability of (E(YD] to 
+ by ordinary Riesz means of order 2a—2. Nórlund summability to 0 of symmetrie 
variables { Y;} is also treated. (Received March 31, 1941.) 


271. J. A. Greenwood: A theorem on probability assignments to 


events. 


Consider the mutually exclusive, exhaustive set of variates of a variable x with a 
probability distribution function $(x) defined over [a, b], and to each value of x an 
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associated number P(x), 0S P(x) &1. P(x) may be called a probability-assignment 
to the event x. Definition: P(x) may be said to.be a “sufficient” assignment if, for 
all x, P(x) E LSfp,dé(t) where D, D,(t€ [a, b]; P(A € P(2)). In order to ensure the 
existence of this integral and the succeeding one which defines E[P(x)], it is assumed 
that D, is a Borel set. The following theorem is then provéd: A necessary condition 
that a probability assignment P(x) to each of the mutually exclusive, exhaustive val- 
ues of a stochastic variable x be "sufficient" is that E[P(X)]-LS fA P (x)d$ (x) 24. 
(Received April 1, 1941.) 


272. P. C. Hammer: On fitting linear functions when all variables are 
subject to error. j 


Among the many recent papers on fitting lines or planes in case all variates are 
subject to error is one by C. F. Roos which points out the lack of invariance of methods 
developed prior to that time. Among others the methods of Adcock, Pearson, and a 
generalization of Pearson’s method by E. C. Rhodesseem to lack invariance. Assum- 
ing a general normal distribution of error and proceeding along classical lines this 
paper develops an implicit method of fitting linear functions in s variables which 
includes that of Pearson as a special case and which is invariant under coordinate 
transformation. A few geometrical interpretations are made and the cases not leading 
to a unique solution itemized. A comparison of this method with that of Roos is then 
made. (Received February 10, 1941.) 


273. C. T. Hsu: Two samples from normal bivariate populations. 


Two samples, each being of two variates (xi 24) and (xl , x1), of size n and &' 
respectively, are supposed to be drawn at random from two independent normal 
bivariate populations, with the following distributions: (1) (2weies(1—p1)!/2)* 
exp { —1/((1— 2?) (8i — &1) /ox)*— 2p (G3 — &) /ox) (a — 1) /o3) + (s — 82) /o2)*] }, (2) 
Quel of (1— pY exp (—1/(2(1 — o) (t — &)/o1)! — 2p'((al — H)/o4) 
«(Gd — E )/ol )-- (4 — 8)/01)1]] , where &, &, 01, 02, p; Et, E ot 01 9’ are the unknown 
parameters of the populations. Two hypotheses are considered concerning the compari- 
son of correlation coefficients, namely, Hi: Assuming e1— c3 and oi =04; totest p= p’. 
Hy: Assuming 01763, &:=& and c1 —oi, E =; to test p=p'. Appropriate test cri- 
teria are derived for each hypothesis. The distribution of certain of the statistics are 
obtained in the special case where s =n’. Incidentally the distribution of the z of S. S. 
Wilks (Biometrika, vol. 24 (1932), p. 471) for p—2 and any values of a; and a4 is 
studied. (Received April 1, 1941.) 


274. Henry Scheffé: Note on the reduction of x? for fit of a frequency 
distribution. 


Pearson reduced x? for the fit of an observed to a theoretical frequency distribution 
by the use of determinant theory and trigonometric identities (Philosophical Magazine, 
(5), vol. 50 (1900), pp. 160—163). The object of this note is to simplify the reduction 
by the use of matrix theory. (Received February 15, 1941.) 


275. Abraham Wald: On testing statistical hypotheses concerning 
several unknown parameters. 
Let f(x, 8&1, - * + , 0a) be the probability depsity function of a random variable x in- 


volving k unknown parameters. For testing the simple hypothesis 0 —61 , - - - , 0561, 
called hypothesis H, by means of 5 independent observations xi, - -- , x. on x we 
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choose a critical region W, of the n-dimensional sample space and reject the hypothe- 
sis H if E= (x, + , za) falls inside W,. Denote by PW, | ôi, * > - , Oa) the probability 
that E will fall in Wa under the assumption that 61, - - - , 6, are the true values of the 
parameters and denote by P,(6, - - - , 0s, a) the least upper bound of P(Z,| 6, +++, 04) 
with respect to all regions Z, for which P(Z.|&t, +++, 05) a. A critical region Wa 
is called a most stringent test of the hypothesis H on the level of significance a 
if P(Wa|O1,--+, Of)=a@ and Lub. (P«(8,*--, On a)—P(W.|6s---, 69] 
Slub. (P«(6, -- -, On, a) —P(Z.| 0, -++ , 6))] (Lu.b. with respect to 6, - -- , Ba) 
for any region Z, for which P(Z,| 6; +++, 6£)=a. It is shown that the test of H 
based on the so-called likelihood ratio introduced by Neyman and Pearson is a most 
stringent test in the limit if #— œ. The foregoing definitions and results are extended 
also to testing composite hypotheses. (Received February 3, 1941.) 


TOPOLOGY 


276. G. E. Albert: On separation spaces. Preliminary report. 


A. D. Wallace has introduced separation spaces (abstract 46-7-368), adopting as 
a primitive concept a binary relation X | Y, between pairs of non-vacuous subsets X 
and Y of an abstract set S. Subject to certain axioms, X| Y can be used to define a 
topology in S which makes the resulting space completely equivalent to a T,-topological 
space. À prominent part is played by the axiom: x| Y implies Y| x. In the present 
paper separation spaces are studied in which this property of symmetry is discarded. 
It is shown that, subject to proper alterations of Wallace's axioms, separation spaces 
can be used to characterize T-topological spaces. The theory of asymmetrical separa- 
tion is found to be particularly convenient for the definition of a topology in upper 
semi-continuous collections of type 2 (see R. L. Moore, Rice Institute Pamphlets, 
vol. 23, no. 1). Other applications of a more general nature are also indicated. (Re- 
ceived March 10, 1941.) 


277. G. E. Albert and J. W. T. Youngs: The structure of locally 
connected topological spaces. 


The present paper is a continuation of earlier work (abstract 46-3-138). Cyclic 
elements are defined and studied in the class L of spaces which satisfy the postulates: 
the space and the empty set are open; the intersection (sum) of finitely (arbitrarily) 
many open sets is open; the components of an open set are open. The hyperspace XX 
of all cyclic elements of any space XEL is topologized in such a way that: (1) X is 
a space L, (2) X is a strongly continuous image of X, and (3) X is acyclic. A subclass 
H of Lis called hereditary if X € H implies that the hyperspace of X is in H and every 
true cyclic element of X is a space in H. The class L is a hereditary class which con- 
tains the class P of all Peano spaces; however, it deviates widely from P. Hereditary 
subclasses of L are proposed which approximate more closely the class P. For ex- 
ample: one such class is composed of all spaces L which satisfy the To-separation 
axiom and which are strongly continuous images of the unit line interval. (Received 
March 10, 1941.) 


278. Samuel Eilenberg: Banach space methods in topology. I. 


For a given topological space X the Banach space X of all continuous bounded real 
functions z on X with norm 1.u.b. |g(xĵ| is considered. Banach has proved that two 
compact metric spaces, X1 and Xs, are homeomorphic if and only if £y and % are iso- 
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metric. Stone (Transactions of this Society, vol. 41 (1937), p. 469) has generalized 
this theorem to normal bicompact spaces X. The author obtains the same result for 
normal compact spaces satisfying the first countability axiom. The method consists 
in an analysis of the convex subsets of the surface of the unit sphere in X. A complete 
reconstruction of X, under either Stone’s or the author's hypotheses, may then be 
obtained. (Received March 12, 1941.) 


279. Samuel Eilenberg: Banach space methods in topology. II. 


A Banach space B is a direct product, B1X Js, of two of its closed linear subspaces 
B, and Bz, if every element 5€ B has a unique decomposition b= bı +bs, b; C B;, and 
if |]b|| 5 max q5:]], lèl). Given a topological space X decomposed into two disjoint 
closed sets X; and X, the Banach space X (see abstract 47-5-278) is a direct product 
3. XX, if £c is that subset of ¥ that consists of all functions g which vanish outside X;. 
If X is normal, compact, and satisfies the first countability axiom, then the converse 
can be proved, that is, the above direct product decomposition is the most general one. 
In particular X is connected if and only if X is indecomposable. (Received March 12, 
1941.) 


280. Samuel Eilenberg: Irreducible transformations onto manifolds. 


A continuous mapping f(X) ^ M of a metric compact space onto an n-dimensional 
manifold is called irreducible (equal to strongly irreducible in the terminology of 
G. T. Whyburn, American Journal of Mathematics, vol. 61 (1939), p. 820) if M—f(A) 
0 for every closed proper subset A of X. A point y€ Mis said to be covered essen- 
tially by f if there is a neighborhood U of ysuch that there is no mapping g(X) C M—y 
such that: g(x) 2f(x) if f(x) € M— U, g(x) C U if f(x) & U. The following is proved: 
if f is irreducible and y€ M is covered essentially, then f71(y) is a continuum. In par- 
ticular if f is irreducible and essential in the sense of Hopf, then f is monotone. (Re- 
ceived March 12, 1941.) 


281. Harlan C. Miller: Concerning compact unicoherent continua. 


In this paper it is proved that in order that the compact hereditarily decomposable 
continuum M be hereditarily unicoherent it is necessary and sufficient that M con- 
tain no continuum A such that N is a simple closed curve with respect to the elements 
of an upper semicontinuous collection of mutually exclusive continua filling up .N- 
The author has previously proved that in order that the compact continuum M be 
atriodic and hereditarily unicoherent it is necessary and sufficient that of any three: 
points of M there is one which weakly separates the other two from each other in M. 
It is now shown that (1) if M is a compact hereditarily decomposable continuum and 
there exists a positive integer k such that of any k points of M there is one which 
weakly separates two of the others from each other in M, then M is hereditarily uni- 
coherent, and that the stipulation that M be hereditarily decomposable can be 
omitted only if k <5, and (2) if M is a compact hereditarily decomposable continuum 
such that every subcontinuum of M is irreducible about some (closed) proper subset 
having only countably many components, then M is hereditarily unicoherent. (Re- 
ceived March 13, 1941.) 


282. W. T. Puckett: Concerning a transformation in the plane. Pre- 
Iiminary report. 


The single-valued continuous transformation T(P) =P’ will be called quasi 0-regu- 
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lar provided that (1) T(P—Q) is interior for some discrete set Q and (2) for each 
pEP—Q and neighborhood U(p) there exists a neighborhood V(p) such that 
(V(p) — Q) - T3(x^) lies in a single component of (U(p)—Q) + T(x’) for any x'€ P’. 
Under the hypotheses that P is the plane and each T(x’) has only nondegenerate 
components it is shown that (1) every point of P’ is a local separating point of order 2 
and (2) any T-!(x’) may be characterized as a discrete collection of open arcs, a finite 
number of which may have a point q of Q as a common end point. Moreover, the be- 
havior of the transformation near such a point q is exhibited. This theory will be ap- 


plied to a topological characterization of potential functions. (Received March 10, 
1941.) 


283. G. E. Schweigert: Border transformations. II. 


If A is compact metric and if the light factor of the monotone light factorization 
of a continuous transformation, T(4) =B, is interior, then T is said to be quasi-mono- . 
tone. This new definition (A. D. Wallace, Duke Mathematical Journal, vol. 7 (1940)) 
gives a desirable property which, an example shows, does not hold under the old except 
for special spaces. Quasi-monotone is characterized by the statement: a sequence 
converging to y€ B implies that the limit superior of the counterimages of the sequence 
intersects each component of T-1(y). This permits comparison with the border trans- 
formation where the limit of the counterimages is the border of T-}(y). Also, if (M) 
denotes the interior of M, the necessary condition T^! (I(Y)) 4X9) -1(03()), 
where the summation is over the border of Y, is shown to be sufficient that T be a 
border transformation. Two other necessary conditions are shown to be sufficient. 
(Received March 13, 1941.) 


284. M. E. Shanks: The space of all metrics on a compact space. 


If X is a compact metrizable space, the space M(X) of all metrics on X, which 
preserve the topology, and their limits is a complete, separable positively-linear 
normed space. M(X) is unique, that is, M(X) is-congruent to M(Y) if and only if X 
is homeomorphic to Y. M(X) contains in a sense all continuous transformations of X. 
If M*(X) denotes the linear extension of M(X), then M*(X) is a universal metric 
space if X has the power of the continuum, In fact it is possible to define a whole class 
of universal metric spaces by taking different classes of metrices on X. The methods 
are largely those of Banach. (Received March 14, 1941.) 


285. N. E. Steenrod and A. W. Tucker: Real n-quadrics as sphere- 
bundles. 


By a suitable choice of homogeneous coordinates in real projective (n+1)-space 
the equation of a real n-quadric Q can be written xir tee qux tee TX 
(kSn—k). The mapping (xo:xi: +++ IXa) ot tr 24:0: es :0) sections the 
quadric Q into a continuous collection of (1.— k)-spheres, one for each point of projec- 
tive k-space. This collection is a sphere-bundle in the sense of Whitney (Proceedings 
of the National Academy of Sciences, vol. 26 (1940), pp. 148-153). Using results of 
Radon on linear sets of orthogonal matrices (Abhandlungen des mathematischen 
Seminars der Hamburgischen Universitat, vol. 1 (1921), pp. 1-14) it can be shown that 
Q is topologically equivalent to the product PXS of projective k-space P and an 
(n — k)-sphere S provided s —k is odd ang k is small enough (if à denotes the exponent 
of the highest power of 2 which divides n —&-F-1 then, according as Am0, 1, 2, 3 mod 4, 


400 ABSTRACTS OF PAPERS [May 


R<2A+1, 2A, 2A, 24-2, respectively). For n—k odd and & larger it seems probable 
that Q and PXS are not topologically equivalent, although they have isomorphic 
homology groups. For n—k even and k>0 the quadric Q and the product P XS differ 
in orientability but have isomorphic homology groups mod 2. (Received March 14, 
1941.) 


286. A. W. Tucker: Simplicial bands. 


Consider a simplicial complex formed by a circular sequence of k #-simplexes, each 
of which has an n—1-face in common with the next (kz;2n-F1, necessarily). This 
simplicia band has as many f-simplexes as s —f-simplexes and its boundary is a 
regular »— 1-polyhedron. If s and k are both even or if s is odd, it is the topological 
product of a circle and a closed n—1-cell. If s is even and k odd, it is an n-dimensional 
analogue of a Möbius band, obtained from an n-cylinder by a sense-reversing identi- 

. fication of the base and cap. If n or k is odd, it is topologically equivalent to each of 
the following: (1) the symmetric product of s circles; (2) the closed region of real 
projective n-space which represents the subset of real equations of degree less than 
or equal to » with real roots, when coefficients are used as homogeneous coordinates; 
and (3) the quadric-bounded projective region xx EXE EE +x. (Received 
March 8, 1941.) 


287. A. D. Wallace: A fixed-point theorem for trees. 


Let T be a compact Hausdorff space which is locally connected and which is 
acyclic in the sense that every finite open covering admits a finite open refinement 
whose nerve is a tree. Let q be a function which assigns to each point ¢ in T a con- 
tinuum gt in T, and which is continuous in the sense that if / and a neighborhood U 
of gi are given then there is a neighborhood V of t such that if ¢’ isin V then gi' is in U. 
In this note it is shown that there is a to in T such that lo $5 în gto. This is a generaliza- 
tion of the Scherrer fixed-point theorem for acyclic continuous curves and is analogous 
to a recent result of Kakutani. As a corollary to our result we deduce a known result 
on the nonexistence of free monotone transformations into trees and a new theorem < 


on the existence of coincidences of monotone transformations into trees. (Received 
March 7, 1941.) 


288. P. A. White: A decomposition of true cyclic elements by means 
of continua. 


In this paper a decomposition of a cyclicly connected locally connected continuum 
is defined by dividing the continuum into certain sets which have the property that 
no two points in them can be separated by a continuum. These sets are divided into 
two types according as they do or do not contain points of Menger order two. It is 
shown that each set of the first type is contained in a simple closed curve and that they 
are at most countable in number, while each set of the second type is at most count- 
able. Other results are given concerning the components of these sets and of their 
complements. (Received March 31, 1941.) 


289. G. W. Whitehead: Homotopy properties of rotation groups. 


This paper continues the investigation of homotopy properties of the rotation 
groups R, of n-spheres begun by Hurewicz and Steenrod (Proceedings of the National 
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Academy of Sciences, vol. 27 (1941), pp. 61-64). The homotopy groups IL,(R4) are 
computed for +=3, 4, 5 and all n, with the following results: N(R.) is the infinite 
cyclic group (n =2, n 2:4); I (Ri) is the direct sum of two such groups; IL(R3) - IL(R4) 
is the cyclic group of period 2, I4(R) is the direct sum of two such groups, IL(R,) =0 
(ng 5); IS(R,) 20 (n #5), and IL(R;) is the infinite cyclic group. It is proved that if 
n>1 and »#3 (mod 4), there exists no map f of S* into R, such that the projection 
Uf into S* has odd degree. Thus for these values of # there do not exist n independent 
fields of tangent vectors on S*, and the tangent sphere-bundle is not simple. In fact 
any two vector fields are somewhere dependent. (Received March 13, 1941.) 


290. G. T. Whyburn: Almost periodicity. 


Let f(X) =X be a homeomorphism where X is a metric space. It is shown that f 
is pointwise periodic if and only if for any subset Y of X, f(Y) CY implies f(Y) Y 
and that, for compact sets X, f is pointwise almost periodic (see Ayres, Fundamenta 
Mathematicae, vol. 33, reprint) if and only if f(K) C K implies f(K)- K for every 
compact subset K of X. A lemma is then proven to the effect that if X is a continuum 
and X — H --K is any division of X into continua H and K such that H-K is a single 
point p and H - f(H) 0K - f(K), then pointwise almost periodicity of f at p implies 
f() =p. On the basis of this characterization and lemma, a considerably simplified 
development (using nowhere the notion of linear order) is given of the results of Ayres 
on pointwise almost periodic homeomorphisms—at the same time extending them to 
semi-locally-connected continua. (Received March 12, 1941.) 


291. G. T. Whyburn: Orbit decompositions. 


Let f(X) CX be continuous where X is metric. For any x€ X, the set Az of all 
y€ X such that f(x) =f*(y) for positive integers m and n will be called the orbit of x. 
A subset A of X is completely invariant provided f(4) — 4 and f-1(4)=A. The set 
4, then turns out to be the smallest completely invariant subset of X containing x. 
The decomposition of X into the (disjoint) sets [45] is called the orbit decomposition. 
It may be obtained also by means of the equivalence relation: xzy provided f*(x) 
zxf^(y) for some m, n0. Assuming X compact and the orbits closed, it is found that 
the orbit decomposition is upper semi-continuous provided f has equi-continuous 
powers, that is, for any x€X and e»0 a neighborhood U of x exists so that 
elf" (x), f*(»)] «e for all yE U and all 50. If f is pointwise periodic, the converse 
holds and further, in this case, the condition is equivalent to regular almost periodicity 
of f, that is, for any e» 0 an m exists so that plz, ~=] <e for all xE X and all m>0. 
Also, interiority of f implies pointwise periodicity, and the orbit decomposition is 
actually continuous. (Received March 12, 1941.) 


292. G. T. Whyburn: Regular almost periodicity. 


A homeomorphism f(X) =X is regularly almost periodic if for each e>0 an integer 
n exists such that p[x, f"^(x)] <e for all x X and all integers m>0. Regular almost 
periodicity is cyclicly extensible in semi-locally-connected continua X. If each cyclic 
element of such an X is locally euclidean, any pointwise periodic mapping on the non- 
end-points of X is regularly almost periodic on X. A simplified treatment of the results 
of Hall and Schweigert (Duke Mathematical Journal, vol. 4 (1938), p. 719; this Bulle- 
tin, vol. 46 (1940), p. 963) is given makipg no use of transfinite ordinals or induction. 
It is shown that any pointwise periodic mapping f(X) C X, X compact, is monotoni- 
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SOME RECENT DE TS IN THE THEORY: 
OF CONTINUED: FRACTIONS! 


H: S. WALL 


The principal réle of the continüed etna in analysis has:perhaps 

been that of an intermediary between more familiar and easily han- 
dled things, such as between the power series and the integral. This 
may partly explain the fact that there are certain questions about 
continued fractions which have remained relatively unexplored. To 
illustrate what I mean, if one’s principal atterition were focused upon 
power series, and continued fractions were used only incidentally, it 
is unlikely that one would imagine that the convergence region for the 
continued fraction is, as it now appears, more properly a parabolic 
. région than a circular region. 
* I wish to.speak today about some results which have been obtained 
during the last few years, by a group of men with whom.I have been 
.associated. Our investigations have been centered mainly upon the ` 
continued fraction itself. In certain instances it has been possible to 
apply our results to problems not directly connected with continued 
fractions. Thus, during the course of this lecture I shall have occasion 
to speak of, the problem of moments, of Hausdorff summability, and 
. of certain classes of analytic sanctions: 


1. Some definitions and formulas. Before discussing some of the 
f problems with which we have been concerned, I shall put down some 
necessary definitions and formulas. The continued fractions consid- 
ered are chiefly of the form 


L ar Pag d 

1+i+i1i+1 

in which ag, a5, G4, © > + are complex numbers. Apart from unessential 
initial irregularities, any continued fraction in which the partial de- 
nominators are different from zero can be. thrown into this form. 
The nth approximant of (1.1) is the ordinary fraction; A,/B,, ob- 
-tained by stopping with the nth partial quotient. The numerators and 
denominators may be computed by means of the recursion formulas 


Ay — 0, Bg = 1, A = 1, Bi, = 1, 
A, = Ant + GÀ na; B, = Ba + mee n= 2, ^ 4, E 


(1: 1) 


(1.2) 


- ."! An address delivered before the Detroit meeting of the Society, November 23, 
1940, by invitation of the Program Committee. 
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- An important consequence of the recursion formulas is the determi 
nant formula 


(1.3) AnBra—i mE Any1By — (— 1)771a305 D s. 


To assign a meaning to the'continued fraction, we suppose, first, 
that B, 740 from and after some n. If, then, the limit lim,.. (A,/ Ba) 
exists ànd is finite, the continued fraction is said to converge, and the 
` value of this limit-is the value of the continued fraction. The con- 
vergence problem is the problem of determining conditions upon 
03,03, G4, * © - Which are sufficient for the convergence of the continued 
fraction. For instance, one may determine a "convergence region? 
in which 24, 03, aa ->> may vary independently and the continued 
fraction remains convergent. Some idea of the nature of this problem 
may be had from the fact that it is possible to choose ds, G3, d4, * > 
in such a way that these numbers form an everywhere dense set in 
the complex plane, and the continued fraction is convergent.? Wor: 
pitzky* showed that (1.1) converges if lanl <1/4. This is the best 
circular convergence region with center at the origin, inasmuch as 
(1.1) diverges if an= —ł— c, c>0. Szász‘ found that if a is not a real 
number < —, then there exists a positive number r such that (1.1) 
converges if |a,—a| <r. We found recently that if R(a) » —1/4 
r may be taken equal to i] 14-2a | —2]a]). Again, if | aai] &1/4, 
| as. | 2 25/4, (1.1) is convergent.’ 

There is one important necessary condition for convergence due to 
von Koch,’ which applies whenever the partial numerators are differ- 
erit from zero. Write the continued fraction in the form 


1 1 1 1 

1 + b+ bs + ba + 
. where a4 =1/bn-1be, (2 =2, 3, 4, - - + , 51). Then, if the series >| b, | 
converges, the sequences of even and odd approximants have distinct 


(1.4) 


3 Walter Leighton and H. S. Wall, On the transformation and convergence of con- 
tinued fractions (to be referred to as T), American Journal of Mathematics, vol. 58 
(1936), pp. 267—281, p. 269. 

3 Worpitzky, Jahresbericht, Friedrichs-Gymnasium und Realschule, Berlin, 1865, 


"^ pp. 3-39. Independent proofs of this theorem were given later by Pringsheim and by 


Van Vleck. 
4 O. Perron, Die Lehre von den Kettenbriichen (to be referred to as “Perron”), 2d 
edition, Leipzig and Berlin, 1929, p. 282. 
_ * W. T. Scott and H. S. Wall, A convergence theorem for continued fractions (to be 
referred to as CT), Transactions of this Society, vol. 47 (1940), pp. 155-172, p. 171. 
* T, p. 278. 
7 Perron, pp. 235-236. 
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limits (one may be infinite), and the continued fraction diverges by 
oscillation. ^ 
This natural breaking up of the sequence of approximants into two 
sequences makes it often of importance to consider the continued frac- 
tion 
1 8303 ^ — 0485 


L+ta—itatoa—1ta+da—- 





(1.5) 


having As,/Ba, as its nth approximant; and the continued fraction 


(1 6) i G3 G3G4 : G56 
“Ltata—-1ta+ta—1+ata,— . 





^3 
having As«41/Bs«41 as its nth approximant.? We shall refer to these 
. as the even part and the odd part, respectively, of (1.1). 


2. Some ideas on convergence. A natural procedure to follow in 
attacking the convergence problem is to turn to the infinite series 


Ay Ag Ay As Ay 
cuu uc E 


which, by (1.3), may be written in the form 


G3 G303 690364 


(2.1) 1- — + —— ee 
B4B, B4B; BsB, 





The starting point in our investigation is the idea of forming a ma- 
jorant for the series (2.1) by requiring that the test-ratio 


(— 1) "ded3 °° dui (— 1)771a504 os An — Gai Bat 





"s Bhd Ba Boi 


remain numerically less than or equal to some number r,: 
(2.3) | pn| S rs n071,2,3,.... 


If this holds, then it is necessarily true that B,~0, (n1,2,3,- - - ). 
Hence the continued fraction converges if some a, vanishes, or, in 
any case, if the majorant series 1 4-9 rire - - ra converges. Moreover, 
the sum of this majorant series is an upper bound for the absolute 
value of the continued fraction. If the a,’s are variables, and the r,'s 
are independent of the a,’s when the latter lie in a certain domain, 


8 Perron, p. 201. 
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then the continued fraction converges uniformly over this domain if 
the majorant series converges. 
Now, in otder to translate the condition (2.2) into a condition i upon 
da, G3, 04, - - We have the. simple relation 
— anpil l + pr l : 
(2.3) pcc NEN. `~ n = 1,2,3,- , p0 =Q. 
1 + G4i(1 + Pa-D) 
“Using this, the desired translations may be made in a great many 
different ways. We have found? the following to be especially useful: 


(2.4) . rs | 1+ an + anpi) Z rural os | + | ona 

(n=1, 2, 3,---), where we agree to put f.:—f9—41—0. If, for 
example, we take r,=n/(n+2), so that the majorant series 
lrn - ++ r47:2, we find at once the theorem of Worpitsky men- 


tioned in §1, Pamely: (1.1) converges (uniformly) for anl <1/4, 
(n=2, 3, 4, -- - ). The upper bound 2 which we find in this case is 
Pn least upper bound inasmuch as the value of (1.1) is 2 when 
w= —1/4. 
aos by making an appropriate choice of the r,'s, one can derive 
the theorem that the continued fraction 


& (1— ggss (0-—8]np. — 
1+ 1 + 1 4 


in which 0 «gi <1, OSg,<1, (n=2, 3, 4, - - - ), converges uniformly 
for |. <1, (n=2, 3, 4, - - - ), and its absolute value in this domain 
does not exceed 


(2.5) 


1 


Jii 054 En 
1 
i > (1 — gi)(1 — gs) --- (1 — ga) 


This value is actually attained by the continued fraction if x, — —1. 
We thus improve in important respects the well known Pringsheim 
criteria. An immediate consequence is the theorem that 


(2.6) 1— 








i £1%1 (1— gi)gaxa (1 — gs)gaxs 

ie eee s n 1 + 1 T 

converges uniformly for | xs <1, (n=1, 2, 3, -- - ), if the series in 

' (2.6) converges; and for [xi Eh«1, |æ] <1, pots 2, 3, 4,°--), if 

this same series diverges or converges. Part of this fheoreni was 
? CT, p. 155 ff. 





(2.7) 
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proved by E. B. Van Vleck,!? who seems to have been the first to 
recognize the, importance of continued fractions of this form. 

The relationship of the inequalities (2.4) to continued fractions of 
the form (2.7) is indicated by the following theorem. 


THEOREM 2.1. If the inequalities (2.4) hold with actual inequality for 
n —1, 2, and if a,~0, (n=2, 3, 4, - - - ), then the even and odd parts of 
(1.1) can, except for initial irregularities, be written in the form (2.7). 
In fact, the even part can be put into the form 


(2.8) 1 {£ giti- (1—g8)569 (1 — ga)gars e] 
(^o tHalt+ od: +4 1 + 1 4 


where |x| <1, |xa| S1, (n—2,3,4, -< -),0<g «1, (21,2,3, ); 
and the odd part can be put into the form 











(2 9) 1— G3 { 1 hiyi (1— hi) sys (1— hs) aya o. \ 
i Sicaekas V 1d 1 4o 1 + 1 + , 


where | yı] <1, |ya| $1, (n=2, 3,4, ---),0<h,<1, (n=1, 2,3, ---). 
Put 
fasi] 1 + Ganga + Ana | = | atna | 

y fasi] 1+ Ganga + Cans | 

Tans | 1 + aonya + tanya] B | arns | ; 


Tanta | 1+ aana + Gants | 


* 


hy, = 


It follows from the inequalities (2.4) that 














> n as | h> n| a. | 
=)... >? px he een ob 
METETA | 1+ as + a] 
G2nG2n. 1 
(1 fe. En—1)En 2 ae i 
: (1 + Ganr + aan) (1 + Ganga + Ganga) 
Gon+143n42 
ee a d eee] 
^. x (1 + Gin + 02541) (1 + G*n--* + Gants) 
If then we put 
— G34 — ht 





= hy» = giti, 


(1+ aa + as)(1+ a+ a) (1 + a3)(1 + as + a4) 


u E, B, Van Vleck, Transactions of this Society, vol. 2 (1901), pp. 476-483. 
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— Ga1nj101n542 

(1 + Gan + 02441) (1 + danza + Gants) 
— Ga502241. 

(1 + Gana + Gan)(1 + Ganyi + Ganta) 


we see on referring to (1.5), (1.6) that the theorem is true. 

Now, both the continued fractions (2.8), (2.9) are convergent. 
Hence, to prove (1.1) convergent it is required to show that the val- 
ues of (2.8) and (2.9) are equal. For that purpose we find that?! 


Ay, d d 
B, Bua | OnOn+1 | 


= (1 = ha) hys 





E (1 — £n—1) Enin, 











where 


= 2 2 : 
ifs: + fasi] Quas] 2 «(t + Lr VE faiafagi | ial), 
k=l 


^ atl 
Tofac Tanya | Qssss | 2 «(i + Irn- e rixae mal), 
kol 


&, €; being positive constants, bi=1, dn —1/b4 3b, (cf. (1.4)). It is now ` 
easy:to see that (1.1) converges, under certain conditions, even if the 
majorant series 1-2 /rirs - « + fa diverges. It suffices, for example, to 
have simply lim inf (rir: - - - r4) =0 provided actual inequality holds 
for n=1, 2 in (2.4). Other interesting cases are cited in the following 
theorem. 


THEOREM 2.2. If (2.4) holds with actual inequality for n=1, 2, then 
(1.1) converges if any one of the following conditions holds: 

(a) |an] <M, n=2, 3, 4,- - , (M a positive constant); 

(b) lim inf [a,| =0; 

(c) lim inf (rra - - - fa) « «o, Ya/lae.D diverges; 

(d) rra: + fona<M, rsrao ++ r4 « M (M a positive constant), 
» |». | diverges; or ` 

(e) lim inf (rira - - - r4) < ©, fifa ` c c foan ond fats ` - Tan bounded 
away from zero, 5] bal diverges. 


3. The parabola theorem. As noted in §1, the domain Jan] <1/4 
is the best possible circular convergence region with center at the 
origin. Perhaps the most interesting result of our investigations of the 
convergence problem is the theorem which follows.!? 


u CT, p. 164. 
" CT, p. 166. 
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THEOREM 3.1. A set of points W which is symmetrical with respect 
to the real axis is a convergence region? for the continued fraction (1.1) 
if and only if W is bounded, and is contained in or upon the parabola 


(3.1) |z| — R(z) = &. 


The necessity of the conditions follows from the fact that if z lies 
outside the parabola (3.1), then 


1 Z Z Z z 
qapd dd eld 


diverges; and from the fact that a convergence region must be 
bounded, for otherwise az, a5, Ga * - - could be chosen in the re- 
gion in such a way that the series Dlo] of (1.4) would be conver- 
gent. The sufficiency follows immediately from Theorem 2.2 (a), since 
it is easy to verify that the inequalities (2.4) hold with r,—1, and 
with actual inequality for »=1, 2, when the a,'s lie in or upon the 
parabola (3.1). 

From Theorem 2.2 (d) we have further that if the a,’s lie in or upon 
the parabola (3.1), then (1. 1) converges if (and only if) the series 
> |b. diverges. 

No less important and interesting than the convergence region 
problem is the companion value region problem:!5 if U is a conver- 
gence region, to determine a value region V in which the value of (1.1) 
must lie when às, às, @4,--~- lie in U. If it is known that 

(a) u in U implies that 1/(1 +u) is in V; 

(b) uin U, v in V implies that 1/(1--uv) is in V, 
then it is plain that the approximants An/Bn, (n—2, 3, 4, - - ), all 
lie in V whenever as, a3, 04, +- - lie in U. By employing this inter- 
pretation of the continued fraction as a succession of linear trans- 
formations we have succeeded in determining the exact region V in 


(3.2) 


which the approximants of (1.1) must lie when a5, 83, @a, - - lie in 
the parabola (3.1). We find that V is the region 
(3.3) |s—1|S1, l 2 0. 


Every value z satisfying (3.3) is assumed by some continued fraction 
of the form (1.1) having its partial numerators in the parabola (3.1); 
and no value g outside this region is so assumed. 


B I.e. the continued fraction converges when G2, Gs, 04, * - * have arbitrary values 
in W. 

14 Not necessarily a bounded portion of the parabola. 

15 W. T. Scott and H. S. Wall, Value regions for continued fractions (to be referred 
to as VR), to be published in this Bulletin. 
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We have also investigated the value region problem corresponding 
to a circular convergence region with center at an arbitrary point a 
not real and S—1/4. 

It is interesting to consider the following "restricted" value region 
problem. Suppose that a4 45,: -:, a4 are fixed in U. To deter- 
mine a value region V in which the-approximants must lie when 
Qnty, Qa43 Gaps © © © Vary independently in U. We have considered 
this problem for the case that U is the region bounded by the parab- 
ola (3.1). To illustrate the sort of result obtained, let a4—$, a3=3, 
04$, so that the continued fraction starts out like the simple con- 
tinued fraction for log 2. Then if (1.1) converges, and as, ae @7, °°: 
lie in the parabola (3.1), the value of the continued fraction must lie 
in a circle with center!* s=.69375 (log 2.69315 -- - ) and radius 
.00625. 

It is interesting to apply these considerations to special continued 
fractions. For instance, one may show in this way that the hyper- 
geometric function F(a, 1, y, x), (a, y, real, O0<a<vy), satisfies the 


RT inequality!" 


2 
ka do d aes dE. |x| <1. 
i y? at a? y? oa, a? 
ied fs t . 
*' 4. The moment problem for the interval (0, 1). We shall return 
now to the continued fraction (2.7), in which we shall put x, —x. We 


shall also multiply by a positive constant factor co. We then have: 





co Bx. (1—g)9gpx. (1 — gg 


(4.1) = wine 
1+ 1+ 1 + 1 + 


16 Formulas for the center and radius in terms of az, as, a4 are given in VR. 

11 H. S. Wall, A dass of functions bounded in the unit circle, Duke Mathematical 
Journal, vol. 7 (1940), pp. 146-153. 

18 By the "moment problem" is ordinarily understood the problem of determining 
a monotone nondecreasing function $(u) satisfying the equations €, 7 fundó (u), 
(n=0,1,2,---), when {en} isa given sequence. This problem was solved by Stieltjes 
for the case a=0, b= + œ in 1894 (Oeuvres, vol. 2, pp. 402-566). In 1903 E. B. Van 
Vleck (On an extension of the 1894 memoir of Siielijes, Transactions of this Society, 
vol. 4 (1903), pp. 297—332) investigated the problem for the case a= — e, b= + œ, 
He did not obtain a complete solution. H. Hamburger (Mathematische Annalen, 
vol. 81 (1920), pp. 235-319, and vol. 82 (1921), pp. 120-164, 168-187) obtained a 
complete solution in the general case. At about the same time, E. Hellinger (Mathe- 
matische Annalen, vol. 86 (1922), pp. 18-29) gave a complete solution in a twelve- 
page article, by resolving the problem into a question of solving a system of infinitely 
many linear equations. Another solution was given by T. Carleman, Sur les équations 
intégrales singulières à noyau syméirique, Uppsala, 1923, pp. 189—220. 
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with co>0, 0 «g, «1, (n=1, 2,3,---). Thisisa Stielijes type con- 
tinued fraction inasmuch as the constant factors in the partial nu- 
merators are all positive. Since this continued fraction converges 
uniformly for | x| Sc for every positive c « 1, it follows that the cor- 
responding Stieltjes integral has the form 


(i delu) 

0 1 + xu 
in which $(u) is bounded and monotone nondecreasing and has infi- 
nitely many points of increase, 0Sw X 1. Hence, if P(x) => c,( —x)^ 


is the corresponding Stieltjes series, it follows that the sequence {cn} 
is a totally monotone sequence, i.e., 


(4.2) 


1 
ACn -f (1 — 1) "u"db(u) = 0, m,n —0,1,2,--- 
0 


Conversely, let fen} be a totally monotone sequence. Then, as 
Hausdorff showed, there exists a function $(u) such that 


1 
ec f an, n=0,1,2,---, 
0 


where $(u) is bounded and monotone nondecreasing. If #(u) has in- 
finitely many points of increase (“there is an infinite distribution of 
mass"), the series P(x) =) c,(—x)* has a corresponding Stieltjes con- 
tinued fraction of the form 


Co — daX Og 
1+ 14 1+ 
in which a, Gs, G4, ^: - are real and positive. Then one may show!? 
that (4.3) must be of the form (4.1). Thus, in order for the real se- 
quence {cn} to be totally monotone and correspond to an infinite 
distribution of mass it is necessary and sufficient that the correspond- 
ing Stieltjes continued fraction be of the form (4.1). 

As for totally monotone sequences corresponding to a finite dis- 
tribution of mass, they are completely characterized by having a cor- 
responding continued fraction of the form (4.1) which terminates. In 
this case the last g, may be 0 or 1. : 

The Stieltjes moment problem for the interval (0, 1), for which we 
have completely characterized the corresponding continued fraction, 


(4.3) 


3 


: 13 H. S. Wall, Continued fractions and totally monotone sequences (to be referred to 
as TM), Transactions of this Society, Vol. 48 (1940), pp. 165-184. i 
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is of particular importance on account of its relation to Hausdorff 
methods of summation. I shall discuss some of our work on this theory 
in a later section. 


5. A class of real functions bounded in the unit circle. Let f(x) de- 
note the moment generating function represented by (4.1). Then f(x) 
has an integral representation of the form (4.2), and a power series 
expansion f(x) =) ,c.( —x)" in which the sequence of coefficients, {cn} í 
is totally monotone. We shall include in our discussion the case where 
(4.1) terminates, in which event the last g, may be 0 or 1. 

Let M(f)=l.u.b.j21<1 |f(x)|. Then M(f) <1 if and only if the con. 
tinued fraction can be put into the form?? 


&  (ü—z)px  (1—g32g8* a 
1+ 1 + 1 + 


where 0Xg, 51, (n=1, 2,3,---), and we agree that in case equality 
holds here for some n, then the continued fraction shall terminate 
with the first identically vanishing partial quotient. Again, M(f) S1 
if and only if $26, €1; or, if and only if 


2o (1 = dou) 
fe) = f —É ; 


where $(u) is monotone and 0€ ¢(1) —9(0) x 1. 

With each function e(x), analytic for | x| «1, and with M(e) €1, 
Schur?! associated a sequence of numbers (*.] in the following way. 
Put e(x) &eo(x), 


(5.1) 





1 Yr — ex(x) 


(5.2)  éngi(x) = — - ^ m= (0), n=0,1,2,-. 
-x i- YnEnl 2) . 

He showed that either (a) Jya] <1, n=0, 1, 2,---; or else (b) 

|Ya| <1, n=0, 1,2,---, N—1, |yx| =1, Yn=0, n>N. Conversely, 


if. \ Yaj is any sequence satisfying (a) or (b) then there is uniquely 
determined a function e(x), analytic for | «| «1 and with M(e) $1, 
such that (5.2) holds. 

We shall confine our attention to the class E of real functions e(x), 
analytic for |x| <1 and with M(e) <1 In this case the sequence {yn} 
associated with e(x) in accordance with the result of Schur satisfies 

V TM, p. 179: Naturally the g,’s are not the same in (5.1), (5.2). 

n I. Schur, Ueber Potensrethen, die im Innern des Einheitskreises beschränkt Sind, 
Journal fir die reine und angewandte Mathematik, vol. 147 (1916), pp. 205-232, - 
and vol. 148 (1917), pp. 122-145. = 
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the condition (a) —1 «y, < 4-1, 1—0, 1, 2, - - - ;orelse the condition 
(b) —1<ya<+1,=0, 1,2,---,N—-1, |yw| 21, y. —0, n>N. The 
subclass consisting of all moment generating functions of E will be de- 
noted by F. If e(x) is in F, then all the functions ei(x), es(x), e3(x), - - - 
given by (5.2) are also in F. 

We shall now prove the theorem which follows. 


THEOREM 5.1. There s a one-to-one correspondence between the func- 
tions of E and of F such that if e(x) of E corresponds to f(z) of F, then 
for |x| «1 we have 
(1— x) 1— e(x) 

2 1+ xe(x) 

This may be formulated in terms of monotone functions: to every 
function e(x) of E there corresponds a monotone function $(u) such 
that 0€ $(1) —¢(0) S1 and 

1— x 1-— elx) f (1 — u)do(1s) 
(5.4) x 1+ xe(x) "kd 1+ zu 
z = 4x/(1 — zx), | x| « 1. 


(5.3) 





— f(z), z = Ax/(1— x)*. 


Conversely, if ¢(u) is any monotone function such that 0 € &(1) —¢(0) 
S1, then there exists a function e(x) of E such that (5.4) holds. 


Let eo(x) =e(x), ex), e(x), - -> be determined by (5.2), and put 
1 — enla) : 
@a SS; =0,1,2,---. 
bal) 1+ xe,(x) í 


Then from (5.2) we have the relation 
1— Yn 
H 
1—x- + Yn) tparla) 


and consequently there is the formal continued fraction expansion 


n=0,1,2,--°, 





pax) = 


1—e(x) nm (1— ggs (1—8) — 
1 + xe(x) 1- 1 + 1 + 


where s =4x/(1—x)?, g.=4(1—-Yn-), (n—1, 2, 8, ^ - - ). If some Y, is 
+1 or —1, this continued fraction terminates and (5.5) is then an 
identity. If, on the other hand, — 1 <Yn—ı < +1, then 0«g, «1, and 
the continued fraction converges uniformly for |s| €1, or for x in a 
sufficiently small neighborhood of the origin. One may easily show 
that the power series expansion'in ascending powers of x of the func- 





(5.5 &(1- x) 
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tion on the left agrees term-by-term with the power series expansion 
in ascending powers of x of the sth approximant of the continued 
fraction, for more and more terms as ” is increased. From these facts 
one may conclude?! that (5.5) is a true equality for x in a sufficiently 
small neighborhood of the origin. Now,” the function z—-4x/(1—x)? 
maps the interior of the circle |x| =1 in a one-to-one manner upon 
` the z-plane exterior to the cut along the real axis from —1 to — œ. 
The continued fraction represents an analytic function of z in this 
cut plane, and.therefore represents an analytic function of x for 
|x| <1. Thus (5.5) is a true equality for |x| «1. 

As previously pointed out, this continued fraction represents a 
function f(s) of the class F. 

Conversely, starting with the function f(s) of F, so that the num- 


bers g, may be found, we then determine the sequence {yn} and hence . 
the function e(x) of E, by putting ya1=1—2g,, (n=1, 2, Sp N44 
If 0 €«g, «1, then —1<y,<-+41, and the g,’s and y,’s are. uniquely. et 


wo. 


determined. In case the continued fraction for f(z) terminates, we ` 


may always assume that the last g, is either 0 or 1, and take subse- 
quent g,’s all equal to 4. In this case we determine e(x) as before by 
taking y4.1—1 —2g4. The function e(x) clearly satisfies (5.5), and the 
theorem is proved. 
Denote by g(x) the function in the left member of (5.5). Then we 
find that 
dup. 1 + e(z) 


1+ ‘1+ sq) CHE) 1 — xe(x) 


Now if we replace e(x) by —e(x) in (5.5), it is clear that the effect 
upon the continued fraction on the right is to replace Yaa by —7Ya-1, 
which is the same as replacing g, by 1—g,. Hence we have the theo- 
rem^ that if 


& (1— g)gx — (1— ga) eax m 
1+ 1 F 1 + , 


then the continued fraction for [1—p(x)]/[1+xp(x)] is obtained 


f(x) = 


™ Cf. the argument in Perron, p. 343. 

9 Cf. E. Landau, Darstellung und Begründung einiger neuerer Ergebnisse der Funk- 
Honentheorie, Berlin, 1929, p. 112. 

* This theorem also follows from Theorem 2.1, p. 166, of TM. This was used in 
the paper referred to in Footnotes 14, 24 and also in the paper by H. S. Wall: A con- 
tinued fraction related to some partition formulas of Euler, American Mathematical 
Monthly, vol. 48 (1941), pp. 102-108. 
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from that for p(x) by replacing g, by 1—g,, (n1, ^, 3, ---). It 
follows that if p(x) is in the class F, so is [1—p,  |/[1--xp(x)]. 
Therefore we have, in consequence of Theorem 5.1, the following 
theorem: i 


THEOREM 5.2. To each function p(x) of the class F there corresponds 
uniquely a function f(z) of F such that 


(5.6) (1 — x) p(x) = 2f(8), z = 42/(1—x)%, | «| < 1. 
From Theorem 5.1 we obtain the following result: 


. THEOREM 5.3. Let e(x) be a function of E such that -1<y,<-+1, 
(n=0, 1, 2, -- - ). Let the series 


l 2 Sait am iets (ae 
S14 (1 = Y) — y) (L2) 
a, oo se) (LEYA HY) (E Y) 
“besconvergent. Then M(e) ^1. 
It is interesting to compare this with the result of Schur which 
states that if the series Elya] converges, then M(e) <1. 
To prove the theorem, let us recall that the series S is the series 
appearing in (2.6) with ga —3(1—'y4 1). Hence, when this series con- 
verges we conclude by Theorem 5.1 that 


1—x 1-— e(x) 
2 1+ xe(x) 


if |4x/ (1 —x)?| «1. Let x be real, and let x— —1, | x| «1. Then 
| 4x/(1—x)?| <1 and 4x/(1 —)? — 1, so that q(x) 1 — (1/5). It fol- 
lows that e(x)—1, so that M(e) 21. . 

Inasmuch as M[e(x)]|  M[—e(x)] 2 M[e(—3)] 2 M[—e(—2)], it 
follows that the convergence of one of the series obtained from S by 
replacing Ya by — Yn, 'Ysaa41 by — Yanti OF Yan by — "Yos; (8 —0,1,2, 5 7 -), 
is sufficient in order that M(e) — 1. 

By a result of Stieltjes, the function f(z) represented by the con- 
tinued fraction on the right of (5.5) is a meromorphic function of z 
if and only if lim, (1—24)g5241—0, that is: 

lim (1 + Ya—1)(1 — Y») = 0. 


Ao 


| g(x) | = 





=(1-—1/S) «1 


In this case we may write 


— x)[1 — e(x z M. 
(= pt] u$ 


We 2[ + zela] ^ aa (x — rn) — Fa) 
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where M,>0, (n=1, 2, 3,--- j, EM, converges, and f,—1—24u, 
2i [u. (1 — un) ]V*, 1 >u>m>--- >0, lim &,—0. Thus the singu- 
larities of g(x) consist of simple poles r4, 7, lying upon the circle 
| x| =1, together with the point x =1 which is the unique limit point 
of these poles. The function g(x) satisfies the relation q(1/x) —q(x). 
The following theorem is now evident. 


THEOREM 5.4. If e(x) is a function of E such that —1«wvy«,« +1, 
lima (1-- ys) (1 —y4) =0, then e(x) has an essential singularity at 
x —1, and no other singularities in the extended plane except poles. The 
function 
1— x 1— elx) 

2 1+ xe(x) 
has as its singularities an infinite sequence of simple poles lying on the 
circle |æ] =1 with the single limit point x=1, and no others; and 
q(1/x) =q(x). 


As an example, if 





q(x) = 














2all? 21s 
— ta 
1 itz 1—*x 
Hey St uu tee 
tanh 
I+“ 1—x 
then g(x)23-71/14-3757!2/1--571772/1-- +--+, 8—4x/(1—x)!, as 


one may verify by means of the continued fraction of Lambert for 
tanh z. This function e(x) satisfies the conditions of Theorem 5.4. 
. When z= —1 in the continued fraction for q(x), we find that its value 
is 1 — (tan 1)! «1, and consequently the series S of Theorem 5.3 con- 
verges. From that theorem it then follows that M(e) —1. This can 
be verified directly by letting x approach — 1 in the above expression 
for e(x). ; ] 
Theorem 5.1 admits of the following interpretation. In (5.3) put 
[1 —e(x) |/[1+-xe(x) ] 9v — x Fx? — +++, and f(s) = Co — Cg + Cys? 
— :** , Considered as an identity in x, (5.3) yields the equations®. 


(5.7) Cn = 2? HC QC, — 27 oy 1104 a3 $+ + (— 1) *21C, Co, 


which constitute a linear transformation of the sequence {Ca} into 


3 W. T. Scott and H. S. Wall, Linear manifolds of Hausdorff means (to be referred 
to as LM). To appear in the Transactions of this Society as Part I of a paper: The 
transformation of series and sequences. 2 
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the sequence {c,}. The inverse transformation is found to be 


1 3 
a (n Deen Cm + (n4 yzi Cann Tee 
2n 4-1 


(2n + 1)21"& 


(5.8) 


Cas 065. 


'The transformation (5.8) has the property that it carries any se- 

quence {cn} generated by a function [1 —e(x)]/[1-+-xe(x) ] where e(x) 

is in E, into a totally monotone sequence {C,} with sum $,C, x1; 

and (5.7) has the property that it carries any totally monotone se- 

quence {C,} with sum <1 into a sequence {ca} which is generated 

by a function of the form [1—e(x)]/[t--xe(x)] where e(x) is in E. 
This leads us to the topic to be discussed in the next section. 


6. Hausdorff means. The familiar (C, 1) transform of a sequence 
fsa}, namely: tn=(sotsit --- +5m)/(m+1), may be written in the 
form 


m 1 
i.c. ener | (1 — w)"-^u^s.du. 
n=O 0 


One may generalize this by replacing du by do(u) where ¢(u) is any 
function of bounded variation on the interval 0€ 4 S1, which is con- 
tinuous at 4 —0, and which satisfies the conditions $(0) 20, $(1) 21. 
The resulting transform of the sequence {s,} is the Hausdorff mean.” 
This defines a regular method of summation, i.e., s,—5 implies tz—s, 
which is denoted by the symbol [H, $(u) ]. l 

If we put c, 7 f u"dó(u), (n=0, 1,2, --- ), the Hausdorff mean can 
be written in the form : 


in = 25 uA nes ds 
n=0 


The function ġ(u), subject to the conditions imposed above, is called 
a regular mass function; and the sequence {cn} is called a regular 
moment sequence. Included among the Hausdorff means are the 
Hólder means (H, o), the Cesàro means (C, o), and many others. 
Let [H, ¢.(u) | and [H, (u) ] be two Hausdorff methods of summa- 
tion, and let fan} and {d,} be the corresponding regular moment se- 


? F, Hausdorff, Summationsmethoden und Momentfolgen, I and I1, Mathematische 
Zeitschrift, vol. 9 (1921), pp. 74-109, 280-299. For an elementary account, see H. L. 
Garabedian, Hausdorff matrices, American Mathematical Monthly, vol. 46 (1939), 
pp. 390-410. s 
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quences. Then? [H, ¢.(u) ]> [H, ¢s(u) ], when b, 0, (n=0,1,2, - - 3 
if and only if there exists a regular moment sequence {c,} such that 


(6:1) Gn = DnCn, n=0,1,2,---. 


This is the basic theorem of the Hausdorff theory. When (6.1) holds ` 
it is convenient to say that {a,} is divisible by {ba}. The condition 
that {an} be divisible by {ba} may be formulated in a number of 
different ways.** One of the most natural ways is in terms of the 
moment generating functions 


fale) = Dan(— x)", fole) = Ebal x). 


The regular moment sequence {an} is divisible by the regular moment 
sequence {b,} if and only if there exists a regular mass function ¢,(#) 
such that | 


fala) = f falua)date) 


for all x not real and S —1. By means of the Stieltjes inversion for- 
mula one may show that this holds if and only if 


solu) = 69) + f évtu/mdos) 


for all except at most a countable set of values of u. 

If $(u) is monotone nondecreasing, then fen} is a totally monotone 
sequence, and hence the moment generating function f.(x) has a cor- 
responding continued fraction of the form (4.1). It is easy to obtain 
conditions on (4.1) which are necessary and sufficient for fen} to be a 
regular moment sequence.?? An interesting example is afforded by 
the continued fraction of Gauss for the hypergeometric function 
F(a, 1, y, x), a, y real, 0 Ca «y. We have investigated in some detail 
the “hypergeometric summability? defined in this way. 

It is interesting that in some cases one may operate directly with 
the continued fraction (4.1) to prove inclusion relationships between 
Hausdorff methods. 





27 This means that every sequence summable [H, s(t) ] is summable [H, (u) ] 
and is read “[H, ¢a(u) ] includes [H, $s(u) ]." 

** H. L. Garabedian, Einar Hille, and H. S. Wall, Formulations of the Hausdorff in- 
cluston problem, Duke Mathematical Journal, vol. 8 (1941), pp. 193-213. 

?? H, L. Garabedian and H. S. Wall, Hausdorff methods of summation and con- 
tinued fractions, Transactions of this Society, vol. 48 (1940), pp. 185-207, p. 188. 

? H. L. Garabedian and H. S. Wall, Continued fractions and Hausdorff methods of 
summation, Northwestern University Studies? in press. ` 


s 
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Beginning with the interpretation of Theorem 5.1 given at the end 
of 85, we have developed a theory of linear manifolds of Hausdorff 
means.*' Returning to (5.8), let us put 








1 1 3 2n-+1 
alu) = —— Cua — Cn parte es H nb 
Ba(u) I s n+ re maps I E \ 


Then if ca= f u”de(u), we may write the transformation (5.8) as 
1 

(6.2) C= f moa. =op, 
0 


From the discussion in §5 it follows that if {c,} is totally monotone 
and?! }ic,<1, the sequence {Cn} is of like character. This is, how- 
ever, only part of the story. We find that if $(u) is any function of 
bounded variation on the interval 0SuS1, such that (1) —4(0) =1, 
then the sequence { Ca} is a regular moment sequence. 

Let M(B«(u)) = M(8) denote the set of all moment sequences { Ca} 
obtained from (6.2) by letting @(u) run through the class of all func- 
tions of bounded variation on the interval 0<u<1. It is observed 
that if (C/] and (C/'] are any two sequences in M(8) then the 
sequences Ici TC h, and {KC h (K a constant), are in M(B). 
Thus M(B) is a linear manifold of moment sequences. 

Any suitably chosen sequence of functions { Ba(u) } determines in 
this same way a linear manifold of moment sequences. We have called 
(8.G2)] the basis of the manifold. In laying down the outline for a 
general theory of these manifolds, we have obtained conditions on a 
sequence of functions (8,(u)] in order that it form the basis of 
a manifold; have obtained conditions under which the sequences 
of the manifold are all essentially regular; and conditions under which 
the Hausdorff methods defined by the sequences of a manifold all in- 
clude a given Hausdorff method. 

As an example, let 8.(u) =(u+1)/(u-+-n+1). For every fixed u in 
the interval 0 Su € 1, the sequence (8. (wu) ] is totally monotone. From 
this one may conclude that {8,()} is a basis for a manifold M(f). 
Further, it can be shown that every sequence { Ca} in M(B) for which 
Co 740 is essentially regular; and that every Hausdorff method of sum- 
mation defined by the sequences of M(8) includes (C, 1) but not all 
of them include (C, 1+4), £0. 


7. Continued fraction expansions for arbitrary power series. The 


1LM. , 
* [f f(x) is in F and f(x) =} ca(—x)*, then M(f) =) cn. Cf. TM, p. 181. 
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continued fraction expansions for power series which we have used up 
to this point all have partial quotients of the form a,x/1. This is true 
only when the power series is of a spécial kind. Any power series 
P(x) =1+ex+en?+--- hasa corresponding continued fraction in 
which the partial quotients are of the form a,%°*/1, o, a positive in- 
teger." The continued fraction has many of the properties of semi- 
normal continued fractions. For example, it terminates if and only if 
P(x) represents a rational function of x ; and if the continued fraction 
converges uniformly in the vicinity of the origin, the power series also 
converges in the neighborhood of the origin. and the power series is 
equal to its continued fraction. "ES 

We have investigated these "corresponding type" continued frac- 
tions with a view toward obtaining formulas for the a,'s and a@,’s in 
terms of the power series. EA 

We found first of all that there isa fairly practical step-by-step proc- 
ess for expanding P(x) into a continued fraction. This is based upon 
the observation that if we have carried Out the expansion to the point 
where we have p 


01x? -> gx? 2e On 
: 4 E 


jp hd Te 1 








and we denote this fraction by A,(x)/B,(x), then the formal power 
series for 





; A, (x) 
(7.1) — P(x) 
B,(x) 
must begin with the term (—1)"*aja, . . . GS 3x2 rto + tangi, Hence, 
knowing a1, às, -- ., Gn, 01, 09, * - * , &, we may determine G441 and 


x41 88 soon as we know the term of lowest degree in the power series 
for (7.1). This process requires expansions in powers of x for only a 
finite number of terms at each stage. 

We have found formulas for the elements of the continued fraction 
in terms of the power series in the case of a large class of continued 


fractions which we have termed absolutely regular, namely those for 
which œ —1 and 





* Walter Leighton and W. T. Scott, A general continued fraction expansion, Bulle- 
tin of this Society, vol. 45 (1939), pp. 596-605. 

“ W. T. Scott and H. S. Wall, Continued fraction expansions for arbitrary power 
series, Annals of Mathematics, (2), vol. 41 (1940), pp. 328-349. 
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aid o ooo tam Eidos tama, 
as + os + coo + amp Z art ast cc ass, 


In case the a4's are real and positive, these conditions are equivalent 
to the condition that all the approximants of the continued fraction 
be Padé approximants for the corresponding power series. The class 
of absolutely regular continued fractions contains the class of semi- 
normal continued fractions, and the formulas found are natural ex- 
tensions of the well known formulas for the semi-normal case. 

A remarkable situation arises when each exponent in the power se- 
ries P(x) is at least twice the preceding. In this case the a,'s in the 
continued fraction depend only upon the coefficients in the power se- 
ries, while the o4's in the continued fraction depend only upon the 
exponents in the power series. For this reason, certain operations upon 
the power series and continued fraction, such as differentiation, inte- 
gration, forming reciprocals; and a sort of Hadamard composition, 
may be readily performed. 

There is considerable evidence to support the conjecture that corre- 
sponding type continued fractions represent functions having circles 
as natural boundaries, provided the exponents a, increase sufficiently 
rapidly. We have found that this is the case when the a4's are suitably 
restricted and the a,’s form a geometric progression. 


w=1,2,3,---. 
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ON BIORTHOGONAL MATRICES! 
Y. K. WONG 


Introduction. Consider the basis consisting of a number system % 
of type D, two general ranges $1, $, and two positive hermitian 
matrices ét, e*. We introduce two binary relations for pairs of non- 
modular matrices. The matrices x!?, $?! are said to be contraceding 
as to e!d, e! in case x!2, $?! are by columns of M(e!), M(e*) respec- 
tively and such that J?«k!243 = J*p*12u? for every uin the set M(N e?) 
It is evident that when x!* is of type M(e')M(e*), then the contra- 
cedence property implies that J'kó231— d but not conversely. The 
main results are stated in Theorems 2 and 3. We next consider el, e 
both idempotent as to e. Suppose that x! is by columns of Me) and 
$°! is by rows-conjugate of Mt(et). Take any pair of vectors w, y! 
modular as to €, ej respectively such that J!y*!y1, J!ó?ly! are in 

- Qt (et). If J'atv! is equal to the inner product J?(J'gixt, J1911y?), then 
x2, $" are said to be biorthogonal as to e'ejde?. When d =e, then 
x14, 67! are said to be biorthogonal as to e!ele? in case they are bior- 
thogonal as to e'ejeje*, With proper restrictions imposed upon x!, $?!, 
we obtain the contracedence property. In a later paper, we shall es- 
tablish the relations of biorthogonality and a certain mode of inter- 
change of integration processes. 


1. Preliminary results. Consider the basis Y, $1 Q2 €! and K”? 
which is by columns of M(e!). E. H. Moore's generalized Fourier proc- 
esses give em J'x*" KU and &=J*x}2x*21, The spaces M(t) and 
M(e) are in one-to-one correspondence (denoted by <) via the 
transformations J'x*?! and J**k!3, and the correspondences are or- 
thogonal in the sense that the moduli of the corresponding vectors 
are preserved. 

(A)? Suppose that M: (d)>Mı (£) and 80(4) e 30(&) via the trans- 
formations J!k*?!, J*x!2, Then $[;(el) is a subset of Mte(et) if and only 
if 39: (&) is a subset of 0t; (2) ; (e) is linearly J'-closed if and only 
if 9)t(&) is linearly J**closed; and M(t) is everywhere dense in 
3s (e) if and only if M, (ê) is éverywhere dense in Mê). 


! Presented to the Society, June 20, 1940. 

* For a concise outline of Moore's generalized Fourier theory and its related topics, 
see Moore, General Analysis, I, pp. 19-26. For an important classical instance, see 
E. Schmidt, Über die Aufl üsung linearer Gleichungen mit unendlichvielen Unbekannien, 
Rendiconti del Circolo Matematico di Palermo, vol. 25 (1908), pp. 56-77. 

* For the demonstrations of the following results, see the author's forthcoming 
paper On non-modular matrices. s 
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Let €? be a positive hermitian matrix. (B) The class of all vectors u! 
modular as to e! such that J!x*!!u! is in M(e?) will be denoted by 
g9t(e!x*e?). The intersection of Mt(e?) and $*(d) will be denoted by 
MENA). (C) The set M(N Å) is identical with the class of vectors 
Jix*!ly! for all ut in M(ex*e?). Moreover, (D) the sets gt(dx*e?) and 
M(eNÊ) are in one-to-one (orthogonal) correspondence via the 
transformations J'«*?! and J?*x!?. (E) The set M(etx*e?) is the linear 
extension of the sum of M(ex*e?) and the orthogonal complement 
within Me!) of SR(e). (F) The class M(etx*e?) is everywhere dense 
in Me) if and only if 9IR(e* Ve) is everywhere dense in M(é). 


2. Contraceding pairs of matrices. The basis of the paper consists 
of a number system 9 of type D, two general ranges $1, $?, and two 
positive hermitian matrices e, €. 


LEMMA 1. Suppose that k!* is by columns of M(e'). Let Mole!) be a 
subset of M(et); then Dt(ex*e*) is contained in (contains) Mole!) only 
if N(EN Ë) is contained in (contains) the class of vectors J!k**!y! for all 
u! in Melet). The converses are valid provided that Male’) CMe). 


Proor. The lemma follows from (D) and (A) in $1. 

If à?! is by columns of M(e?), we introduce the notations due to 
E. H. Moore: 

Pa = Ju E zs fase. 

LEMMA 2. Suppose that x'?, $?! are by columns of St (e), M(e?) re- 
spectively. Then SW (elx*e?) is contained in (contains) SR (Y) if and 
only if M(N e’) is contained in (contains) the class of vectors J'x*?\y" 
for all p! in Marg). 


Proor. This lemma is a special instance of Lemma 1. 


DEFINITION 1. The matrices x13, o?! are said to be contraceding as to 
ede? in case x!?, $?! are by columns of M(E), M(E?) respectively and 
such that J? Kp = J*9* 29? for every p? in the set MeNe’). 


THEOREM 1. Suppose that x)*, p% are contraceding as to etêe?. Then 

(1) Mee) = [JA uu in Cere) ] CPG e); 

(2) MENS ca (eee); 

(3) 9R(eix*e?) Ct (ete) if and only if every p for which J'e&u! — 01 
is in (ej). 

Proor. Part (1) is a consequence of the fact that 


2x 12 3 


Mlete) = [FJ k'u u in me A a]. 
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By hypothesis, we may replace J*x” by J*$*!*. Since $*!* is modular 
as to ele? and M(elx*e) is a subset of 3IR(e)), every vector of the form 
J'$*?5? must belong to M(N i). This proves (1). Part (2) is obvious 
from (1). Part (3) follows from (1) and (E). 


THEOREM 2. Suppose that $71, x! are contraceding as to eege. Then 

(1) O'M(el) CMs) if and only if K is complete by columns of 
ten; 

(2) the following four assertions are equivalent: (i) t(ek*e?) CM); 
(ii) x’? is complete by columns of M(e) and MENS C3m(eo*e»; 
(iii) x12 is complete by columns of M(E!) and «!*, p?! are contraceding as 
to edet; (iv) Dt(etx*e?) C [J39*12u2| u in NENA) ]. 

If one of the four conditions in (2) is valid, then 9t (e!k*e?) = 9 (etes) 
and MENE) = M(ép*e!). 


Pnoor. If x«t? is complete by columns of M(e*), then O!8t(d) = [01], 
which is, of course, contained in Dt(e,). Conversely, every! satisfying 
J* x12 =0? is in the orthogonal complement within Mt(e) of M(d), 
and hence is in 80(&). Thus J7*9?!4! —0?, Since p?! is complete by 
rows-conjugate of 9t(&), we have u! —0!, proving that x'? is complete 
by columns of Dt(e4). 

To prove (i) implies (ii), we observe by (E) that extet) i is the 
linear extension of the sum of Dt(ex*e?) and O'M(el). IQ) i is valid, 
then by part (1) just proved, x'? is complete by columns of (e). 
By Lemma 2, the condition that 9R(eix*e?) C9Xt(&) is equivalent to 


(a) Mle Ve) Ce «|a in MEA e). 
By hypothesis, we may replace J'«*?! by J%2!. Since, by (D), 
(b) Ue u | n. in Me A €4)] = Med"), 


we have (i)—(ii). To prove (ii)—(iii), consider any vector u? in 
Meet ef). If (ii) is valid, then, by (D) (cf. (b) above), there exists a 
vector u! in M(N) such that 


(c) p? = Jtet, 
whence 
Te oS Jat a 1 a Poe E ie 


Now by hypothesis and (c), we have u?— J!x*3141. As d = e, it follows 
that 


2x 12 3 2: 12 1 x21 1 1 


Jnxprtlndn ic ta =p, 
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proving the condition (iii). By Theorem 1, we have (iii)—+(iv). Since 
$*!* is modular as to &e?, we secure (iv)(i). 
The final statement follows by Theorem 1. 


THEOREM 3. The matrices $?!, «1? are coniraceding as to e*e,€), p” is 
complete by columns of Dt(e*), and 9t (e!x*e*) C9R(e1) if and only if x2, 
$?! are contraceding as to e!éet, K? is complete by columns of Me), 


and M(e%p*e!) CM(A). 
Proor. Apply Theorems 1 and 2. 


3. Biorthogonal matrices. By considering Dt(elx*e?) and MEA e?) 
as subsets of M(t) and M(Ë) respectively, we have established the 
one-to-one correspondence between those two subsets. The corre- 
spondences are orthogonal. But the Fourier coefficient function of 
every vector in M(ex*e?) is also modular as to e?. This property 
gives rise to another direction of studying the córrespondences be- 
tween the aforementioned subsets. 


DEFINITION 2. Suppose that el, e| are idempotent’ as to e}, k!! is by 
columns of 9t(e), and à?! is by rows-conjugate of 9t(&). Then x, 
p?! are said to be biorthogonal as io e'ejee? in case 


Jigly! = IT pe, J'y’) 
for every pair of vectors u!, v! in 9Wt(ek*e?), M(dpe?) respectively. 


It is obvious that x!?, œ?! are biorthogonal as to e'ejeje? if and 
only if $*!*, x*?! are biorthogonal as to ee ee*. 


DEFINITION 3. Suppose that e} is idempotent as to €! and x'*, 9? are 
by columns of M(&). Then x!2, p?! are said to be biorthogonal as to 
elele? if they are biorthogonal as to eegee? 


THEOREM 4. Suppose that e, € are idempotent as to €, and x, 


Q*!* are by columns of 9 (e), M(E) respectively. Then 

(i) «!?, $!! are biorthogonal as to €! &.eje tf k?*, 9?! are biorthogonal as 
to e!'ddet, and only if k!?, p?! are biorthogonal as to €' £e; 

(ii) x!*, $?! are biorthogonal as to e'e.eje if and only if 


(4.1) PUP RGM, p) = TT Pe, i) 


holds for every u! in SIR (die?) and every p? in (e? À). 
(iii) xU, p?! are biorthogonal as to e'e;e,«€? if and only if 


4 a is idempotent as to & in case á is by columns of M(e) and Pe y= &. See 
G.A., I, pp. 23-24. . 
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(4. 2) JE: = Jt (29 B, J'y) 
holds for every Et in M(N eke) and every 3? in MEN). 
Pnoor. Since P(e) and 9(ej) are subsets of 9t(q) and Me) 


respectively, we have the conclusion (i). 

To prove the necessity in (ii), consider any p? in the set Mt(e?é) 
and any vector u! in Mt(ejpe?). Theorem (D) shows the existence of a 
vector v? in Dt(ex*e?) such that 


(a) $ y = Ty? pê = Juymy 
By using the fact that x!? is modular as to e!d, we have 
(b) Js(Jiglyl2, u?) = J? py}, 


Equations (a) and (b) show that the condition is necessary. The 
sufficiency can be proved similarly. 

Now observe that x!?, $?! are biorthogonal as to e'erejee? if and 
only if 


(c) J*(Jiglg*12, 1?) = J'(g!, J2s2,2) 


for every u! in 9]t(ej-6e?) and every 7? in M(N). The latter con- 
dition is obviously satisfied if and only if (4.2) holds, since Dt(ej.pe?) 
and Qt(e-\e?) are in one-to-one correspondence via the transfor- 
mations J'$?! and J?*'$*'? by (D). 


THEOREM 5. Suppose that e, €, Kt, 9?! have the same properties as in 
the hypothesis of Theorem 4, and 3e) contains either M(E) or Need). 
Then K?*, 63) are biorthogonal as to elejeje? if and only if k'?, à?! are 
biorthogonal as to ed de. 


Pnoor. The condition is necessary by Theorem 4. If 90t(e)) contains 
9t (e), the condition is obviously sufficient. If 9t(c) contains M(é), 
the sufficiency is proved by the following argument: Let pu}, v! be 
vectors in 9t(e$e?), St(ejk*e?) respectively. Since u! is modular as - 
to e by hypothesis, we have 


Tar = IU Heyy) = Jg, Jun 
Also 


E 1,1 #2111 1, x11 


Jk —JJx ev —J (x Per). 
The vector J'ev! is evidently in the set Dt(ex*e?). 
COROLLARY 6. Suppose that k!*, 6*1 are by columns of Me), M(E) 
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respectively. Then x'*, $?! are biorthogonal as to eade if and only if 
Kt, 67! are biorthogonal as to etde, 


THEOREM 7. Suppose that ¢, el, x!*, à?! have the same properties as 
in the hypothesis of Theorem 4, and M(N?) is everywhere dense in 
Me). Then K, $?! are biorthogonal as to e'ede? and the orthogonal 
complement within 9W(&) of 9(ej-) is a subset of M(&) if and only if x2, 
p° are biorthogonal as to e! ejej«e* and p?! is complete by rows-conjugate 


of Mle). 


Proor. The condition is abviously sufficient. For the necessity, we 
need to show only that $*! is complete by rows-conjugate of M(é). 
Consider any £' modular as to e such that Jug?!£! = J1921£1 — 02, 
Then £' belongs to 9t(ed$e?). Hence 


Jigig = JST pn, J 71g) = 0 


for every u! belonging to 9Dt(eik*et?). Now if M(N e?) is everywhere 
dense in M(&), then 9t(qx*e?) is everywhere dense in M(e), or, 
O'M(egx*e*) — OM). Since £! is in Meh) and also in O'M(e), it 
follows that £! —0!. 


THEOREM 8. Assume that K? is of type Dt(e1)M(e*), and $3! is by 
rows-conjugate of M(e) such that x!*, 6?! are biorthogonal as to e!elel.e*. 
Then 

(1) 9*2, x*?! are contraceding as to eee; 

(2) M(N ek) C3t(e!xel) ; 

(3) =J a) for every win 9t (ee?) ; 

(4) M(N wee) C [Ipu] ut in MAN) |; 

(5) Mee?) 2390 (Ww) if and only if M (ee) contains [$2101 | u 
in MENL]. 


Pnoor. Since x’? is by rows-conjugate of 3Jt(e31e), we make use 
of (4.2) in Theorem 4 and secure 


J?g!? 2 = Jielf19tg12,2 = Jet 
for every u? belonging to Dt(e#\egs). This proves (1). Part (2) is an 
immediate consequence of (1) just proved. For the demonstration of 


(3), we note that el is by columns of M(ex*e?) and hence by Defini- 


tion 2, we have 
219 11211 


dum eder dum rece 
for every n! in Dt(eqe?). Since M(eh+) is a subset of 3t(&)), we have 
Jidg!—m-!, and hence, part (3). To prove (4), consider any pu? in 
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Mee). Let u! bea vector in Meee) for which J pF tg? =p), 
Then by (1) 


1 21 1° 1 21_29* 2 16" 


2 3 2 
Jon =J J ge J” eu =n, 
whence (4) follows. In part (5), if SR(d$e?) DM(EN ei), then 


D'ou | u^ in Meg] D U 9 a | i. in Mle e)l. 
By (C), the left-hand side is identical with M(e#\&+), which by part 
(2) is a subset of Dt(e?xe,). The converse is obvious. 


THEOREM 9. Let e& be idempotent as to €, and x"? be of type 
qn(d)g(e). Suppose that à?* is by rows-conjugate of M(&) and x, 
p?! are biorthogonal as to e'eje?. Then we have the following conclusions : 

(1) $21 4s complete by rows-conjugate of Dt(€); 

(2) w= J*k* by) for every u! in 9 (ee?); 

(3) Mape) = [rp] p in MPM) ] CM (GE); 

(4) Dee ese) Cae Ke); 

(5) if $31 is by columns of M(E), then € — J?k!39*! and x! is com- 
plete by columns of M(&); 

(6) 9t(doe?) D Meee) if and only if every vector in M(N el) 
is expressible in the form J*x'2u?, where u? is a vector in MN(EN ĝe). 


Proor. Part (1) follows from Theorem 7, for 9t(e/^&) is every- 
where dense in M(ê) when x! is of type M(A)M(e?). Part (2) is 
proved in the same way as part (3) of Theorem 8 with the replace- 
ment of el by 4. By Theorem (C), part (3) is a consequence of (2). 
Part (4) follows from (3). For part (5), we note that « is by columns 
of Mee?) ; hence the first conclusion follows from (2) whereas the 
second follows from (1) and the fact that $*'?, x**! are biorthogonal 
as to e'eje?. Part (6) is a consequence of (3). 


THEOREM 10. Suppose that x}? is of type Dt(e!) Mt(e), à?! is by rows- 
conjugate of Dt(e), and x2, $*! are biorthogonal as to edet, Then the 
following assertions are equivalent: 

(1) Ste) D Mee); 

(2) xK! is complete by rows-conjugate of M(e?) and M(edpe?) contains 
Meare.) ; 

(3) K? is complete by rows-conjugate of SIt(e?) and M(e%xe.) contains 

[Pop] ut in MN); 

(4) x*?', $*!* are contraceding as to eee, and k!* is complete by ` 

rows-conjugate of M(e?); " 
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(5) [Voru |w in MEEN h) 2S eke). 
If one of the preceding five conditions 4s valid, then & — à, — Jig, 


Proor. The equivalence of the second and third conditions follows 
from (5) of Theorem 8. Conditions (1), (2), (4), and (5) are equiva- 
lent because of Theorem 2, where x, $, e!, e, & are replaced by 
.K*, O*, e?, d, &» respectively. The relation e? = 1931? follows from 
(4), since «!* is by columns of WEN d.). 


THE UNIVERSITY OF CHICAGO 


ON SPHERICAL CYCLES! 


SAMUEL EILENBERG 


Given a metric separable space Y, we consider the homology group 
B*(Y) obtained using n-dimensional singular cycles in Y with integer 
coefficients. Every continuous mapping f €Y5" of the oriented n-di- 
mensional sphere S* into Y defines uniquely an element h(f) of B*(Y). 
Clearly if fo, fi€ Y" are two homotopic mappings, then h(fo) — A(f1). 

The homology classes A(f) will be called spherical homology classes. 
A cycle will be called spherical if its homology class is spherical.? 


THEOREM 1. If Y is arcwise connected, the spherical homology classes 
form a subgroup of B*(Y). 


Let pES*, qC T, and let 5" 2.55 +S% be a decomposition of S" into 
two hemispheres such that p ES} -S®. Consider fo, fRi€YS'. It is well 
known that, replacing if necessary fo and fı by homotopic mappings, 
we may assume that fo( 5) =q and that fi(S*) =g. Defining f —fo on 
S* and f —fi on S$ we clearly have 


SEYS, — h(f)-h(o-Fh().. 
The homology class A(fo) J- (fi) is therefore spherical. 


Let M* be an r-dimensional (finite or infinite) manifold? and Pr^^^! 
(n>0) an at most (r—1— 1)-dimensional subpolyhedron of M”. 


THEOREM 2. Every n-dimensional cycle y* in M* — Pr-"^! such that 
y^70 in M* ts spherical (with respect to M" — Pr-"7Y). 


Let a7-7-! be an (r —51 — 1)-dimensional simplex of M” and b^*! the 
(n+ 1)-cell dual to it. The boundary 95"*! is contained in M* — Pr7"-1 
and is a spherical cycle. Since M* — P777! is connected, the spherical 
homology classes of B"(M* — Pr-7-!) form a group. It follows that 
each cycle of the form 


(*) a ( x ai) 


is a spherical cycle with respect to M*— P'r-"—!. The cycle y* is ho- 
mologous in M* — P7-"^ to a cycle of the form (*). Therefore y” 
is spherical. : 


! Presented to the Society, April 13, 1940. 

? Spherical cycles were considered by W. Hurewicz, Proceedings, Akademie van 
Wetenschappen te Amsterdam, vol. 38 (1935), pp. 521—528. 

? See K. Reidemeister, Topologte der Polyéder, Leipzig, 1938, p. 151. 
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THEOREM 3. Let y” be a spherical cycle in M" and let r>2n. Then 
there is a simplicial homeomorphism gE M™ such that y"Ch(g). 


This is an immediate consequence of Theorem 5 below. Using 
Theorem 2 we obtain the following: 


THEOREM 4. Given an n-cycley"C M" — P=- (r >2n) such thaty*?~0 
in M", there is a cycle yi C Mr — P="! which is a simplicial and homeo- 
morphic image of S" such that y^—Yyt in M* — Pr--, 


THEOREM 5. Let Q” bea finite n-dimensional polyhedron and let r >2n. 
Every continuous mapping f C M'* can be approached by simplictal 
homeomorphisms gc M**". 


We may admit that the mapping f is simplicial. Let a, a2, - ^ - , as 
be the vertices of the complex f(Q”) and let c}, 93, - - : , e; be the 
corresponding stars.5 Let us choose 6>0 so that x Cf(Q7) will imply 
p(x, M'—o,)>6 for somei=1,2,---,k. 

Let 6>2¢€>0. We are going to define a sequence f=fo, f- , fx 
of simplicial maps of Q* into M* such that 

€ 
(1) | f(x) — fx) | < 3 
(2) fx) = f(x) implies fials) = fii(x9), 


2k — i 
2k 





(3) xı Æ zs and fí(xi) = fi(aa) = y imply p(y, M" — ej) < ê 


Suppose that fo, fi, © > + , fi. 1 are already defined. Let 
f(x) = fiala) id fae oi, 
and let Qf =f} (e:). 


M" being a manifold, c; is simplicially homeomorphic with a con- 
vex r-cell in a euclidean r-dimensional space. Since r 7» 2n, then using 
the very well known procedure of making vertices linearly independ- 
ent we find a simplicial map f;(Q?) Ce; such that fi(x) =fis(x) if 
fia(x) is on the boundary of c; and satisfying (1)- (3). 

Taking g=f, it follows from (1) that 


| g(x) — Ka) | < e 


4 With respect to certain simplicial subdivisions of M* and S*. 

5 ø; consists of all closed simplices of M” containing a«. 

$ See for instance W. Hurewicz, Sitzungsberichte der Preussischen Akademie der 
Wissenschaften, vol. 24 (1933), p. 758. ° 
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Now if 1+ and g(x1) =g(xa), then according to (2) we have 
fit) =f) = 9; = for i=0,1,---, B. 
Owing to the definition of ô there is an index j=0, 1,---, k such 
that ; 
f p(yo, M* — a3) > ô. 
Combining this with (1) we see that 
ôi 2k— i : 


et 
ee fy ae ee 
PO 7? E 2k 2k 





Taking i=j we obtain a contradiction with (3). 


UNIVERSITY OF MICHIGAN 


A NEW CONCEPT IN DISTANCE GEOMETRY WITH 
APPLICATIONS TO SPHERICAL SUBSETS! 


LEONARD M. BLUMENTHAL 


1. Introduction. A semimetric space is a set of abstract elements 
(points) with a structure imposed by attaching to each pair p, q of 
elements a non-negative real number fq (distance) such that $9q7—9b 
and pg=0 if and only if p=g. Some of the more important of these 
spaces (for example, euclidean, hyperbolic, and spherical spaces of 
n-dimensions) have the exceedingly useful property that the existence 
of a function mapping an arbitrary semimetric space congruently 
(that is, with preservation of distances) upon the space follows from 
the congruent embedding in the space of each set of k points (not 
necessarily pairwise distinct) of the semimetric space.? Such spaces 
are said to have congruence order k with respect to all semimetric 
spaces—a term introduced by Menger, who proved that the n-dimen- 
sional euclidean space E, has this property with n+3 as the smallest 
value of &.? 

The importance of the possession by a given space of a congruence 
order is clear, since it evidently reduces the characterization problem 
of determining necessary and sufficient conditions for the congruent 
embedding of any semimetric space in the given one to the finite prob- 
lem of finding under what conditions a semimetric set of k points is 
congruently contained in the space. The desirability of having k as 
small as possible is obvious. 

After showing that »+3 is the minimum congruence order of the 
n-dimensional euclidean space E,, Menger proved the more difficult 
theorem that if a semimetric space S is not congruently contained in 
the En, but each set of n+2 of its points is congruent with »+2 points 
of the E,, then S consists of exactly 24-3 points. Hence the congruent 
embedding in the E, of each set of n+2 points of a semimetric space S 
insures that S is congruently contained in E, whenever S has more than 
n+3 potnts. This property was labelled “quasi congruence order 


1 Presented to the Society, April 12, 1940. 

1 See Chapter III of the author's Distance Geometries, University of Missouri 
Studies, vol. 13, 1938. 

? The proof is given in Menger, Untersuchungen tiber allgemeine Metrik, Mathe- 
matische Annalen, vol. 100 (1928), pp. 75-163. The term “congruence order s--3" 
describing this property was introduced in Bemerkungen zur zweiten Untersuchung tiber 
allgemeine Metrik, Proceedings of the Royal Academy, Amsterdam, vol. 30 (1927), 
pp. 1-5. 
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n+2.”4 It is enjoyed by the n-dimensional: hyperbolic space also, 
but not by the n-dimensional elliptic nor the n-dimensional spherical 
spaces. The notions of congruence and quasi congruence orders have 
been the principal ones employed in the metric characterizations of 
spaces. : 

Recent investigations of characterization problems for spherical 
Subsets (that is, subsets of the surface of the sphere with geodesic 
(shorter arc) metric) have revealed the inadequacy of these two no- 
tions to describe the results obtained.’ It is the purpose of this paper 
to present a general concept which systematizes all of these results, 

contains the older notions as two links of a chain of notions which 
; occur in a special case, and which orders between these two links 
infinitely many other links. This new concept gives rise to a whole 
field of new problems in distance geometry and, besides, induces a 
re-examination of older, solved problems with a view towards a “bet- 
ter” solution. The meaning of the latter part of the above remark will 
become clear later. 

2. o-relative congruence indices. Let S and o be two given semi- 
metric spaces. Then S has o-relative congruence indices (n, k) with re- 
spect to a given class (Z) of semimetric spaces provided any space Z 
of (2) with more than n+é pairwise distinct points is congruently 
contained in S whenever each n of its points (not necessarily pairwise 
distinct) is congruently contained in ø. It seems appropriate to call ø 
a catalytic space of index .(n, k) of S with respect to the class (2), 
since it facilitates the desired reaction of congruent embedding of Z 
in S but plays in general no part in the result itself, for X is not neces- 
sarily embeddable in c. If = S the indices (n, k) are called congruence 
indices of S with respect to (Z). It is this case with which the present 
paper is principally concerned. 


REMARK 1. A semimetric space S has congruence indices (n, 0) with 
-respect to (Z) if and only if S has congruence order n with respect to (2). 


For suppose S has congruence indices (n, 0) with respect to (X) 
and let Z be any space of (Z) with each n of its points congruently 
.. contained in S. If Z contains more than s pairwise distinct points, 

* then Z is congruently contained in S by hypothesis and definition. On 
the other hand, if Z consists of 2 or fewer pairwise distinct points, the 





“The proof appears in Untersuchungen uber allgemeine Meirsk, loc. cit., but the 
term “quasi congruence order” is first defined in Menger, New foundations of euclidean 
geometry, American Journal of Mathematics, vol. 53 (1931), pp. 721-745. 

5 C. V. Robinson, Contributions to Distance-Geometry, University of Missouri thesis. 
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congruence of Z with a subset of S is a trivial consequence of the con- 
gruent embedding in S of each n points of X. Hence S has congruence 
order » with respect to (2). 

Finally;.if S has congruence order z with respect to (£), then con- 
gruence of any space È of (Z)) follows from the congruent embedding 
in S of each n points of È, and the situation described by S having 

‘congruence indices (n, 0) with respect to (X) evidently exists. 


“REMARK 2. A semimetric space S has congruence indices (n, 1) with 
, respect to (È) if and only if S has the quasi congruence order n with re- 
-speci to (È). 

The proof is similar to that of Remark 1. 

Thus the notions of congruence and quasi congruence orders cor-. 
respond to particular -relative congruence indices in the special case 
o=S. 

Let (n, k)—(n', k’) symbolize the statement, “if S has congruence 
indices (n, k) with respect to (X), then S has congruence indices 
(n’, k’) with respect to (Z).? : 


REMARK 3. If n En! and n+kSn'+k’, then 
(n, k)—>(n', k’). 


The proof follows immediately from the definition of congruence 
indices. 

Some special cases of Remark 3 are of interest. Thus, (n, 1) 
—(n--1, 0); that is, quasi congruence order n implies congruence 
order n+1. Also (n, 1)—(n, 2)—(n--1, 1). This relation, which inter- 
polates a property between quasi congruence order » and quasi con- 
gruence order n-+1 illustrates one of the advantages of the concept 
of congruence indices. Previous to its introduction, if a space S were 
found not to have quasi congruence order z, the next step was to ex- 
amine it for a higher quasi congruence order. Consideration was thus 
shifted from the congruent embedding in S of sets of n points to the 
more difficult problems concerning embedding in S of sets of n-F1 
or more points. The possession by S of congruence indices (n, 2) im- 
plies quasi congruence order 74-1, but, in addition, characterizes S 
in terms of the congruent embedding in S of each s points of a semi- 
metric space rather than each s-4-1 points. 

In the light of the foregoing observations, any one of the congru- 


ence symbols (n, k), (& 0, 1, 2, - - - ), is to be preferred to the symbol 
(n+1, 0), though only for & —0, 1 is the implication (7, &) (n 4-1, 0) 
valid. Similarly, the symbols (1, 1), (», 2), (n, 3), - - - are each prefer- 


able to (n4-1, 1), though only the first two imply the latter. Thus, 
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there is interpolated between quasi congruence orders n and n+1 an 
infinity of symbols, each of which is to be preferred to quasi congru- 
ence order 24-1. It is clear that the indices (z, k) characterize a space 
only with respect to all semimetric spaces containing more than n-+-k 
points, but this slight restriction of the class of comparison spaces is ' 
more than offset by the simplicity gained from keeping the number of 
points to be embedded as small as possible. In addition to the possi- 
bility of bettering old results (e.g., the possession of indices (m, 2) 
where previously only (n+1, 1) and not (n, 1) had been proved), 
new problems arise (e.g., the possibility of indices (z, 3) when neither 
(n, 1) nor (24-1, 1) exists for the space). 

'The above considerations suggest the following preferential (lexi- 
cographical) ordering of congruence indices. If (n, k) and (n’, k’) are 
two congruence symbols of S, that one is preferred for which (1) the 
first index is the smaller or (2) if n =n’, then the preferred symbol has 
the smaller second index. That symbol (n, k) of S is best provided no 
symbol of SS is preferred to it. It is emphasized that this ordering is not 
that of logical implication. With respect to the latter criterion congru- 
ence symbols form only a partially ordered set (for example, the sym- : 
bols (2, 3) and (14-1, 1) are not logically comparable). 

Since (n, k) —(n-- b, 0), S has no congruence indices with respect 
to (È) if S has no congruence order with respect to (Z). Conversely, 
. if S has congruence order m with respect to (Z), then by Remark 1, 
' S-has congruence indices with respect to (Z). Thus, S possesses con- 
gruence indices if and only if S has a congruence order. 


3. Lemmas concerning pseudo-spherical sets. The n-dimensional 
spherical space S,,, of radius r is the “surface” of a sphere of radius r 
in a euclidean space of n+1 dimensions, with geodesic (shorter arc) 
metric. The S,,, has indices (n+3, 0) but not (4-2, 1), and there 
exist semimetric spaces of arbitrary power exceeding n+2 which are 
not contained congruently in Sa,- though every set of n+2 points is 
congruently embeddable in S,,,. Such spaces are called pseudo-S,,, 
sets. From the characterization of these spaces (given elsewhere) we 
take the following results: 


PROPERTY 1. Let P be a pseudo-S,,, set of more than n+3 pairwise 
distinct points, no two of which have distance xr. If p, q are any two 
distinct potnts of P, then 

cos (pg/r) = X 1/(n4-1). 


* L. M. Blumenthal and G. R. Thurman, The characterization of pseudo-spherical 
sets, American Journal of Mathematics, vol. 62 (1940), pp. 835-854. 
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PROPERTY 2. Let P be a pseudo-S,,, set of m pairwise distinct points 


Pi, Pr +s Pm mon-d3 
no two of which have distance rr, and consider the determinant 
Anli $2532») = | cos (bsbi/7) |, $45j-—1, 2,---,.m, 


of the set. A part from the elements of ihe firstand jth rows, (222,3, -- -,m), 
either each element in the first column of ^. is equal to the corresponding 
element in the jth column, or each element in the first column is the nega- 
tive of the corresponding element in the jth column. If the first column of 
A4 contains at least one positive element different from the element 1, 
then apart from the elements in the first and second rows, each element in 
the second column is the negative of the corresponding element in the 
first column. Due to the symmetry of An and the first part of this property, 
the sign of every element of A, is then determined. 


PROPERTY. 3. If P is a pseudo-S,,. set of more than n+3 pairwise 
distinct points, no two of which have distance «wr, then every set of m 
points of P, (m2=n-+3), is a pseudo-Sy,, set. 


LEMMA 1. Apart from the labelling, there is a unique pseudo-S,,, set 
of 2n+2 pairwise distinct points, (n>1), free from diametral point- 
pairs (that is, pairs of points with distance mr), which does not contain 
an equilateral set of n+2 points (that is, a set of n+2 points with all 
distances equal).* 


Proor. Let P be any pseudo-S,,, set of 25-2 points, no two of 
which have distance rr. Since n>1, 2n+2>n-+3, and the determi- 
nant AÀs44s of P has Properties 1, 2 listed above. To prove the lemma 
it suffices to show that apart from a (symmetric) shifting of rows and 
columns, there is a single distribution of the signs in Aga: which will 
not yield a principal minor of order 24-2 with all elements outside 
the principal diagonal negative. (Since each set of 14-2 points of P 
is congruently contained in S,,,, an (#+2)-nd order principal minor 
of Asai with all positive elements is impossible. Thus an equilateral 
(n4-2)-tuple has each distance equal to r-cos-!—1/(n-++1).) 

Applying Property 2, a brief consideration of Asay: shows that the 
first column of the determinant must contain exactly n+1 positive 
elements (apart from 1) and an appropriate (symmetric) shifting of 


* See L. M. Blumenthal, Metric methods in determinant theory, American Journal 
of Mathematics, vol. 61 61939), pp. 912-922. 
3 This lemma is not valid for n=1. 
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rows and columns gives (schematically): 








1 +++- 
+1 =- +++ 
atada — De a a 
+--+ td +++ 
- + +-4 1 --- 
a ee ee ee 

n 
io BS E eee 


COROLLARY. Every pseudo-S,,, set of In+2 pairwise distinct points, 
(n>1), no two with distance rr, contains an equilateral (n+1)-tuple 
with each distance equal to r-cos-!—1/(n+1). 


For the only such set without an equilateral (n+-2)-tuple is, apart 
from labelling, the set exhibited in the determinant of Lemma 1. De- 
leting the 2nd, 3rd, - - - , (n+2)-nd rows and columns of this determi- 
nant, one obtains the determinant of a set of the kind specified in 
the corollary. Another such set is given by deleting the íst, 
(n-4-3)-rd, - - - , (2n4-2)-nd rows and columns. 


LEMMA 2. Each pseudo-S,,, set P of more than 2n+-2 pairwise dis- 
tinct points, (n>1), no two of which have distance rr, contains an equi- 
lateral. (n+ 2)-tuple.? 


Proor. Since n>1, 2n+2>n+3, and hence P contains more than 
n-+3 pairwise distinct points. By Property 3, each set fi, fs, © * +, Ponts 
of 2n+3 points of P is a pseudo-S,,, set. It suffices to show that these 
points contain an equilateral (n+2)-tuple. Again by Property 3, the 
points pı, fs: , Panya form a pseudo-S,,, set of more than n+3 
points, and according to'Lemma 1 either these points contain an equi- 
lateral (n 4-2)-tuple or they constitute a set of the kind exhibited in 
the proof of that lemma. 

In the latter case, consider the determinant A443 of the points 
. Pu Partt o, pangs. The principal minor of order 254-2 in the upper 
left-hand corner of As,,5 is the determinant of Lemma 1. If the ele- 
ment in the last row and first column of Asis is positive, then 


* We suppose n>1 since Lemma 1 is applied. It is easily shown that Lemma 2 is 
valid for n 1. * 
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the principal minor of order n+2 obtained by deleting the 1st, 
(n4-4)-th, -- - , (2n-+3)-rd rows and columns of Ain+s has all its ele- 
ments outside the principal diagonal negative; and hence the corre- 
sponding (n-+2)-tuple is equilateral. If, on the other hand, the ele- 
ment in the last row and first column of As,,, is negative, deleting the 
2nd, 3rd, - - - , (#+2)-nd rows and columns yields the determinant 
of an equilateral (»--2)-tuple. 


4. Applications to spherical subsets. The subsets of the S,,, to 
which the foregoing is applied in this paper are spherical caps x,,, of 
spherical radius p, 0 «p &zr/2 (that is, the locus of points of Sax 
whose distance from a fixed point of S,,, is less than or equal to p). 


THEOREM 1. Let o denote the spherical cap (n-dimensional hemi- 
Sphere) ks,«e, n 1, with base circle removed. Then S,,, has o-relative 
congruence indices (n+2, n) with respect to all semimetric spaces (Z).19 


Proor. We must show that each semimetric space È containing 
more than 2n+2 pairwise distinct points and having each n+2 of 
them congruent with n+ 2 points of ø is congruently contained in S, ,. 
Suppose this is not the case. Then Z is a pseudo-S,,, set of more than 
2n--2 points, no two of which have distance mr (since each n+2 
points of Z are congruently contained in ø) and hence, by Lemma 2, 
2 contains an equilateral set of »+2 points with each of the 
d(n-- 1) (n 1-2) mutual distances equal to r-cos-! — 1/(n 4-1). But this . 
is not possible, for such an (n+2)-tuple is clearly not contained in c.!! 
This contradiction yields the theorem. Obvious examples show that £ 
is not necessarily contained in a. ; 

Thus the open n-dimensional hemisphere is a catalytic set of index 
(n+2, n) of the containing sphere. : 


THEOREM 2. Let k,,,, 121, be an n-dimensional spherical cap of ra- 
dius p, (p «vr/2). Then Kn,» has congruence indices (n+2, n) with re- 
spect to all semimetric spaces (X). 


Proor. Let È be any semimetric space containing more than 2n 4-2 
points, each 4-2 of which are'congruently contained in x,,,. Then it 


10 Since any arc “1,5, p S37/2, of a circle S,,, is evidently congruent with a straight 
line segment (which has indices (3, 1) with respect to (Z)), Theorems 1, 2 of this sec- 
tion hold for #=1. 

11 In the contrary case there exist n+2 positive numbers bi, bs, - + - , bay2 such that 
the (1-4-3)rd order determinant obtained by bordering the determinant of the equi- 

` lateral set by these numbers (with 1 in the intersection of the bordering row and 
column) is zero. This yields quite easily D0, which is impossible. 
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follows from Theorem 1 that © is congruently contained in S,,,. But 
it has been shown that with respect to subsets of S,,,, the cap Ka,» 
(p «vr/2), has congruence indices (n+ 2, 0).'* Hence Z is congruently 
contained in x,,,, and the theorem is proved. 


Remark 1. Since (n4-2, n) (2n4-1, 1), the cap &,,,, (p «rr/2), has 
quasi congruence order 2n-+1 with respect to semimetric spaces. As t 
increases, however, the indices on the left-hand side of the above im- 
plication tend to place conditions on only half the number of points 
that must be isometrically embedded if the characterization is given 
in terms of the indices on the right-hand side of the implication. 


THEOREM 3. The cap Kkn,p, (o<r-cos-! 1/(n4-1)), n2 1, has congru- 
ence indices (n+2, n —1) with respect to all semimetric spaces (Z).? 


Proor. If Z is any semimetric space of more than 2n+1 pair- 
wise distinct points, each n+2 of which are embeddable in x,,,, 
(p<r-cos-! 1/(n--1)), then È is congruently contained in S,,,, for 
an assumption to the contrary implies that Z is a pseudo-S,,, set of at 
least 2n +2 pairwise distinct points (no two with a distance mr). Then 
by the corollary to Lemma 1, Z contains an equilateral (n--1)-tuple 
with each distance equal to r-cos-!— 1/(n4-1). Such an (#+1)-tuple 
is not embeddable in any cap ofradiusp <r: cos! 1/(n-- 1). Since, now, 
Z is congruently contained in S,,, and each cap x,,, of radius p<ar/2 
has congruence indices (n+2, 0) with respect to subsets of S,,,, it 
` follows that Z is congruently contained in x,,,, (p «r:cos-! 1/(n-F-1)). 


REMARK 1. For 1—2, the cap &»,, (p <r-cos™! 1/3), has indices 
(4,1); that is, quasi congruence order 4 with respect to all semimetric 
spaces. Thus spherical caps with radii less than r-cos^! 1/3 behave 
like the euclidean plane in this important respect. The indices (4,1) 
cannot be improved no matter how small p is taken. 


REMARK 2. For n —3, the indices (5,2) of the cap x,,, p <r- cos 11/4, 
given by Theorem 3, can be bettered. A brief consideration shows that 
every pseudo-S;s,, set of more than six points (no two with distance mr) 
contains at least one equilateral set of four points with mutual dis- 
tances equal to r:cos-1— 1/4. A proof quite similar to that of Theo- 
rem 3 demonstrates that xs,,, p «t: cos ! 1/4, has the indices (5,1) and 
hence behaves like the euclidean three-dimensional spaces in this re- 


spect. 


11 C. V. Robinson, loc. cit. 
13 This theorem is not valid for & — 1. . 


1941] DISTANCE GEOMETRY 443 


REMARK 3. If n=4, the indicés (6,3) given by Theorem 3 for the 
Cap Kp, (p €f: cos! 1/5), cannot be reduced to (6,1) by a simple ar- 
gument analogous to that presented in the preceding remark.“ This 
arises from the fact that there exists a pseudo-S4,, set of eight points 
(no two diametral) that does not contain an equilateral quintuple 
with mutual distances equal to r:cos-! — 1/5. Such a pseudo-5,,, set 
is represented schematically by 





1+ +4 4-5 = 
+ 1 - - -+++ 
I+- 1 - -+++ 
+- ums ES eC +++ 
+- - - 1 + + 4 
- +++ 4 1 - - 
- ++++- 1- 
m ae o A 





There is no fifth-order principal minor of this determinant with all 
elements outside the principal diagonal negative. 


The problems of (1) finding the best indices for caps Kn,» 
p<r-cos-! 1/(n4-1), (m>1), and (2) ascertaining for each s the 
n-dimensional cap of maximum spherical radius p that, like the n-di- 
mensional euclidean space, has congruence indices (n+2, 1), will be 
investigated in a later paper. 


UNIVERSITY OF MISSOURI 


M Tt is easily shown that the indices (6,3) can be reduced to (6,2). Whether the 
Cap xp, (p <r cos"! $), does behave like the four-dimensional euclidean space with re- 
gard to the symbol (6,1) is not known. 


THE ‘FINITE DIFFERENCES OF POLYGENIC FUNCTIONS! 
RUFUS P. ISAACS 


By a polygenic function f(z) we shall mean a function analytic in x 
and y separately, but whose real and imaginary parts are not required 
to satisfy the Cauchy-Riemann equations. At any point z the deriva- 
tive of such a function will depend on 6, the angle at which the incre- 
mented point (used in defining the derivative) approaches z. The set 
of these numbers, for a fixed z, but for different 0, form a circle. The 
equation for the derivative was given by Riemann in his classic dis- 
sertation (1851), but Kasner was the first to point out that it was a 
circle and make a detailed study of its geometry.? Hedrick called it 
the Kasner circle. 

In this paper we shall be concerned with the finite difference quo- 
tients of polygenic functions. We shall show how a surface can be 
constructed for each point z representing the difference quotient, and 
the derivative circle is a cross section of this surface. 


The conjugate form. Regard 
z= xdi Z-—x—iy 


as a linear substitution, and perform its inverse 
T (5 +2) ~ (¢— 
x = — (z +3), = — (s —ē 
2 ga 


on f(z). The resulting F(z, £z) will be called the conjugate form of f. 
Let D,F and D;F be the partial derivatives? of F(z, 2), regarding s 
and 2 as independent variables. That is, 
9f dx af dy 
ox dz Oy Os 
DF = $(D;- D,)f. 
` The operator E*. Let w= pe”. We define 
Ef(z) = f(z + o). 


1 Presented to the Society, February 25, 1939, under the title A geometric inter- 
pretation of the difference quotient of polygenic functions. ; 

2 General theory of polygenic or non-monogenic functions; The derivative congruence 
of circles, Proceedings of the National Academy of Sciences, vol. 13 (1928), pp. 75-82. 
A new theory of polygenic functions, Science, vol. 66 (1927). Also, The Geometry of 
Polygentc Functions, Kasner and DeCicco—a book in the course of preparation. 

? In Kasner’s notation, these are Dt(f) and B(/). 
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D,F = = (Da — Dyf, 


7d) 
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More precisely, this means 
Eef(x, y) = f(x + p cos 0, y + p sin 6). 


E may also have a *partial" meaning: 


Exf(x, y) = f(x +a, y). 


And we see the equivalence of the two operators: 


(2) E-Eg"V"I st 
"Taylor's expansion may be written in the form 
a X 1 $ 
G) BS) = (14 det He'd +--+) 9 = exp (wah 
Now, by combining (2) and (3) we obtain the operational equiva- 
lence 
E” = exp (p cos 0 D, + p sin 0 D). 


(cos 0 D,+sin 0 D,) f is nothing more than the directional derivative 
of f, which we designate by Df. Substituting from (1) for Ds and Dy, 
. we see that 


(4) D = eD, + e D,, 
(5) E” = exp (pD). 
The differential quotient. We define 
f(z + e) — f(z) 
e 


wAf(s) = 


whence, operationally, 


Vis quud 


Ww 
Expanding by means of (4) and (5) 
1 p*p? 
Af) - — oD + +--+ [no 
pe 2! 


18. 2 


(6) - |. dee Det a (e D, + 2e DD; 


e D) o Jo. 
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` To obtain the derivative we let o0. The resulting expression 
[D, + e**Di]f(G), 


which Kasner calls y, is immediately seen to be the points of a circle, 
when z is fixed and 60 varies. 





Fic. 1 


For a geometric interpretation of (6), let us add a third coordinate p 
to the x, y plane. In this 3-space, (6) represents a surface for each fixed 
value of z. Such a surface we will call a Kasnercoid or K-coid of the 
function. 


Example. f(s) =x?+y'+i(x-+y). Its conjugate form is s8+4(¢+1)s 
--$(6 —1)à. Using (6) we obtain for the difference quotient: 


Af EJ AG 1) + eU [s 3G — 1)] + oe. 


The K-coid of a typical point is sketched in Figure 1. 

This of course is a very simple case. In regard to the nature of 
K-coids in general, we state a theorem. : : 

A curve will be called a doubler of a circle when it has the following 
properties: 

1. In traversing the doubler once, we pass around the center of the 
circle twice. : 

2. No circle intersects the doubler in more than six points. 


3. Every point on the circle is the midpoint of two points on the 
doubler. 


(See Figure 2.) . 
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THEOREM. If p? be neglected, then sections of the K-coid sufficiently 
near the derivative circle are doublers of the derivative circle. 


Compare with the monogenic case: 


For a monogenic function, the derivative circle reduces to a poini and 
the nearby sections are nearly circles. 


The purpose of this paper is to throw some light on the nature of 
derivatives. We may consider the K-coid compressed along the p-axis 


- 
e 


so as to be a two-sheeted (at least for small p) Riemann surface with 
the derivative circle acting as “branch circle.” Let us consider the 
familiar expression: 
3 + w) — f(z 

m Et- 

a0 Qo 
and suppose z+w, in approaching z, travels along some curve. To 
each point on the curve correspond two points on the K-coid which 
approach a common point on the derivative circle. 


Connection with the second derivative. Let us write (6) in the form 
lD + (w/2Ne tM? +--+ ]r(z). 


Is the coefficient of w/2! the second derivative of f(z)? This depends 
on what is meant by the second derivative, as there are several alter- 
native methods of defining it.* According to Kasner’s method,® the 
second derivative depends not only on the slope of the path of the 
incremented point but also on the curvature of the path. The ex- 
pression is 


[eD — Die KD, | f(z), 
where x is the curvature. 
* See my unpublished Master's Essay, Columbia University. 


5 The second derivative of a polygenic function, Transactions of this Society, vol. 30, 
no. 4. . 


^ 
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The corresponding expression'for what I call the type A deriva- 
tive—based on another, but equally logical definition—is merely the 
first term of the above expression. 


COLUMBIA UNIVERSITY 


ON THE ASYMPTOTIC LINES OF A RULED SURFACE 


GUIDO FUBINI 


Many mathematicians have studied the surfaces every asymptotic 
curve of which belongs to a linear complex. I will here be content with 
the results given on pages 112-116 and 266—288 of a treatise! written 
by myself and Professor A. Cech. This treatise gives (p. 113) a very 
simple proof of the following theorem: 

If every non-rectilinear asymptotic curve of a ruled surface S belongs 
to a linear complex, all these asymptotic curves are projective to each other. 

We will find all the ruled surfaces, the non-rectilinear asymptotic 
curves of which are projective to each other, and prove conversely that 
every one of these asymptotic curves belongs to a linear complex. If c, c' 
are two of these asymptotic curves and if A is an arbitrary point of c, 
we can find on c' a point A’ such that the straight line AA’ is a 
.straight generatrix of S. The projectivity, which, according to our 
hypothesis, transforms c into c’, will carry A into a point A, of c’. 
We will prove that the two points A' and A, are identical; but this 
theorem is not obvious and therefore our demonstration cannot be 
` very simple. The generalization to nonruled surfaces seems to be 
rather complicated: and we do not occupy ourselves here with such a 
generalization. 

If the point x—x(u, v) generates a ruled surface S, for which 
1, — const. and v —const. are asymptotic curves, we can suppose (loc. 
cit., p. 182) 


(1) £ = y + uz 


in which y and s are functions of v. More clearly, if xi, xs, Xs, X4 are 
homogeneous projective coordinates of a point of S, we can find eight 
functions y; and z; of v such that 


(lbi) v; = y:(0) + uzi(v), 1 T 1, 2, 3, 4, 
From the general theory of surfaces, it is known (loc. cit., p. 90) that 


1 Geomeiria Proieitiva Differensiale, Bologna, Zanichelli. 
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we can find five functions 6, B, y; pu, Pn of u, v such that 


Tl = bulu + Bx, + put, 





(2) 
Lov = YXs F Ooo + fus, 
ox 90 O?x 
Vy = ——3 0, = ) X4. = ——20 000; 
Ou Ou ðu? 


s= x; t= l, 2,3,4; x= y+ us. 
Since now x,,--0, the former of these equations becomes 
0 = utu + Bx, + fus, 
and therefore (since the points x, x,, x, are independents): 
6, =B = pn = 0. 
Equation (2) becomes 


Yoo + tss = Y3 + 0, (ys + uz.) + paly + uz). 
And, by differentiating two times with respect to 4, 





pe Sper O*Cy + upr) " 
ðu? ðu? 
Therefore 
pss “te = ka (y + tpss) 
and we can write 
(3) Po = A+ Bu, yt upa =C + Du, 
(4): y = (C+ Du) — wA+ Bu), 
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in which 4, B, C, D are functions only of v. We can multiply the x; 
or, what is the same, the y; and the s; by a factor of proportionality 
(function only of v) such that 0 —const., and 6,=0 (or that the de- 
terminant of the y;, z; y! —0y;/0v, z; =0z,/dv becomes a constant). 


The second equation of (2) becomes 


S. = YZ + px, p= pun = A + Bu, 


and, by differentiating with respect to 4, 
Zv» = Dz + By = (D — uB)s + Bx. 


Therefore : 
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Yz = ee — ps, -p = A + Bu = pas, 








ð? x,Q— px Nev — DX 
Bii dup ee gay CUm NUN 
dv? Y Y : 
or 
! N H" j _ p 
vr 2% er (2) - Y — A -»| gig st P4 , 
Y Y Y Y 
Po 385. EET 
(5) + [2% Moe ap - gc |e=o, 
: Y Y Y 
p = A + Bu, q = C + Du, y =q— 4p, 
pak l= ey ed uns. 
Ov àv ðv 


This is the differential equation which defines the asymptotic curves 
' u=const. If we put x=Xy™?, this equation becomes 


X"" 4 1X" 4-mX! 4+ 2X =0 


in which 
y' 5[(yN 35/vyN* r 
l = 2— — — = — (A D), = — — | — —) 
Y (=) Eun * s) +3 
n IntI 1 _ , , 
mao TT es) eM aen 
Y y? Y Y Y 


. (r is a polynomial of the variable u). The projective invariants (or 
-' covariants) of the curve defined by this equation are 


Udit, Vidv?, Wart. 
We have put 
" : 
U=V—-m=—, [e= {(A’-D)C-(A-D)C} 
Y 
+ 2(CB’ — BC’)u + ((4' — D')B — B'(A — D) }w°], 
y! 4 R 
W = 201” — 50m’ — 912 + 1005 = (5) T— 
Y Pd 
k = const. = 175 + 0; R a polynomial of #, 
and (if U0) 





U'N* 36 ð 
Vi= 6[log U]" — ( ) = QUE 


Ef, Wee, 
U 5 ðv 
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If U —0, the curve belongs to a linear complex; if U0, 
We (kyt + RYy 
ya y*e 





is a projective invariant. If all the asymptotic curves u =const. are 
projective to each other, this ratio must not be dependent upon «v. 
And therefore the values of u, for which 'y 20, must also satisfy the 
equation y’=0. Therefore i 


C D'—A4' B 
or 


y =C + (D — A)u — By? = Vie + bu + au) 


(V function of v; a, b, c=const.) Therefore e=0, U=0 and every 
asymptotic curve u —const. belongs to a linear complex. In this case 


uae Sedes pas, 
Y y Y y V 
Roda PG ~~ row) _ y 
Y Y Y 
= (4 + Bo - (44 Bu) e AE 
V y V 


And analogously 
oy’ = pq Ay" — A"V 
y li V 





Therefore no one of the coefficients of (5) is dependent upon v, and 
consequently we can suppose that the projectivity, which carries an 
asymptotic curve u —const. into another, carries every point of the 
former into that point of the latter which belongs to the same recti- 
linear generatrix of the surface (because the corresponding value of v 
is not changed by this projectivity). 

We have in this manner completely demonstrated the stated theo- 
rems. 


THE INSTITUTE FOR ADVANCED STUDY 


A SEQUENCE OF LIMIT TESTS FOR THE 
CONVERGENCE OF SERIES! 


MARGARET MARTIN 


In this paper, we shall develop a sequence of limit tests for the 
convergence and divergence of infinite series of positive terms which 
is similar in form to the De Morgan and Bertrand sequence but in- 
volves the ratio of two successive values of the test ratio rather than 
the test ratio itself. The proof will be based on the following integral 
test by R. W. Brink:? 


“THEOREM VI. Given the sequence fun }. Let ty=Unyi/Un, and 
Ra rur usata /1lua. If lityon ta=1, and if R(x) is a function 
_ such that R(n) = Rn, and such that R(x) = R(x') when x' >x, a necessary 
and sufficient condition for the convergence of the series 9 not, 1s the 
convergence of the integral ` 


f exp f- f ° f = R(x) dd an? 


Since a finite number of terms does not affect convergence or diver- 
gence, the conditions of Theorem VI need hold only for » greater than 
some fixed number v, in which case zero is to be replaced by v as a 
lower limit of integration. 

The foregoing theorem admits a generalization similar to that given 
by C. T. Rajagopal? in the case of another theorem of Brink's.* How- 
ever, Brink's Theorem VI is sufficient for the purposes of the present 


' paper. 


LEMMA. Let {un} and {ux ] be sequences of positive terms with ratios 
fa =Ungi/Uny Rum fears, tr =Ungi/us, and RJ —rlaf/rl, such that 
limy co 7, —lim,,.474 = 1. 

1. If the series 9 goun converges and if R,& R; for all values of 
"n mv, then the sertes bur converges. 

2. If the series 9 4. ,u,. diverges and if R E R4 for all values of n=v, 
then the series Y kyun diverges. 


! Presented to the Society, April 27, 1940, under the title A sequence of tests for the 
convergence and divergence of infinite series. 

* R. W. Brink, A new sequence of integral tests for the convergence and divergence of 
infinite series, Annals of Mathematics, vol. 21 (1919), pp. 39-60. 

* C. T. Rajagopal, On an $ntegral test of R. W. Brink for the convergence of series, 
this Bulletin, vol. 43 (1937), pp. 405-412. : 

* R. W. Brink, A new integral test for the convergence and divergence of infinite 
series, Transactions of this Society, vol. 19 (1918), pp. 186—204. 
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PROOF. In case 1, if n zv, 


j f / t 
Tati Ta fn4à Tn42 TN41 TN 41 
= ) = = . 


Li Lr d 
Ta Tan Tal Tal TN TN 




















gah Fs 2 


Multiplying these inequalities, we have ry. i/r, Z ry 4i/r] , and taking 
the limit as N becomes infinite, we obtain r, rJ, (n2v). Hence if 
Du converges, Y xoti, also converges. A similar proof can be 
given for the case of divergence. 


THEOREM 1. Let {un} be a sequence of positive terms with ratios 
Tn=Unsi/tn, Ra rara Such that lima... fa=1. If of the limits 


lim n? log Ra = do, 


lim log n(n? log R, — 1) = ai, 
lim log log n{ log n(n? log Ra — 1) — 1} = ag, 
lim log log log [log log (log n(n? log Ra — 1) — 1} — 1] = as, 


L md -] 


eoo O 9 o9 9 E $9 c9 c9 c5 c5 c5 c5 c5 * c 4.4 5*0» c5: c5 5 5 c5 c5 c5 5$ 


ay ts the first which ts finite and different from 1, or the first to be posi- 
tively or negatively infinite, the series 9 gorun converges if a,>1 and 
diverges tf ay «1. 

Proor. Let },=log n, J, =log lit, (k>1); 

nnde ee cu eee 

Nn, = — ooo eee NT RUPEE TM PUE a EE ————— 3 = , 
MSS h Lily Dy ss cc 
Lo(n, a) = 0. 

By hypothesis, 


(1) lim ls [I aUas $e ls [a(n loglR, =1)= 1] a j 1} ni 1] = Gt. 


Hence 


lim GLa pt ael - b{h(n?log R,—1)—1] --- ]—1)—-1} 
iras eni ede qos toos D) se Ss eds dE 1) 
—HLy x(n, 1)] 2 às, 

since lim,.. 1/[1--Li(s, 1)] 21 and lim, so lide: > + HL; (n, 1) 20, 
(1SjS&). 


(2) 


454 MARGARET MARTIN {June 


(a) If a4» 1, let o? be a number such that 1<a,;<a,. Let My be 
chosen sufficiently large so that for n= Mi, 1,(m) is defined and posi- 
tive and 


1 
; 14-L(n, 1) [css yos l( (n log R,—1)—1) Ns ]-2-1] 
(3) Sis i2 HEU bis cca d) eco SE OD 


—lyL, a(n, 1) ] > Q1. 
-~ It follows that 


T 1 ; 1 
log Ra po (a, 1] + —— [1 + Lln, 1)] + Poss 
n ni nil 


1 
——————— 14+ 2 54 
(4) $ nlla ++ lai [1 + eis 0] 


= z [+ Lans 12]. 


mil, fest 
Let 


1 1+1 1+1 
ungui in, EM 





ET E 
l- dca belia se Pha 
+ app p 
aE 
1+ +t thh 
+ € ——————————————— 3 
vpn... p 


where now /,=log x, and so on. Then (4) can be written 
(5) log R, > Mi(n, a1). 


(b) If a& «1, let o4 be a positive number such that as «o4 €1. Pro- 
ceeding as in (a), we can show that for n greater than a suitably 
chosen number N3, 


(6) log Ra < My(m, az). 
Consider the series 
: eo 1n—1 eo 
(D. us Unia = epf- EÈ Mili, at, v > Ni, Na 
n=y for imj 


For this series, r/ =exp { $5, Mi(i, o) b R; =exp (Mi(n, o) }. It 
is easily shown that the conditions of Brink's Theorem VI are satis- 
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fied with R’ (x) =exp { M(x, a) } and nz. The test integral then has 
the form 


oo z oo S 1 
f exp t-f f Mx(z, adsis de = xf Say 08 
» y z » xl vs ly 


where K is constant. This integral, and hence the series s Mo 
converges for a>1 and: ‘diverges for aS1. We now apply the lemma 
to the series > gasta and us ài 
In case (a), we set @=ay in series (7). bae a, converges since 
a, >1. From (5), we have R, exp (Man, a) } = R,, n= vp. The condi- 
tions of part 1 of the lemma are satisfied, and hence 308 dis converges. 
In case (b), we set a =a in series (7). bye m diverges, and from 


(6), 
R, < exp (Mi(n, o3)] = Ra nz. 


Hence 9 75.,4, diverges by part 2 of the lemma. 

The tests of Theorem 1 apply to series for which an explicit ex- 
pression for R, is known. The general term of such a series has the 
form un =] [527 LIz-,6 (m). 


Example 1. Consider the series aua, where 
E a + B log (m?) 
th, = exp [- E rem}, olm) as B0. 
jak m-i m? log (m?) 


We have r, =exp { — ed (m) } : limps fn =1 since ? ;3«só (m) con- 
verges for all values of wand B; Ra=exp {(n) } ; log R, =o(n). We ap- 
ply the first test of Theorem 1, 


+ B log (n? 
lim #? log Ry = y 8E ee (9) = 
no no log (n?) 


Thus the series converges for 8>1 and diverges for B «1, regardless 


of the value of a. For the case 8=1, we apply the second test, 


+ log (n?) a 
dim Tog nes Tog Re — 1) = lim log” [i2 


and the series converges for B —1, a>2, and diverges for B=1, a<2. 
For the case 8=1, a=2, we go on to the third limit test, 


lim log log n[log n(n? log Ra — 1) — 1] = 0, 


and the series diverges. 
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The tests of Theorem 1 are valid if log R, is replaced by R,—1, the 
tests of the resulting sequence being in some cases more convenient 
to apply than those of Theorem 1. 


THEOREM 2. Let fun} be a sequence of positive terms with ratios 
n= Unti/ta, Rn=fn41/fn, Such that limano tr=1. If of the limits 


lim n?(R, — 1) = bo, 


"no 


lim log #[n*(R, — 1) — 1] = bi, 


a3 


lim log log [log s[n(R, — 1) — 1] — 1} = ds, 


by ts the first which is finite and different from 1, or the first to be posi- 
tively or negatively infinite, the series >\*_,u, converges if by» 1 and 
diverges tf b, <1. 


Proor. Proceeding as in the proof of Theorem 1, we are led to the 
following inequalities: 

(a) If 5,71, then for any number fi; such that 1 «fi «b, and for n 
greater than:a suitably chosen number N, 


(8) R, — 1 > Mila, bi). 


(b) If 6, <1, then for any positive number fj; such that b, «f, € 1, 
and for n greater than a suitably chosen number 4, 


(9) R, — 1 < Mil”, £3). 
In case (a), consider the series ? guud’, 
a-1 © 
ua’ = exp {- 22 32 DG, 8) — (Mali, el}, v> Ni. 
jm? i=j ; 


It can be shown that this series satisfies the conditions of Brink's 
Theorem VI with R''(x) =exp { M(x, Bi) — (Mi(x, 8))1] . The test in- 
tegral has the form 


f epf- f . f : [Mi(x, 8:1) — (Milz, 8) asd ds 
s f ef- f7 f asc pneede+ (7 fon. ad ds 
- = K f ed- f7 fne 83dsds ds, 
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where K’ is a constant. Since Bi» 1, the latter integral converges, and 
hence the series }>7_,u,/’ converges. From (8), 


R, 1-4 Mila, B3), nev. 
Hence if v is sufficiently large so that Mi(», b) «1, 


log R, > log [1 + Mi(n, 8)] > Mil”, 8) — (Mi(n, 8)? = log ) 3 
"cy 


R4, R(' , and the series PA of our theorem converges by part 1 of 
the lemma. 

In case (b), set a =f; in series (7), and take y= Ny and sufficiently 
large so that [Re —1| «1 for nev. bd diverges since fs 1. 
From (9), we have 


R, —1< Mln, 8&8) -lgR,«R,—1, . nz» 
R,<R,, and hence the series $7 ,u, diverges by part 2 of the 
lemma. 


Example 2. Consider the series X ^. stn, un = [zzi] [2-2(1 —/ m^), 
(a 70, 8» 1). Here 


= 1 
ucro E acide 
und m? 1 — a/n n?— a 


Lim, fn —1, since [[5-4(1 —a/m®) converges. Applying the first test 
of Theorem 2, we find . 








+œ, B<2, 
lim a(R, — 1) = lim st.—- z 0, B>2, 
n- 0 n= o a ái 8-2. 


Thus the series converges when 1 «f «2 and diverges when 62. If 
B —2, the series converges for œ> 1 and diverges for « <1. If 8—2 and 
a=1, we apply the second test of the sequence, 





1 
lim log 5[s*(R, — 1) — 1] = lim log n|» icu 1| = 0, 
aao n = 


m0 


and hence the series diverges. 


UNIVERSITY OF MINNESOTA 


THE DOUBLE COSETS OF A FINITE GROUP! 
J. S. FRAME 


1. Introduction. It is the purpose of this paper to study some of the 
properties of the double cosets of a finite group and to prove two 
main theorems which generalize the results of two previous papers by 
the author,? giving some relations between the double cosets and the 
irreducible components of the permutation group generated by a 
given subgroup. We let H be an arbitrary but fixed subgroup of order 
k of a finite group G of order g, g =nh, and we let Gg be the permuta- 
tion group of degree » induced by right multiplication of the cosets 
HSj;,i—1,2,:--, n, by elements of G. When written as a group of 
permutation matrices and completely reduced, the group Gg will 
have v’ distinct irreducible components T; of degree n; and multi- 
plicity a£, and we may write 


(1.1) Go = Yu Te 
20d 


Multiplication of a right coset HG, on the left by a single element of G 
does not in general produce a right coset, but if each coset HG, is 
multiplified on the left by all the elements of a right coset HS, and 
the products are added, a transformation is obtained which carries 
each of the s right cosets HG, into a collection of right cosets 
33-1 HS eG, in which, as we shall see in §4, each of the & cosets 
occurs d, — h/k, times. Its matrix deV; is permutable with each of the 
matrices of Gg. Certain cosets, which we shall call associated cosets, 
are permuted among themselves when multiplied on the right by ele- 
ments of H. Each of these produces the same matrix V,. The totality 
K, of elements belonging to a complete set of k; associated cosets, 
each counted once, will be called a double coset, whereas the term 
weighted double coset will refer to the complex of k? elements H.5,H 
in which each element of the double coset K, occurs d;=n/k, times. 
The integer d, will be called the density. The number of distinct 
double cosets K, will be denoted by r, and the elements S, 
t=1, 2,---, r, one from each, will be said to generate the double 


1 Presented to the Society, September 12, 1940. 

? J. S. Frame, The degrees of the irreducible components of simply transitive permuta- 
tion groups, Duke Mathematical Journal, vol. 3 (1937), pp. 8-17. 

J. S. Frame, On the decomposition of transitive permutation groups generated by the 
symmetric group, Proceedings of the National, Academy of Sciences, vol. 26 (1940), 
pp. 132-139. 
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cosets. The double coset which contains the inverses of the elements 
of K, will be denoted by Ky. 

In §2 a number of elementary properties of double cosets are stated, 
mostly without proof. In §3 a study is made of self-inverse double 
cosets, K,;=K,, and their number is shown to equal (1/g)>_x(R?), 
where x(R?) is the trace of R* in the permutation group Gg, and where 
the sum is taken. for all R in G. Using the results of a paper of Fro- 
benius! we then prove the first principal theorem, which generalizes 
a result obtained by the author for the symmetric group.‘ 


THEOREM A. The number of self-inverse double cosets of a finite group 
G with respect to a subgroup H is equal to the sum of the multiplicities 
of those irreducible components of Gg which have a symmetric bilinear 
invariant minus the sum of the multiplicities of those which have an al- 
ternating bilinear invariant. 


The Hermitian invariants of Gg associated with the matrices V; are 
studied in §4.5 Two bases consisting of r independent invariants are 
found, the one obtained directly from the r double cosets, and the 
other from the r=)_7_,(u")? Hermitian invariants* which come into 
evidence when Gg is completely reduced. The complex multiplication 
of the double cosets plays an important role in the discussion which 
culminates in the proof of Theorem B, which includes as a special case 
a theorem conjectured but only partially proved in a previous paper.’ 


THEOREM B. Given a transitive permutation group Gy of degree n in 
which the subgroup H leaving one symbol fixed permutes the n symbols 
4n r transitive sets of b, symbols, t=1,2,---, r. Let K be the product 
II. and let N, N=] Gnt”, denote the product of the degrees n, 
of the distinct irreducible components T; of Gg each raised to a power 
equal to the square of its multiplicity in Gg. Then nK /N = P,P,, where 
P ts an algebraic integer 4n the field of the characters of the components 
of Gg. 


3 G. Frobenius and I. Schur, Über die reellen Darstellungen der endlichen Gruppen, 
Sitzungsberichte der Preussischen Akademie der Wissenschaften, 1906 (I), pp. 186- 
208, especially p. 197. The author is indebted to G. de B. Robinson for referring him 
to this article. 

* J. S. Frame, Proceedings of the National Academy of Sciences, loc. cit. 

š A study of these matrices was made by I. Schur, Zur Theorie der einfach transi- 
tiven Permulatsonsgruppen, Sitzungsberichte der Preussischen Akademie der Wissen- 
schaften, 1933, pp. 598—623. 

*'This relation is well known in group theory. See, for example, W. Burnside, 
Theory of Groups, 1911, p. 275. 

T J. S. Frame, Duke Mathematical Journal, loc. cit. 
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In. $5 a study of the bilinear invariants of the components of es 
which are irreducible in the real domain leads to an alternate proof 
of Theorem A, based on methods similar to those of $4. 


2. Elementary properties of double cosets. The set of elements per- 
mutable with a coset HS; form a group N; called the normalizer of 
-the coset, whose intersection with H is a group D; of order d; leaving 
HS; fixed in the permutation group Gg. We let D;H;; be the &; =h/d; 
cosets of H with respect to D; and note that for each j the elements 
HS;D,H;;—H(SiH;) form a different coset HS; associated with HS,. 
Hence there are &, distinct cosets each occurring d, times in the 
weighted double coset HS,H. If H is invariant in G, then each D,— H, 
each &,—1, and each coset is a double coset. It is convenient to select 
the S; for associated cosets so that S;H;;—.S; and then to define 
Hj -S;1S;— Hy, when obtaining the cosets of H with respect to its 
subgroup D;= H4 D;H;;, which is permutable with HS;. It is seen im- 
- mediately that the subgroups D;, D;, - - - which are permutable with 
the right cosets HS;, HS;, - - - of a double coset H.5,H are all of the 
same order d, and form a complete set of conjugate subgroups of H. 

The following four properties of double cosets are simple enough to 
be given here without proof.® 


THEOREM 2.1. Each element of G lies in one and only one double 
coset of G with respect to a given subgroup H. 


THEOREM 2.2. A double coset may be generated by any one of tis ele- 
ments. 


THEOREM 2.3. The inverses H5 S11 H; of the elements H,S,H; of the 
double coset K, form a double coset Ky generated by Sy, which has the 
same density as K.. 


If K,— Ky, the double coset is called self-inverse. 


THEOREM 2.4. A double coset which contains a self-inverse element ts 
self-inverse. In particular the double coset H = K; ts self-anverse. 


The next three theorems show that the elements of a class of con- 
jugates, of a left coset, and of the set of inverses of a right coset, are 
equally distributed among the right cosets of their double coset. 


THEOREM 2.5. Each coset of a double coset K, contains the same num- 


8 Several of the theorems in §2 are implied in the discussion of cosets in the stand- 
ard texts on group theory. Nowhere has the author found them collected as properties 
of double cosets as such. They are stated here for convenience of reference for the later 
proofs. . 
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ber gu of the gy elements forming the class C of conjugate elements in G.? 


Proor. Let HiS; be a common element of HS; and CQ, and let the 
subgroup of D; which is permutable with the element HS; be of index 
£a in D;. Then there will be ga distinct elements each counted d;/ga 
times among the elements à7!(H55;)0,, 5, in D;. Each of these dis- 
tinct elements of HS; is transformed by Hi; into a different element 
of HS; so the numbers ga, £n»,:-- are the same for all the cosets 
of K, and may be denoted by gn. 


THEOREM 2.6. The h elements of the left coset (HaS)H are equally 
distributed among the k; right cosets associated with HS;, just d; elements 
lying in each right coset. 


PRoor. Each element of H can be written uniquely in the form 
6,H;; where 6, is in D;. For each j we obtain d; elements HyS;5,H;; 
= (HiSiô S7!) S; in HS;. 

If we note further that the inverses of the elements of a right coset 
HS; form a left coset S7!H, then we obtain the following: 


THEOREM 2.7. The inverses of the elements of a right coset are equally 
distributed among the k; cosets of the inverse double coset, with d; ele- 
ments in each. Furthermore each coset of a self-inverse double coset K, 
contains just d, of its own inverses. 


THEOREM 2.8. Each element of the normalizer Ni of H transforms a 
double coset K into itself or into a double coset Ni K N, having the same 
distribution of elements among the classes Cy as K, does. 


These double cosets may be called conjugate double cosets. 
Pnoor. Each element is transformed into a conjugate element in 
the double coset generated by N74S,Mi. 


THEOREM 2.9. (a) The number of times, kiss, that the identity element 
E occurs among the h® elements HS,HS,HS, depends only on the double 
cosets to which SS, Su, and S, belong. 

(b) The constant kius ts unchanged by an even permutation of the 
double cosets Ki, Ku, K,, or by an odd permutation coupled with a change 
to inverse double cosets. 

(c) The number of the h elements SHS, which lie in the double coset 
Ky ts kw /d;, and 3L Rewe/de=h. 

(d) For t=1, we have ky, — Rust =hduðuv. 


? D. E. Littlewood, Theory of Group Characters, 1940, p. 149. Littlewood shows, 
if we change his notation to ours, that the characters in Gg of the elements of Cy 


are ngu/g. . 
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^ (e) The product of the double cosets KiKa is given by the equation 
(2. 10) K.ky m (A/(did.)) » bis Ky. 


To prove the various parts of Theorem 2.9, let us assume that 
Ha Hy, and H, are elements of H which satisfy the equation 
HS HyS.H,S,=E. The equation is still valid if we permute the 
six elements cyclicly, or if we interpose between two adjacent ones 
the product of an element of H and its inverse, thus replacing an. ele- 
ment by another element in its double coset, or if we replace all six. 
elements by their inverses in the opposite order. The remainder of 
the proof depends on eliminating the weighting factors from the 
weighted double cosets HS,H, etc., but may be left to the reader. 


3. The number of self-inverse double cosets. We shall now apply 
the theorems of $2 to obtain expressions for the number of self-inverse 
double cosets of a group. 


THEOREM 3.1. The number Ny of self-inverse double cosets K, of G 
with respect to H is 1/g times the number of solutions of the equation 


SiR? = HIS, j72712,:::,m H,inH, RinG. 


We rewrite the equation in the form Hi?(S;RS;!)— (S;RS;1)^!, 
which states that the inverse of the element S;RS7!=T belongs to 
its own right coset. For each of the k, cosets of K, there are d, avail- 
able values of T, by Theorem 2.7. For each of these h=d,k, values of 
T we may choose n generators S; to determine an element R —5; TS; 
conjugate to 7. Thus for each self-inverse double coset we obtain 
g nh solutions of the given equation, and the theorem is proved. 

Now the permutation matrix corresponding to R? in Gg has a unit 
in the principal diagonal for every right coset which remains fixed 
by R?, that is, for every solution of the equation S;R? — H,5,;, Hi in H, 
j=1, 2,---+, n. Its trace is the number of these solutions for fixed R. 
When we sum these for all R in G and apply Theorem 3.1, we obtain 
the following theorem. 


THEOREM 3.2. The number Ng of self-inverse double cosets of G with 
respect to H 4s given by the formula 


(3.3) Na = (1/g) 2. xR’), 


Rin G 
where x(S) ts the trace of the matrix S in ihe permutation group Gg. 


This theorem may be applied to the.results of a paper by Frobenius 
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and Schur to obtain the fundamental Theorem A of $1. It is known 
in the theory of group characters that for an irreducible representa- 
tion I'; with character x'(R) the quantity 


(3.4) 2 {KER ] + x(Q 1/09) 


is 1 or 0 according as T'; has or has not a symmetric bilinear invariant, 


and that 
(3.5) E (KRP — x G9) /09 


is 1 or 0 according as T; has or has not an alternating bilinear in- 
variant. Following Frobenius! we set c;=1, — 1, or 0 according as I’; 
has a symmetric, an alternating, or no bilinear invariant. We shall 
call these respectively “symmetric,” “quaternion,” and “rotary” rep- 
resentations. Then 


(3.6) (1/g) 2 x(R?) = 6. 


Now let Gg be reduced into irreducible components T; with multi- 
plicities uf. Then 


(3.7) Gg = 2, wily, — x(R) = 2; mi x (R). 
Hence, by (3.3), (3.7), and (3.6), we have 
(3.8) Na = (DE xR) = 0/9 X2 D ix (R) = 2 e 


This formula is equivalent to Theorem A of §1. 


4. A theorem derived from a unitary reduction of a group and its 
double cosets. When a group G is represented in two ways as a regular 
permutation group of degree g, using cosets with respect to the iden- 
tity subgroup £, the one Gg obtained by the right multiplication of 
cosets by the elements of G, and the other Gg by left multiplication, 
the matrices of Gd form a basis for all matrices permutable with those 
of Gg, and vice versa. In that case each of the elements of G forms a 
double coset. But when cosets are taken with respect to a subgroup 
HE, a basis for the matrices permutable with those of the right 
multiplication permutation group Gg is found in the double cosets of 
the left multiplication group. The matrices V; described in $1 are 


10 G. Frobenius and I. Schur, loc. eit. 
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those of a complete set of invariant Hermitian forms of Gg on which 
all others are linearly dependent. For letx;,x;—x(H5;),4—1,2, -- -, m, 
be the variables permuted by Gg. Then the matrix R of Gg transforms 
the product #(H)x(HS,) into £(H R)x (HS,R), and if we write R= HG, 
and sum over all R in G, we obtain an Hermitian form invariant under 
the right multiplications of Gg. Since the subgroup D, of H leaves 
HS, fixed, each term of this form will contain the factor d,. Dividing 
by d, and writing K,— HS,H/d,, we obtain the simpler invariant 
Hermitian form J 4£(HG;)x(K,Gy), whose matrix we have denoted 
by V;. The matrix Vi is the unit matrix. Each row and column of V, 
contains E, 1’s and the rest 0’s, and the sum of all the matrices V, is a 
matrix consisting entirely of 1's.! To the inverse double coset Ky cor- 
responds the transposed matrix Vi, which will be denoted by Vv. 
Self-inverse double cosets have symmetric matrices V.. 

Now let U be a unitary matrix which completely reduces the group 
Gg into its irreducible components T; of degree n; and multiplicity 
uf, so that all equivalent components of U-!Gg U are actually identical 
and so that the invariant Hermitian form for each component is a 
diagonal form with unit matrix E; of degree n;. Then for the set of u7 
equal components T; we have (u/)? linearly independent Hermitian 
forms whose matrices ? 4E? pi^ are obtained as the direct product 
of E; with an arbitrary matrix (pf?) of degree uf. The r matrices 

¿= U-1V,U, obtained by transforming the Hermitian invariants of 
Gg, must be expressible as linear combinations of the r matrices Eg. 
It is convenient to arrange the symbols E7* in some arbitrary order 
starting with E]! = E;, and to assign to each a single subscript y. We 


write 
aß aß 
M, = 2; Expy; where E, = E; and py = pi (Ky); 
(4.1) " 
yvt71,2,-:::,r. 


Since the matrices M, and E, each form a basis for the invariant 
Hermitian forms of U-!Gg U, the matrix (p4!) is nonsingular. 

The M, combine according to a rule similar to the rule of combina- 
tion for the inverse double cosets Ky, as given in 2.10, namely, 


(4.2) MM, = > Cius M 5, Ciun = Rurure/(didy). 


Since this is also the rule of combination for the matrices pff(K,) 
corresponding to a given T;, these matrices give that representation 
for the left multiplication of double cosets which is associated with T';. 


u J. S. Frame, Duke Mathematical Journal, loc. cit. 
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Now when Gg and G4 are simultaneously reduced, the component 
of Gg on the same variables as the n; components I’; of Gg consists 
of the direct product of E; with a representation equivalent to I'/. 
When the matrices of this representation are summed over all ele- 
ments in each double coset, the resulting set of r matrices when reduced 
will contain the component of degree u Sn, expressible in terms of 
the variables of Gg, which is equivalent to the matrices pf (K). 
Hence the of?(K;) are expressible in terms of the matrices of I’. 

The rule (4.2) is also the rule of combination for the matrices V,! 
so the coefficients c,,, must be integers, and the character of the prod- 
uct MM, is given by the formula 


(4.3) x(Mv M.) = feu = nk, 


in view of Theorem 2.9 (d). Since U is unitary, the matrix Mv is the 
transposed conjugate M? of M:. We shall denote by E, the trans- 
posed conjugate of E;, and by n, the degree of the corresponding irre- 
ducible representation. 

Next consider the matrices (My,,) and (E) of degree r whose ele- 
ments are 


(4.4) Mey = x(My My) = x(VeV u) = nk, 
(4.5) Eys = x(Ey Es) = 1543. 
We obtain a relation between (My) and (Eys) as follows: 
(4.6) Mey = x( > Buy Ey > Exp) = 25 Doy E rspas. 
Y $ Yð 
Denoting the determinant of (pu) by P, we have, by (4.4), (4.5), (4.6), 


(4.7) I (nk) = ( II ^) PP = ( i ni) PP. 


y=1 
Since ? /,p,,- n5, the determinant P may be written in the form 
nP,, where P; is the minor of pu in P. Factoring n? from both sides 
of (4.7) and using the notation of Theorem B, we have 


r r HA 
(4.8) n K- NPiP, where K-—[[&k, N=]]I el 
tml iml 
Since for each 4 the matrices pf (K,) give a representation of the ring 


of matrices V; in which the coefficients of combination are integers, 
the matrix P, is an algebraic integer. It belongs to the field of char- 


B J. S. Frame, Duke Mathematical Journal, loc. cit. 
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- acters of the T';. This completes the proof of Theorem B. It will be 
noted that if the representations T; have rational characters, which 
will certainly be true if their degrees are all distinct, then the quotient 
n'—*K /N will be a perfect square. 


5. A theorem derived from a real orthogonal reduction of a group 
and its double cosets. Let us now consider the reduction of Gq by a 
real orthogonal matrix O into a form which is irreducible in the real 
domain. The component representations are of three types: (1) Those 
“symmetric” representations T? which are absolutely irreducible in 
the complex domain and have a symmetric bilinear invariant. 
(2) Those “quaterhion” representations 2TÍ2 which consist of two 
equivalent complex components of even degree each with real char- 
acters and each with an alternating but not a symmetric bilinear in- 
variant. The pair together have a third alternating bilinear invariant 
and a symmetric bilinear invariant. The matrices of the four invari- 
ants, suitably normalized, combine like the quaternion units. (3) Those 
“rotary” representations re.-rf which have two non-equivalent 
conjugate complex absolutely irreducible components, each having 
complex characters, but having no bilinear invariant. Taken together 
they have an alternating and a symmetric bilinear invariant which, 
when suitably normalized, combine like the real and imaginary units. 

The matrices O-! V,O form a basis for the invariant bilinear forms, 
but in place of the other basis matrices E, used in $4, we now use 
matrices E, which for the symmetric representations of type 1 are like 
the old E,, for the quaternion representations of type 2 come in sets 
of four which multiply like the quaternion units, and for the rotary 
representations of type 3 come in pairs which multiply like the real 
and imaginary units. Those of type 2 are as follows: 





e 0 0 0 0 0 a 0 | 
0 ei 0.0 0 e 

0. 8 a : -e 0 0 0 | : 
0 0 O0 g 0—e 0 0 

(5.1) 

0—e 0 0 0-0: 9 g 

e; 0 0 0 0 O-e O0 

0 0 0 al’ 0 eae 0 0’ 
Q: OF Ser. —e 0 0 0 


where e; denotes the unit matrix of degree n;/2. 
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We next normalize each of the matrices V, and E, by dividing by 
the square root of the sum of the squares of its coefficients. From the 
new normalized matrices Vf and E,*, thought of as of degree n, we 
form a new set of matrices of degree r defined by 


j Vi = AVIV Veu = xV YQ, 

P En = XGSED, — Ey = (LED. | 
Then (V$) and (E*,) are each the unit matrix, whereas (VA) = (8v,) 
is a matrix whose trace is the number Nz of self-inverse double cosets, 
and (E*) is a matrix whose trace is X4. icf, since each component 
T(*! of type 1 contributes +1, each real component 2T(^? of type 2 
containing a pair of equivalent irreducible representations contributes 
+1 —1 —1 —1= —2, and each real component of type 3 contributes 
+1 —1-20. Now let 


(5.3) O ViO = 33 Eq 
Y 


define a matrix Q which changes the basis of the bilinear forms of 
O-!GgO. Then 


Vt = x(V1V) = x(0?vto-o^ vto) = x( Sho Eins.) 
(5.4) i i 


D rE ndis. 
Y, ð 
Similarly, since (Vi) and (Ež,) are unit matrices, we have 
(5.5) Viu = 2 Qy v Ey dou = PN 73 au = Seu. 
Y 
Hence Q is an orthogonal matrix, and (5.4) may be written in the form 


(5.6) (Vis) = 0 (EQ. 


By equating the traces of (VŠ) and (E$) given above, an alternate 
proof of Theorem A is obtained. 
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CONDITIONS FOR THE CONTINUITY OF ARC- 
PRESERVING TRANSFORMATIONS? 


D. W. HALL AND W. T. PUCKETT, JR. 


1. Introduction. A single-valued transformation T(A)=B, where 
A and B are topological spaces, is said to be arc-preserving* provided 
that the image of every simple arc in A is either a simple arc or a ' 
a single point in B. Even when A is a simple arc, an arc-preserving 
transformation may fail to be continuous; for example: on the unit in- 
terval (xy -0€x&€1-ox) let x,=1/n (n=1, 2, 3,---+). Define 
T (xo) =x and for each interval An (ny S% Sx,) let T(A,) =A be 
a topological transformation such that T(x4) =%o or xi according as n 
is even or odd. Then the transformation T(A) =A is arc-preserving, 
but fails to be continuous at xo. 

The results of this paper concern conditions under which an arc- 
preserving transformation is continuous, and the conclusions lead to 
homeomorphisms. We consider only the case where A is a locally con- 
nected continuum. The transformation T may be made continuous by 
putting conditions on the space A or by putting added conditions on 
the transformation T itself. In this paper we take both points of view. 
We shall say that A is strongly arcwise connected provided every infi- 
nite subset of A intersects some arc of A in infinitely many points. 
Our principal theorem states that if A is cyclic and T(A) =B is arc- 
preserving then T will be topological or B will be an arc provided 
either A is strongly arcwise connected or T is tree-preserving? (that 
is, the image of every tree in A is a tree or a single point in B). More- 
over, we show that if B is not an arc then A must be strongly arcwise 
connected in order that a topological mapping be the only arc-pre- 
serving transformation of A onto B. 

Throughout the paper A is a locally connected continuum and T is 
a single-valued transformation, but not necessarily continuous. It is 
understood that a single point is to be regarded as an arc. 


1 Presented to the Society in parts as follows: April 6, 1940, under the title On 
arc-preserving transformations, by Puckett; April 26, 1940, under the title On arc and 
tree preserving transformations, by D. W. Hall; and September 12, 1940, under the 
title Arc-preserving transformations of a certain class of spaces, by Hall and Puckett. 

2 See G. T. Whyburn, Arc-preserving transformations, American Journal of Mathe- 
matics, vol. 58 (1936), pp. 305-312. See also D. W. Hall and G. T. Whyburn, Arc- ond 
tree-preserving iransformalsons, Transactions of this Society, vol. 48 (1940), pp. 63-71. 

3 See R. G. Simond, Duke Mathematical Journal, vol. 4 (1938), pp. 575-589; also 
Hall and Whyburn, loc. cit. * 
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2. On strongly arcwise connected sets. The set A is said to be 
strongly arcwise connected provided that every infinite subset of A con- 
tains infinitely many points which lie on an arc in A. The following 
are immediate consequences of this definition: 


(2.1) A strongly arcwise connected set is compact and locally con- 
nected. 

(2.2) In order that a continuum be strongly arcwise connected tt must 
be the sum of a finite number of cyclic chains. 

(2.3) The property of a continuum's being strongly arcwise connected 
ts cyclicly reducible.^ 

(2.4) The property of being strongly arcwise connected is invariant un- 
der an arc-preserving transformation. 

(2.5) If A is strongly arcwise connected and T (A) =B 1s a one-to-one 
arc-preserving transformation, then T is topological. 


Proor. We need only show that T(4) —B is continuous. To this 
end let fxn} be a sequence of points converging to a point x in A. 
Since A is strongly arcwise connected we lose no generality in assum- 
ing that all the points {x,} lie on an arc æ in A. For each n let a, be 
the irreducible subarc of æ containing x? 4.4x;; then [Ja,=x. Now 
T([Je.) =] [T (o), since T is one-to-one. Thus T(x) =|]T(a,) is the 
intersection of a monotone decreasing sequence of arcs. Thus T(x,) 
converges to T(x), since T(x.) is contained in T(a,) for every m. 

The following example shows that condition of strong arcwise con- 
nectivity cannot be omitted: 


EXAMPLE. There exists a one-to-one arc-preserving transformation 
T(A)=B, where A ts a cyclicly connected continuum, which ts not con- 
tinuous. 


Proor. The example will be constructed in the euclidean plane. 
Let L be the unit interval and for every positive integer n let A, bea 
line segment of length 1/n? erected perpendicular to L at the point 
1/n. Define a, as the end of A, not on the line L and let B, be the 
segment joining the point a, to the origin. Then the cyclicly con- 
nected continuum of the example will consist of the unit interval L 
together with all the segments A, and B,. 

'To construct B let O denote the origin and for every positive in- 
teger n define Q, as the point (1/n, 0). Let M denote the line x —.7, 
and P,=(1, 1). We may then define an infinite sequence of points 


* See Kuratowski and Whyburn, Fundamenta Mathematicae, vol. 16 (1930), pp. 
305-331. 
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(P. as follows: assuming thai P,_; has been defined let R,. ; be the 
point of intersection of the bisector of the angle OP, 10, 4 with the 


line M, and define P, as the midpoint of the segment P4 4R, 4. Let Cy, 


be the segment OP, and D, the segment P,Q,. The set B is then de- 
fined as the sum of L and all the line segments C, and D,. 

The transformation T(A) =B is now easily set up. Define T(x) =x 
for all x in L, and let T' send the sum of A, and B, topologically into 
the sum of C, and Dn. Evidently T(A) =B as thus defined is one-to- 
one and arc-preserving, but not continuous at the origin. 


(2.6) Any locally connected continuum A which is not strongly arc- 
wise connected may be mapped onto the unit circle by an arc-preserving 
transformation. 


Proor. Since A is not strongly arcwise connected it contains a se- 
quence of disjoint regions {Un} such that no arc in A intersects 
infinitely many of the U,. Clearly, the set M=A—) U, and the 
points of >) U, give an upper semi-continuous decomposition of A. 
This decomposition determines a continuous transformation 7,(A) 
=A, such that each T3(U,) is a component of A1—7Ti(M)=Ai—pr 
and Aı=p1 +2} ,T1(U,). Now for each positive integer n let L, be the 
line segment in the euclidean plane between the points xo— (0, 0) and 
x4— (1/n, 1/n?) and define 4:=)_L,. Then there exists a continuous 
transformation 7$3(41) 24s such that 73(7,(U,)) =Ta(T (Un) +61) 
=L,. Finally, let B be the unit circle x —cos 0, y=sin 0 (0€0 «27) 
and let B, be the subarc of B given by 0 <0 S (2n — 1yr/n. A sequence 
of topological transformations T3(L,) — B, which in every case maps 
xo onto the point (1, 0) of B defines a transformation T3(45) =B. Let a 
be any arc of A and consider its image T (a) 2 T4T4Ti(o) in B. Since 
T3T3(A) =A; is continuous and o can intersect at most a finite num- 
ber of the regions U,, it follows that 7:71(@) is a connected subset 
of As and is contained in some P L4, (nia m). Moreover, by 
construction TO. Ln,)=B,, is continuous and, consequently, 
TsTsTi(@) is an arc. Thus T(A)=7373:71(A) —B is arc-preserving. 
However, it will be noted that T' fails to be continuous at any point 
in the limit superior of ( U,], but is continuous on every arc a of A. 





3. Lemmas. In this section we obtain some preliminary results con- 
cerning arc-preserving transformations defined on cyclic locally con- 
nected continua. The set B is a topological space. 

(3.1) Let A be cyclic, let T(A) =B be arc-preserving, and let G= [a] 


5 See Hall and Puckett, Strongly arcwise connected spaces, to appear in American 
Journal of Mathematics. . 
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be the set of all arcs with endpoints in T-!(p’) and T—(q') respectively. 
If the image of every simple closed curve of A is an arc, then IIT(o) con- 
. tains an arc joining p’ and q’. 


Proor. Let G* = [o*] be the subcollection of arcs of G which have 
P'CT-(p!) and g* C T-1(q^) for their endpoints, and let ař and a* 
be any two arcs of this collection. Now let 8f and f£ be subarcs of 
T(af) and T(o£f) respectively which have p’ and g’ as endpoints. 
Suppose there exists a point x’ of Bf not contained in f ; then 61 4-84 
contains a simple closed curve J’. Therefore, since T-!(x^) is disjoint 
with os*, a*+a¢* contains a simple closed curve J such that T(J) con- 
tains J’, contrary to hypothesis. Define 6’=8/ =8/, and suppose 
there exists a point p+¥p* of THp’). Since A is cyclic it contains an 
arc p*q*+q*p. Now T(p*q*) contains 8’, since p*g* is an arc of G*. 
Moreover, T(g*p) must contain 8’, for otherwise T(p*q* +q*p) would 
contain a simple closed curve. Because of the symmetry of the above 
argument it follows that [[T(o) contains 6’. 


(3.2) If T(A) — B is arc-preserving and J is a simple closed curve, 
then T(J) — J' is topological or J' is an arc. 


Proor. Suppose J’ is not an arc. Then, since J is strongly arcwise 
connected, we need only show that T(J) — J' is one-to-one, by virtue 
of (2.5). If T(J) =J’ is not one-to-one there exist two points x and y 
of J such that T(x) 2 T(y). Express J=a+ 8, where « and f are arcs 
such that a: —x--y. There exist in æ distinct points p and q whose 
images are the endpoints of T (a). (In case T(«) is degenerate these 
points may be x and y.) Let the points be so named that a=xp+pq 
Fey, where any two of the arcs on the right have at most a common 
endpoint. Now the endpoints of T(a) lie in its subarcs T(xp) and 
T(gy), which have a common point. Consequently, T(xp+qy) 
=T(xp)+T(qy)=T(a). Thus the arc y=px+8+gqy is such that 
T (y) 5 J', contrary to the hypothesis that J’ is not an arc. 


(3.3) If T(A) =B is arc-preserving, where A is cyclic, and if there 
exists a simple closed curve J in A such that T(J) — J' is not an arc, 
then T is one-to-one on A. 


Proor. Since J’ is not an arc, it follows from (3.2) that T(J) =J’ 
is topological. Let z be any point of J and suppose z T-1T(z). Then 
there exists a point zı in A—J such that T'(z)) =T(z). Let czid be an 
arc in A spanning? J, and suppose dz. Write J as the sum of two 
simple arcs a and f having precisely the points z and d in common. 


* An arc axb is said to span a point set M provided M-axb=a+b. 
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Now T(z)—-T(z) and T is topological on œ. Consequently, since 
T(zd-J-o) is an arc, we have T(zd) contains T(a). Therefore, 
T (zid --B) contains J’, contrary to the fact that J’ is not an arc. Hence 
for every point z of J we have z= T-1T(z). 

Now let z be a point of A — J and let a be an arc through s spanning 
J and dividing J into two arcs 8 and y. From the above and (3.2) it 
follows that T(a+f) is a simple closed curve. Consequently, 
z—T-'T(s) and, therefore, T is one-to-one on A. 


(3.4) Under the hypotheses of (3.3) either of the following conditions 
suffices to make T topological: (a) A is strongly arcwise connected, or 
(b) T sends trees into compact sets. 


Proor. That (a) suffices is immediate from (2.5). To show that (b) 
suffices we need only establish the continuity of T. Assume T is not 
continuous. Then there exists a sequence of points {xa} converging 
to a point x of A such that either the sequence T(x,) =x, converges 
to a point y’~T(«x) or the set T(x,) has no limit point. Now there 
exists a tree ¢ containing infinitely many of the x,, but not y  T-1(y^) 
if y’ exists. It follows in either case that T(t) is not compact." This 
contradiction completes the proof. 


(3.5) Let J be any simple closed curve in the cyclic continuum A and 
let T(A) «B be arc-preserving but not topological. Then either of the 
following conditions suffices to make T(J) =J" a free arc! of B: (a) A is 
strongly arcwise connected, or (b) the image of each tree in A is a locally 
connected continuum, 


Pnoor. From (3.2) we see that T(J) =J" is topological or J’ is an 
arc. If T(J) —J' is topological, then by (3.4) we see that T(A)=B 
is topological and the theorem is established. Hence assume that J’ 
is an arc a/x'b! of B which is not a free arc of B. To obtain the desired 
contradiction we first establish the following assertion: 


(i) There exists an arc uv 4n A such that T (uv) contains a nondegen- 
erate subarc u'v! having exactly the point v' in common with J’, where v' 
is an interior point of the arc J’. 


To prove (i) we observe that since J’ is not a free arc of B there 
must exist a sequence of points x,’ of B—J’ converging to an interior 
point x’ of J’. If A is strongly arcwise connected there exists an arc N 
in A intersecting infinitely many of the sets T(x ). Then T(N) con- 
tains a nondegenerate subarc w'v' satisfying the conditions of (i) and 


T An arc a is a free arc of M provided e spans M—a. 
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we immediately obtain the arc wv as a subarc of N joining a point of 
T-1(u^) to a point of T-!(v’). This proves (i) under our first hypothe- 
sis. Assume next that (b) holds. Then there exists a tree ¢ in A inter- 
secting J—1(x’) and infinitely many of the sets 7—(x,’). Thus T(é) 
is a locally connected continuum in B containing x’ and infinitely 
many of the points x,’. Hence T(#) is locally arcwise connected and 
thus contains an arc u’v’ satisfying (i). The arc uv is then obtained 
as any arc in # joining a point of T-!(u^) to a point of 7(v'). This 
completes the proof of (i). 

Now since A is cyclic there exists an arc H in A intersecting T-1(u’) 
and having its endpoints in 7-!(a^) and T-!(b^). It follows at once 
from (3.1) that T(H) contains J’. Now T(H) contains both u’ and v’ 
and hence a subarc joining these points. Since T(H) is an arc, this 
subarc must contain either a’ or b’, hence we assume that it contains 
a’ and denote it by u’a’v’.. From (3.1) it follows that if M is any arc 
in A having its endpoints in T-!(u’) and T-!(v’) then T(M) contains 
u'a/v'. But this tells us at once that the image of the arc wv given by 
(i) must contain a simple closed curve. This contradiction completes 
the proof. . 


4. Principal theorem. We shall now prove our principal theorem. 


(4.1) Let T(A) 2 B be arc-preserving, where A is a cyclic locally con- 
nected continuum and B is not an arc. Then T is topological if either 
A is strongly arcwise connected or T ts tree-preserving. 


Proor. Assume T is not topological. Then by (3.5) the image of 
every simple closed curve J of A is a free arc of B and, consequently, 
every two points of B lie on a free arc of B. Thus to show that B isa 
simple closed curve it is certainly sufficient to show that B is a locally 
connected continuum. This follows at once from (2.1) and (2.4) if A 
is strongly arcwise connected. Hence we need only establish it in the 
case where T'is tree-preserving. That B is compact follows at once 
from this condition since every convergent sequence of points in 4 
lies on a tree in A and the image of this tree is a tree. Assuming B 
not locally connected we can find two points a and b in B at which B 
fails to be locally connected. Let axb be a free arc in B and d a point 
of B not on this free arc. Then there exists a free arc dx in B where 
x is an interior point of axb. Thus either a or 5 is interior to the free 
arc dx of B which is impossible since B is not locally connected at 
either a or b. Hence we have established the fact that under either of 
our hypotheses B must be a simple closed curve. , 

We show first that if s’ is any point of B there exists an arc B of A 
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such that z’ is an interior point of T(8). Since B is a simple closed 
curve, it contains an arc f'z'g' having z’ as an interior point. Let 
TA } be a sequence of points in the arc p’s’ converging monotonically 
to z’. Let £ be a tree in A intersecting infinitely many of the sets 
T- (pi). If T is tree-preserving then T(t) is an arc /' —a'b'. There 
exists in ¢ an arc a intersecting both T-(a’) and T-1(b’). Since 
T (a) =’, it follows that T(o) must contain a subarc vy, —z'x' of 2’p’. 
If A is strongly arcwise connected the same result may be obtained by 
taking a as an arc in A which intersects infinitely many of the sets 
T-'(p, ). Likewise we obtain an arc 'y,—2^y' which is a subarc of both 
z'g' and the image of an arc of A. Let B be an arc in A intersecting 
T(x’), T—(y, and T(z’). By virtue of (3.1), T(8) contains 
Yet 4 an arc which has 3’ as an interior point. 

It follows from the above and the Heine-Borel theorem that there 
exists a finite number of arcs a, 03, - - - , à. (#22) in A such that 
$3xaT() =) +a! =B. Moreover, the a; may be so selected and named 
that ad «o is empty except for k=i—1, 4, 1+1 (n+1=1). Let p/ and 
qi be the endpoints of æf, and assume them so named that 5/4; is a 
point of æf while qi} is not. Select in A an arc f1—f$igid- qd where . 
the points pı, qu and g are in T-1(p/), T-(gi ), and T-(qi ) respec- 
tively. By (3:1), T(f1q3) contains aj, and consequently a point p, of 
T-(pi). The subarc 2g: of B; has an image which contains ay, by 
(3.1). Therefore T(8;) contains od +a. To complete the induction 
assume that an arc f, has been obtained in A such that T'(8,) contains 
ad tag + +++ +a. Select in A an arc Brp = pigri Farge, where 
the points pi, gry, and grs are in T7 (p1), T-!(Gr41), and T-1(q,42) re- 
spectively. By applying (3.1) as above it follows that T(pig,4:) contains 
ait +++ +a, and, finally, that T(6,41) contains ait - ++ doas. 
Therefore, by induction, there exists an arc f, in A such that 
T(B. 3) =B, which, as a consequence of our supposition, is a simple 
closed curve. This contradiction completes the proof of the theorem. 


(4.11) COROLLARY. Let A be a locally connected continuum having no 
local separating points. If T(A)=B is arc-preserving, then either B is 
an arc or T 4s topological. 


ProoF. Since A has no local separating point it can contain no cut 
point. Moreover, A is strongly arcwise connected, since every closed 
and totally disconnected set of A is contained in an arc.® Conse- 
quently, A satisfies the hypotheses of (4.1). 


® See G. T. Whyburn, Os désconnected sets, Fundamenta Mathematicae, vol. 18 
(1931), pp. 48-60. 
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The following theorem is an immediate consequence of (4.1) and 
(2.6): ; 


(4.2) The class of cyclic strongly arcwise connected continua consists 
exactly of all cyclic locally connected continua A such that every arc- 
preserving transformation T(A) =B, where B ts not an arc, is topological. 


Brown UNIVERSITY AND 
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A NOTE ON SUBGEOMETRIES OF PROJECTIVE 
GEOMETRY AS THE THEORIES OF TENSORS! 


T. L. WADE 


Klein’s viewpoint (A) of a geometry as the invariant theory of a 
transformation group, as formulated in the Erlanger Programm in 
1870,? has played an important part in the study of geometry during 
the past half century. A number of explicit utilizations of this view- 
point in invariant aspects of algebraic geometry have been made.* 
In the last decade the viewpoint (B) of a geometry as the theory of 
a tensor has received considerable theoretical discussion and utiliza- 
tion in connection with the new differential geometries.* While the 
adjunction argument, whereby subgeometries of projective geometry 
result from the latter by holding certain forms latent, has had consid- 
erable use,’ and is closely related to tensor algebra, there seems to 
have been no explicit treatment of algebraic invariants for subgeome- 
tries of projective geometry from the viewpoint (B) with the use of 
tensor algebra. To indicate how this might be done is the purpose 
of this paper. The material here is largely an application and contin- 
uation of the basic paper by Cramlet.* 


1 Presented to the Society, April 27, 1940. 

2 F, Klein, Gesammelte Mathematische Abhandlungen, Berlin, 1921, vol. 1, p. 460. 

3 C. C. MacDuffee, Euclidean invariants of second degree curves, American Mathe- 
matical Monthly, vol. 33 (1926), pp. 243-252; Covariants of r-parameter groups, 
Transactions of this Society, vol. 39 (1933). 

1J. A. Schouten and J. Haantjes, On the theory of the geometric object, Proceedings 
of the London Mathematical Society, vol. 42 (1937), pp. 356-376. 

t H. Weyl, The Classical Groups: Their Invariants and Representations, Princeton 
University Press, 1939, pp. 254-258; H. W. Turnbull, The Theory of Determinants, 
Matrices, and Invariants, Blackie and Son, 1929, chap. 21. 

* C. M. Cramlet, The derivation of algebraic invariants by tensor algebra, this Bulle- 
tin, vol. 34 (1928), pp. 334-342. 
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If in the (1 — 1) projective geometry we hold the linear form L.X, 
where L;=(0, - - - , 0, 1) latent, we have the special numerical covari- 
ant tensor L;. Then from Theorems 1 and 2 of Cramlet we have the 
following theorem: 


THEOREM 1. Afine geometry as a subgeometry of projective geometry 
15 the theory of the tensor L;. 


Similarly, U; being dual covariant coordinates, holding the quad- 
ratic form 


ENU,U; = 0 
latent, where 

1 0 0 

0 0 


Eii = eof cec s |, 


e 
eo 
e 
m 
e 


we have a second theorem: 


THEOREM 2. Euclidean geometry as a subgeomeiry of affine geometry 
is the theory of the tensor E, and as a subgeometry of projective ge- 
omeiry ts the theory of the tensors L; and E. 


THEOREM 3. Every euclidean concomitant for a set of ground forms 
in X and dual variables U;, where X‘U;=0, ts expressible by composi- 
tion as a tensor of order zero with the use of the coefficient tensors of the 
ground forms and the tensors e91: i, €i.. in Li, EU, X5, and U;. The 
first two of these tensors are the commonly used skew symmetrical numeri- 
cal tensors. 


In applications it is advantageous to introduce the tensor A ‘1°: isi 
where Ate- imi = ehe- aLi. Forn=3, 


Ati = itl, = | —1 


As an illustration of an application we give a corallary: 


: COROLLARY. An algebraically complete system of euclidean invariants 
Jor the ternary cubic curve . 
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CiajXXXX* = 0, hj, B= 1, 2, 3; Ci = Cu = Cj 
consists of the seven invariants 
Ii Cass Cans A A E102, 
Ts Cay Gu PEE, 
Is = Cayic Cast aC asera SA 91584 1014 dida, 
I4 = Cay Castri C nau Coa AÀ PA 104 01024 dada 4 1024 fi, 
Is = Cay oC ees a C cg dgag© 452, 5,€712103c 91 0 Pager cacag di dads, 
Is = Cape atat oae eC osa f. ds fU dy c/s 
. giazasg bi dabaccrorcag di dadsgetesesq/fafs. 
I; = Coss Ca su Amen Enn 
Costes C dy sf Are en Ens 
"Cati drar À Det BIC Loy 
In expanded form 
I; = 2|CuiCiss — (Cui)? — (Cisx)? + CuCl, 
Is = (Cui + Ciz)? + (Cus + Cia)’, 
| Cur Cus Cus 
I3 6| Cui. Can Cast 
Cai Cam Cum 
The expansions of the other invariants are considerably longer; Is con- 
tains twenty-five terms and 7, one hundred and three terms. These 
seven invariants are, except.in some cases for a constant factor, the 
members of the algebraically complete system of euclidean invari- 
ants for the cubic curve found through geometric means by Thomae." 
An invariant study of the geometry associated with the Galilei- 


Newton group of ten parameters has been made by Weitzenbóck us- 
ing the symbolic notation. In the Galilei-Newton geometry, with X‘ 


(¢=1,---, 5) the homogeneous coordinates of a point, the basic la- 
tent forms may be represented by 


XX), 
shérg E 00/0; 07 0; ds 


* J. Thomae, Ueber orthogonale Invarianten der Curven dritter Ordnung, Berichte 
der Saechsischen Akademie der Wissenschaften, Leipzig, vol. 51 (1899), pp. 317—353. 
8 R, Weitzenbick, Die Invarianten der Galilei-Newton-Gruppe, Mathematische 
Annalen, vol. 80 (1920), 
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LX, 
where L; — (0, 0, 0, 1, 0); 

QUU;U;, 
where 

10000 

01000 

Q#=|0 0100 

000 0 0 

000 0 0 
Here X!U;z0. 


From this approach we are led to the following theorem: 


THEOREM 4. Every concomitant in Galilei- Newton geometry for a set 
of ground forms in X` and dual variables U; ts expressible by composi- 
Hon as a tensor of order sero with the coefficient tensors of the ground 
forms and the tensors 


ef jy. Ki, Li, Q?, X*, Ui 


This theorem, in directness of approach and in simplicity of appli- 
cation, seems to have advantages over the concluding statement of 
Weitzenbóck, which concerns itself with twelve basic symbolic factors 
for the Galilei-Newton group. 
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A NOTE ON QUASI-METRIC SPACES! 
GEORGE E. ALBERT 


1. Introduction. In a recent abstract? the author introduced an im- 
portant application of a class of neighborhood spaces in which pairs 
of points are required to satisfy only a very weak separation axiom 
(due to Kolmogoroff): 


(K) If x and y are distinct points, then at least one of these points has 
a neighborhood which does not contain the other. 


In the present note it is shown that a very useful generalized dis- 
tance function may be defined in certain of these spaces. 

Clearly, any such distance function must be an asymmetric one. 
W. A. Wilson? considered the definition of asymmetric distances in 
certain spaces which satisfy stronger separation axioms than K. It 
is shown here that a slight modification of one of the axioms in [W] 
allows the extension of a large part of the theory developed there to 
spaces subject to K. 

Since many of the theorems and proofs in [W] remain valid here 
with only very obvious changes, this note will be limited to a mere 
sketch concerning new properties which arise under the weaker 
axioms used. The reader should have no difficulty in adapting the 
more complete discussion given in [W] to the case studied here. 


2. The distance function. The symbol 1 will denote a space of 
points; points and point sets in 1 will be denoted by small and capital 
letters respectively. 

The space 1 will be said to be quast-metric if for every pair of points 
x, y in 1 there are defined two non-negative numbers xy and yx, not 
necessarily equal, which satisfy the following postulates: 


I. xy=yx=0 if and only tf x «yi 
II. for any three points, xy Sxz-- zy. 


If for some pair of points xy —07£yx, then the point x will be said 
to be adjacent to the point y. It is to be emphasized that, regardless 


1 Presented to the Society, April 13, 1940. 

2 Abstract 46-3-138, this Bulletin. 

3 W. A. Wilson, On quasi-metric spaces, American Journal of Mathematics, vol. 53 
(1931), p. 675. Hereafter this paper will be referred to as [W]. 

1 In [W] the stronger axiom: xy =0 if and only if xy was used. This excludes the 
case xy =0 yx allowed here. ë 
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of the connotation of symmetry familiar with the word adjacent, the 
relationship to which it refers here is an asymmetric one. 


3. Limits, closed and open sets. The nature of the function xy leads 
to the definition of three separate types of limit points and the corre- 
sponding classes of closed and open sets. A point p will be called a 
u-limit, l-limit, or a c-limit of a point set A (of a sequence EA } ).if for 
every positive number e there exists a point x in A—p such that 
fx € €, xp « e, or both simultaneously, respectively (if there is a num- 
ber N such that $x,« e, and so on, for n>N). 

The point set Sy(a, r) consisting of all points x such that ax <r will 
be called a u-sphere of center a and radius r. Similarly one defines the 
spheres S.(a, r) and S.(a, r) by the relations xa «r and both ax «r 
and xa <r. 

A point set will be termed u-open, Lopen, or c-open if for every 
point p in the set some sphere Su, Si, or Se, respectively, about p is 
contained entirely within the set. Such sets will be denoted by Gu, Gi, 
and G. respectively. A point set will be termed 1-closed, I-closed, or 
c-closed if it contains all of its limit points of the respective class. 
These sets will be denoted by Fa, Fi, and F, respectively. 

The space 1 will be called separable if there exists a denumerable se- 
quence of points which is everywhere dense in 1 in the sense of 
c-limits. 

Just as in the theory of ordinary topological spaces, one proves that 
the complement of a set Gy (Gi or G.) is a set F, (Fior F.). It is evi- 
dent that every set F, or F; is also a set F, and that every set G, or G; 
is also a set G,; however the converses are not true. 

It is to be noted that a point p may be a w-limit and at the same 
time an /-limit of a point set A without being a c-limit of that set. 
On the other hand, for sequences one has the following theorem: 


THEOREM 1. If x=u-lim x, and x —l-lim x, then x=c-lim x,. More- 
over, there exists no other c-limit of the sequence {xn} and the Cauchy 
criterton of convergence 1s satisfied by the sequence. 


Proor. The first clause is immediate from the definitions. 

Suppose that x and y are both c-limits of the sequence {x,}. It 
follows that for an arbitrary positive number e there exist numbers 
n! and n” such that xySxx,t+xny <e for n>n’ and yx & yx, x«x «€ 
for n n''. Thus xy 20 — yx and by I, x 2 y. 

Again, x —c-lim x, implies that for arbitrary e» 0 there is an n! such 
that tate € x4x--xx4 «e for n>n’ and the Cauchy criterion is satis- 
fied. 


1941] QUASI-METRIC SPACES 481 


The following theorems indicate the relations between the several 
limits of a sequence and the property of adjacency. 


THEOREM 2. If x=Llim x, and y=u-lim x, for the same sequence 
{xn}, then either x — y or else y is adjacent to x. 


The proof is immediate from yx € yx,+x,x and the fact that yx,—0 
and x,x—0. 


COROLLARY. Jf x —c-lim x, and y —u-lim x, then either y=x or y is 
adjacent to x; tf y=I-lim x,, then either y =x or x is adjacent to y. 


Itis worthy of note that if a point x is adjacent to a point y then x 
is a u-limit of the point set consisting of the single point y. Thus, if 
the usual definition of connected set be adopted with limits taken in 
the u-sense, the point set (x+y) forms a connected set. 


4. Topological versus quasi-metric spaces. Hausdorfi* stated the 
following axioms for topological spaces: 


(A) Every point p has a neighborhood U,. For every U,, pE U,. 

(B) For every two neighborhoods U, and V, of the point p, there 
is a third W,C U,V,. 

(C) For every point g in U,, there is a neighborhood U,C Up. 

(D) To each point p there corresponds a denumerable set of neigh- 
borhoods such that every neighborhood U, contains a neighborhood 
of that set. 

(E) There exists a denumerable set of neighborhoods { U,} such 
that if U, is any neighborhood of the point p, then there is an n such 
that pE U.C U,. 


THEOREM 3. Let 1 denote a quast-metric space and, for each point x 
in 1, let the class of spheres Su(x, r) of rational radii r be termed neighbor- 
hoods of x. Then 1 ts a topological space satisfying the axtoms A, B, C, 
D, and K. The u-limits of sequences of points in 1 are the topological 
limits of the sequences and conversely. If the space 1s separable, Axtom D 
may be replaced by the stronger Axiom E. The theorem remains valid if 
the spheres S, are replaced by the spheres S, and u-limits by l-limits. 


The proof is evident. 


THEOREM 4. Let 1 be a neighborhood space satisfying the axtoms 
A, B, C, E, and K. Then distances can be defined 1n 1 so that the space 
ts a separable, quasi-meiric space. A topological limit of a sequence of 


5 Hausdorff, Mengenlehre, Berlin, 1935, pp. 228, 229. 


482 G. E. ALBERT 


points in 1 is a u-limit of the sequence and conversely. The theorem re- 
mains valid if u-limit is replaced by l-limit provided that a corresponding 
change be made in the distance function. 


Since the proof of this theorem is long but follows that of Theo- 
rem IV, §7, in [W] with only a few minor changes, it seems sufficient 
to state the definition of the distance function for the case of u-limits. 

Let the denumerable system of neighborhoods postulated by Axiom 
E be denoted by { Un}. For any pair of points x and y in 1 and for 
each n=1, 2, 3,- -- , define the function f,(x, y) to be equal 1 if x 
is in U, and y is in 1 — U,, or equal to 0 in case x is in 1 — U, or in 
case x+y is in U,. Then define the function 


9 1 
zy, 5, fo X. 
nal 


It should be remarked that a quasi-metric is not necessarily a con- 
tinuous function of either variable. 


5. Applications. The distance function described above furnishes 
an exceedingly simple topologization for a very general type of collec- 
tion of closed point sets. Let S denote a compact metric space and 
let S—»^X be any decomposition of S into closed point sets. It is 
not assumed that the sets of the decomposition are disjoint. However 
it is assumed that if X; and X; are distinct elements of the decom- 
position which overlap, then X,X4— X is again an element of the de- 
composition. Moreover, if X, is any element which intersects X, then 
X1X3=X =X:X;. Such a collection is afforded by the upper semi- 
continuous collection of the second type introduced by R. L. Moore? and, 
in particular, by the so-called hyperspace of cyclic elements óf a con- 
tinuous curve. If, now, the elements of the collection are thought of 
as points of a new space 1, the topologization is introduced as follows: 
if X and Y are two elements of 1, the distance function X Y= the 
greatest lower bound of the numbers r such that, as seen in the space 
S, every point x of the set X has a distance from tlie set Y which is 
less than r. The space is easily shown to be quasi-metric in the sense 
described in the preceding paragraphs. 
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* The Rice Institute Pamphlet, vol. 23, no. 1, 1936, p. 42. 


CESARO SUMMABILITY OF A CLASS OF SERIES 
M. S. MACPHAIL 


The following theorem has recently been proved by H. L. Gara- 
bedian: If a, is a polynomial in n of degree k—1, the series 

»-o(—1)"a4 is summable (C, k) but not (C, &—1) to the value 
2 4242-:-!A'a,. Here and elsewhere in this paper k is understood to 
be a fixed positive integer. 

Our present object is to obtain some extensions of this result. One 
of these may be stated at once, the proof being given at the end of 
the paper. 


THEOREM 2. Let a, be a polynomial in n of degree k—1, and let z be a 
complex number such that | z| —1, zzéd. Then the series 9,» ga,2" is sum- 
mable (C, k) but not (C, k —1) to the value —» s" (s —1)-73A*a5. 


Before stating our first theorem we require the following defini- 
tions. Let f, be a periodic function of the integer s; that is to say, 
let there be an integer p such that f,4,=/, for all values of n. Let M(f) 
denote the mean value of f, over a period, thus M(f) — (1/p)5 Z-if.. 
Suppose now that f, is a periodic function of mean value zero; that 
is, let M(f) «0. Writing f(n), a(n) in place of fa, a4, set 


hin) = go. gea. Jus ed cus 
() AMERO, a= MY), P = fal) — o 


fn) = È FG), a-M9, Fan = faln) — cs, 
j-0 
and so on; this procedure ensures that F,(m) is periodic with mean 
value zero (£21, 2, - - - ). In terms of these definitions we prove the 
following theorem: 


THEOREM 1. Let a(n) be a polynomial in n of degree k —1, and f(n) a 
periodic function with mean value zero. Then the series > . of (n)a(n) is 
summable (C, k) but not (C, k —1) to the value 9 Alc; iA ac. 

If f(n) 3(—1)* it is easily verified that c;,1—2-:-!, which shows 


1 This Bulletin, vol. 45 (1939), pp. 592-596. In the theorem as here stated it is 
required that a, satisfy the conditions A¥ta)0, Atao=0 (i2: &). It is easily seen that 
this is equivalent to requiring a4 to be a polynomial in s of degree k —1. 
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that the present theorem includes that of Garabedian as a special 
case. The method of proof is entirely different. 
We shall make use of the notation of finite differences. We recall that 


Aa(n) =a(n) —a(n4-1), A?a(n) 2 A(Aa(n)), -> and Eia(n)=a(n+/). 
We shall require the well known equation, in symbolic form, 
( AF=(1—BE)¥=1—CyaE+CrsE*— +++ + (— 1)'E?, 


where the Cy; are the binomial coefficients. We also write 
n9 =n(n—1)(n—2)---(n—k+1), and by convention m(?—1, 
A°a(n) =a(n); then the successive differences of n(? are given by 


(2) Aint) = (— 1)*g90gQO-9, Sisk. 
We require two algebraic identities, which are stated as lemmas. 


LEMMA 1. We have, for r a positive integer, 
È f()o(9) = Ð ciada(0) " X radar +D + Dalmatas), 
For, 
E fonat) = OO) + f(Da()) +--+ fa 


= fi(0)a(0) + [fi(1) — i(00]a(1) + - - - 
+ Lar) — fi — 1) Jar) 
= [Fi(0) + «]a() + [Fi(1) — Fi(0)a](1) + - + 
+ Fil) — Flr — 1) Jor) 
= «a(0) + Fi(0)[a(0) — a(1)] + -+> 
+ Fir — 1)[o(r — 1) — a(r)] 
+ Fi(r)[a(r) — alr + 1)] + Fi(n)a(r + 1) 


= ¢a(0) + Fi(r)e(r + 1) + S FRAN). 
n=O 


The lemma follows by repeated applications of this device. 


LEMMA 2. The expressions 


rti-a(r+2—n)---r+tk—-n) 
CHICH) (rk) 





(3) 


and 
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n(n + 1) 
r1 (+ Dr 2) 
ET n(n + 1)(n + 2) — 
(4) " (r+ I(r + 2) + 3) 
n(n +1)---(n#+k—1) 
CFA GE > eet E 
are algebraically identical. 


+ (= 1) 


To prove this, set 


B n(n-+1)---(#+#— 1) 





G = ) erst ` 
i (r+ 1)(r + 2)---(r +8 t a positive integer, 
G(0) = 1. 
Then, if EG(t)=G(¢+1), the expression (4) may be written 
G(0) E C4, EG(0) + Cr BG (0) — eee + (— 1)*E*G(0) 


= (1 — E)*G(0) = A*G(0), 
by (1). We have therefore to show that A*G(0) is equal to the ex- 
pression (3). We write 
nnti- (o BE—D. n(n d 1) (d à 
(r--2(r-2)-:-()0 CADE) ttt 1) 
i n(n +1)---(n+é#— 1) 
(rt DG-2)--- (rt i4 1) 


In particular 


AG() = 





(r-+1—n), i21. 


AG(1) -rti-n). 


— - a S o _ 
(r+ 1)(r + 2) 


Also, since G(0)=1 and since G(1)=n/(r+1), we have AG(0) 
=(r+1—n)/(r+1). Similarly we find 


n(n + 1)---(n+#—1) 








MO) Ge Gay TELLS (rti-n)\(r+2—n), 

n (r--1—m(r--2—m) 
C(t) = ——————— — — —, a%G(0) = 
aN EDD S o n G+ 42) 


Proceeding in this way, we obtain the desired result by induction. 


486 M. S. MACPHAIL (June 


PROOF or THEOREM 1. The series $ «of (n)a(5) is said to converge 
(C, k) to the value S provided the expression - 


‘Trti-a#\(r+2—n)---(rtk—n) 
à a oe ea mo 


tends to S as r becomes infinite. Now any polynomial a(n) of degree 
k —1 can be expressed in the form A;(n—1)@-) cTAÀs(n—1)9572 4... 





where 4i, As, - -- are constants. Hence we need only consider 
‘(rti-a\(r+2—n)---(r+k—-7n) 
L (n — 10-0 
E (2042-045 MESS UM 
which by Lemma 2 is equal to 
ia n n(n+1) 
1— Cr 1 ——+C,,. ——————___ - - —1)0-72 ; 
e X Ir DITE Eo nec») 


We consider the terms of this expression separately. By (2) and 
Lemma 1 we have 


T k—1 


2 (n — 1) 9»f(n) = x cial- DE — 1) (— 1) 0-1-9 
+ Y roc 1)(k — 1) (9, 0-1-0, 
2x n f(s) = Xr 1)'& (y + 1)070 
TC DM Ful), 


> (n + 1) *?f(n) = S Ea Dk r3) 9r: 2) 8-9 
n=O f-0 


4 (7 DEH DOD (n+ DFW), 


£ (n + k — 1) f(n) = Y Paa- 1)(2k — 1) 9(r + k) eio 
a= tat 


+ (1) 28 — 1) (n+  — 1) OF Y(n). 
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Multiply the above equations by 
B Cia Cre 7 
r+1 (r+ 1)(r 4+ 2) 


respectively, and add. We then have on the left the expression (5) 
and on the right 


k—1 
Y cal 1)(k — 1)9(— 1) 01-0 
$-0 p 
+ È Faal) Diri — E)*(& — 1) 
1-0 


+ terms involving >>. 

n-0 
Now, by (1), (&—E)*(& —1)9 =A*(k—-1) 20 for OS$ S k—1. Also, 
the terms involving 24.9 can easily be shown to approach zero 
as f becomes infinite. We have therefore proved that the series 

»o(n—1)*-Df(n) converges (C, k) to the value or dc;(—1) 
:(&—1)9(—1)097-9, or, setting b(m)-—(n—1)9-», Die b(n)f(n) 
converges (C, k) to the value X 47d c; 44A *5(0). 

Theorem 1 now follows without difficulty. It is easily seen on ex- 
amining the argument that no order of summation less than k will 
serve. 

We now prove Theorem 2. If am z is a rational multiple of v, say 
am s=2nq/p, where p and q are integers, the function f(n) =s" is 
periodic with period p and mean value zero. It is easily verified that, 
for m z:0, the equations (a) become 


fen) g" gH —] z^ 
p gp) — ee So Cm mE eere | 
us (s—10)" s—1 c (s — 1)" 
(b) gmtl 
F f) = —————— 8”, 
m41(12) =p 


whence Theorem 2 follows at once, as a special case of Theorem 1. 
If am z is not a rational multiple of +, then we define M(f) as 
lim,..(1/r)? -of(n). Then the equations (b) still hold, and the 
theorem follows by the same argument as Theorem 1. 
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A CHARACTERIZATION OF THE GROUP OF 
HOMOGRAPHIC TRANSFORMATIONS 


P. O. BELL 


1. Introduction. The objectives of this note are three-fold: (1) to 
present a new differential geometric characterization of the group of 
homographic transformations of a complex variable, (2) to interpret 
in geometrical language the significance of the invariance of the 
Schwarzian derivative under a homographic transformation, and (3) 
to characterize a general homographic transformation by its unique 
association with two families of concentric circles. 


2. Preliminaries. Let the equation 
(1) w = w(z) 


denote a conformal representation of the points z =x +iy of a region R 
of the z-plane on the points w=u-+iv of a region R of the w-plane, 
whereby a general curve C is transformed into a curve C. Let y and ¥ 
denote the curvatures of C and C at corresponding points s and w, 
and let s and 3 denote corresponding lengths of arc of C and C. For 
a given transformation (1) it is well known that the rate of variation 
ds/d5 is a function A(x, y) which may be expressed in any one of the 
following forms (u2-I-w5) ^, (+) ^^, (uy-4-95) ^, (va wy) ^^. 

Comenetz! (using a different notation) has obtained, by elementary 
methods, the formula 


(2) y = YA + A, cos 0 — Xz sin 6, 


wherein 0 —arc tan (dy/dx), which is the law of transformation of curva- 
ture in conformal mapping, and the formula 


(3) d'y/ds = Mdy/ds + X[Ns, cos 20 + $( y, — Azz) sin 26], 


which is the law of transformation of the rate of change of curvature with 
respect to arc length, under conformal mapping. 


3. Anew characterization of the group of homographic transforma- 
tions. It is known that the most general directly conformal transfor- 
mation which carries circles into circles (including straight lines) is a 
homographic transformation. The transformation (1) will be such a 
transformation if and only if 


1 Comenetz, Kasner's invariant and irthornomeiry, The American Mathematical 
Monthly, vol. 45 (1938), pp. 82-87. . 
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(4) Ass E Asv Asy zO.. 
For if these relations hold, it follows from (3) that 
d'y/ds = \dy/ds. 


Hence circles are transformed into circles. Conversely, if circles are 
transformed by (1) into circles, we must have at corresponding points 
of an arbitrarily selected circle C and its correspondent C 


dy/ds = Mdy/ds = 0. 


Equation (3) also holds. Hence, no matter what the direction of C 
at z may be, the following equation must hold: 


(5) MAgyy — Azz) (sin 20)/2 + May cos 20 = 0. 


This equation must, therefore, be satisfied independently of 0, and 
conditions (4) necessarily follow. We may state, therefore, the follow- 
ing theorem. 


THEOREM 1. A necessary and sufficient condition that a conformal 
transformation be a homographic transformation is that the associated 
function A(x, y) satisfy both of the following identities 


Azz — Ayy = 0, Azy = 0. 


A geometric interpretation of this condition is that at a general point w 
' of the curve C the rate of variation d'y/ds$ of the curvature of C per unit 
length of arc $ 1s independent of the direction of the curve C at the corre- 
sponding poini z. 

Equation (3) shows that this is equivalent to the following charac- 


terization. 


THEOREM 2. The group of homographic transformations consists of 
all of the conformal transformations under which the differential form 
dyds 4s absolutely invariant. 


The following theorem may be deduced, similarly, in consideration 
of equation (2). 


THEOREM 3. A necessary and sufficient condition that a transforma- 
tion (1) be a directly conformal collineation is that the associated function 
A(x, y) satisfy both of the identities 


Az, = 0, Ay = 0. 


Under this condition the differential form yds 1s an absolute invariant 
of the transformation (1). 
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Since y =d6/ds where dz/ds — e*, the differential form dyds may be 
written in the form 
(6) (d*0/ds*) (as)* 
wherein 0 = —# log (dz/ds). 
4. The Schwarzian derivative. Consider a curve defined by 
z = a(t) + ty(Z), 


wherein x and y are functions of a real variable ż. It is known that 
the Schwarzian derivative 


is t} = (d'z/di*)/(dz/di) — 8 [(dz/d1?)/(dz/4di) |? 


is an absolute invariant under the homographic transformations. Let 
us investigate the geometric significance of the invariance of this de- 
rivative. 


We find that 
(7) : z'"/g = iy 


where accents indicate differentiation with respect to s. On differenti- 
ating the members of equation (7) with respect to s we obtain 


(8) z'" /s! — (g''/sg^)? = idy/ds. 
Making use of (7) and (8) we deduce 

(9) (s, s] = idy/ds + y?/2. 

If we make a change of variable by the formula? 

(10) fz, t} = fs, s}(ds/di)* + {s, ae 

we obtain 

(11) fs, t} = (idy/ds + y?/2)(ds/d#)? + (s, 1]. 


The real and imaginary components of (s, ¢}, l 
R = (3/2) (ds/ds)* + {s, 4}, T= (dy/ds) (ds/di}, 


are, themselves, absolute invariants of the group of homographic 
transformations. Thus, if (1) is homographic, we have 


(12) (73/2)(ds/4)? + [5,1] = G/2)3/40* + {3, 1], 
(13) (dy/ds) (ds/dt)*  (dy/ds)(ds/d5)*. 


2 For the change of variable formula see, for example, Ford, Automorphic Func 
tions, McGraw-Hill, 1929, p. 99. 
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If now we put £—s in (12), we find 


(14) 2[s, s] = y? — xi(ds/ds)*. 
Likewise equation (12) yields 
(15) 215,5] = 7° — y*(ds/ds? 


on substituting 3 for £. 
Equation (13) expresses the invariance of the form dyds. Making 
use of this equation and equations (14) and (15), we deduce 


(16) 2{3, s} = y? — y*(dy/d5, 
(17) 2{s, 3} 2 43 — y(ay/dyy. 


'These equations express the significance of the invariance of the 
Schwarzian derivatives fz, s] and (s, 5] as intrinsic geometric rela- 
tions between any pair of curves C, C which correspond under a 
homographic transformation. To complete the geometric interpreta- 
tions of (16) and (17) let us recall the significance of the Schwarzian 
derivative of a real function.* Consider two real functions e =¢(s) and 


¢ =a(s) which are chosen to satisfy 
les mies 


identically in s. This relation is necessary and sufficient that a (s) and 
g(s) be connected by a homographic transformation 


(18) a(s) = [ae(s) + b]/[co(s) + 4], 


wherein a, b, c, d are constants and ad—bc0. The relation (18) is 
also necessary and sufficient that corresponding to any set of four 
values s —5;, (j=1, 2, 3, 4), the cross-ratios 


(a1, O2, Os, 04), (Ti, Ta, Gs, 94) 


are identical. If as s varies, points P and P describe curves whose 
corresponding lengths of arc are defined by e —o(s) and ¢=a(s), the 
movements of these points will be called projectively applicable. This 
designation is suggested by the property that the development of 
these movements along a straight line produces projectively equiva- 
lent rectilinear movements. 

Corresponding to a real single-valued differentiable function e =a(s) 
there exists a class Š.) of projectively applicable movements to which a 
movement defined by ¢=4(s) will be said to belong if {¢, s} ={o,s}. 
We shall call the Schwarzian le, s] the absolute projective acceleration 


3 Cartan, Legons sur la Théorie des Espaces, Paris, Gauthier-Villars, 1937, p. 3. 
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of the movements of the class €, or simply the absolute projective ac- 
celeration* (o, s]. 
We may now state the following theorem: 


THEOREM 4. The invariance of the Schwarsian derivative is, i} ytelds 
. the identities (16) and (17) which express the absolute projective accelera- 
tions (3, s] and {s, s] algebraically in terms of the squares of the curva- 
tures y and ¥ and the square of their rate of variation dy/dy. 


Other interesting identities may be obtained by forming various 
combinations of (13), (14) and (15). One of these has the surprisingly 
simple form 


(19) Tis 3} + ys, s] 22. 


5. The magnimetric circles. Let us consider a homographic trans- 
formation 


(20) w = (as + b)/(es + d), 


where a, b, c, d are constants and ad — bc —1. Since A(x, y) = | dz/dw | 
and for (20) dz/dw is defined by dz/dw — (cz--d)*, we may write 


(21) A(x, y) = (ez + d)(2a + d), 


where 8, č, d denote the conjugate imaginaries of z, c, d. Let the value 
of ^ defined at the point z; —x;--*y: be denoted by X;. By making use 
of (20), (21) and the equation 


(22) z = (— dw + b)/(cw — a), 


for the inverse of (20), the proof of the following theorem may be sup- 
plied by the reader. 


THEOREM 5. Through a point zı, in the z-plane (excluding gj — œ and 
2; — —d/c), there passes just one circle which by (20) is magnified in all 
of its elements of arc length by the constant multiple 1/N,. Similarly, 
through the point wi, which corresponds by (20) to the point z;, there passes 
just one circle which by (22) ts magnified in all of its elements of arc- 
length by the constant multiple. ; 


These circles will be called magnimetric circles of the transformations 
(20) and (22). The totality of the magnimetric circles in the s-plane 
form a family of concentric circles, a general one of which is defined by 


(23) | (a+ d)(@+d)=, A= const. 


‘Loc. cit., Footnote 3, p. 3. Cartan, in considering rectilinear motion defined by 
x=x(f) has called the Schwarzian (x, 1] “Vaccélération projective du mouvement.” 
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The corresponding magnimetric circles in the w-plane form the family 
of concentric circles, a general one of which is defined by 


(24) (cw — a)(&w — & = 1/*. 


Let r(z) and p(w) denote the radii of the circles (23) and (24), respec- 
tively. We have, clearly, that ; 


(25) rz) = d/cé, p(w) = 1/Acc. 


When A= 1, equations (24) and (25) represent the isometric circles. 

We shall refer to families in the z- and w-planes as z- and w-families, 
respectively. By making use of equations (23) and (24) in connection 
with (20), the following theorem is obtained. 


THEOREM 6. There are œ? transformations of the form (20) which 
transform a z-family of concentric circles with an arbitrarily selected 
center % into a w-famtly of concentric circles with an arbitrarily selected 
center Wo. There are œ! of these which transform a selected circle of the 
z-family into a selected circle of the w-family. On requiring this pair of 
circles to correspond, a one-to-one correspondence among the other mem- 
bers of the two families is established. Finally, there is just one trans- 
formation of this infinite system which transforms a selected point 2, on 
any circle of the z-family into a selected point w on the corresponding 
circle of the w-family. The circles of these z- and w-families are the mag- 
nimetric circles of the transformation, and the product of any correspond- 
ing pair of radii is equal to 1/ |c|*. 


UNIVERSITY OF KANSAS 


* Loc. cit., Footnote 2, pp. 23-27. 


ON THE MAPPING OF QUADRATIC FORMS! 


LLOYD L. DINES 


The development of this paper was suggested by a theorem pro- 
posed by Bliss, proved by Albert, by Reid, and generalized by 
Hestenes and McShane.* That theorem had to do with two quad- 
ratic forms P(z) and Q(s) in real variables s!, s, - - - , z* with real 
coefficients, and may be stated as follows: 

If P(s) is positive at each point z75(0) at which Q(s) =0, then there is 
a real number u such that the quadratic form P(s)+uQ(s) is positive 
definite.® 

If one considers the set of points M in the xy-plane into which the 
2-space is mapped by the transformation 


(1) x= Pa), y= Q(s), 


he will note that the above theorem may be interpreted as asserting 
the existence of a supporting line of the map M which has contact 
with M only at (x, y)=(0, 0). This suggests that the theorem is rē- 
lated to the theory of convex sets. 

In the present paper it is proven (Theorem 1) that M is a convex 
set. Furthermore it is proven (Theorem 2) that if P(z) and Q(z) have 
no common zero except z= (0), then M is closed, and is either the 
entire xy-plane or an angular sector of angle less than r. Immediate 
corollaries include not only the theorem quoted above, but also state- 
ments of criteria for the existence of (1) semi-definite, and (2) definite 
linear combinations AP(z) 4-uQ(s). The author hopes in a subsequent 
paper to obtain analogous results for the general case of m quadratic 
forms. 

Throughout the paper it is to be understood without further state- 
ment that P(s) and Q(z) are quadratic forms in z!, 22, - - - , z^, with 
real coefficients, the variables zt being restricted to real values. 


1. Convexity, and the condition for AP(z) --uQ(g) z: 0. We give first 
the following theorem. ; 


1 Presented to the Society, December 31, 1940. 

2 This Bulletin, vol. 44 (1938), p. 250. 

3 This Bulletin, vol. 44 (1938), p. 437. 

* Transactions of this Society, vol. 47 (1940), p. 501. 

* While the present paper was in press, Professor N. H. McCoy kindly called the 
author's attention to the fact that this theorem was proven first by Paul Finsler: 
Über das Vorkommen definiter und semidefiniler Formen. in Scharen quadratischer 
Formen, Commentarii Mathematici Helvetici, vol. 9 (1937), pp. 188-192. Apparently 
this work had been overlooked by the authors referred to above. 


494 


QUADRATIC FORMS 495 


THEOREM 1. Under the transformation (1), the map M of the 3-space 
onto the xy-plane is convex. 


If A is a point of the map, distinct from the origin O, every point 
of the ray OA belongs to the map, since P(rs)=r?P(z) and Q(rz) 
=r°Q(z) for every real number r. Hence, if A and B are two points 
collinear with O, and each belongs to M, then all points of the line 
segment AB belong to M. 

We will therefore assume that A(x, yı) and B(xs, yz) are points 
of M, not collinear with the origin, defined by 


X1 = P(sj), X3 = P(z3), 
y= Oe), ya =Q), m = (BB Bs 


and attempt to show that every point on the line segment AB be- 
longs to M. Without loss of generality we will further assume that 


(3) "Xe, — Tya = k? 0. 


(2) 


It will suffice to show analytically that if 7 is any given number 
such that 0</<1, then the equations 


(4) P(s) = x + Ez — z), Qs) = nc — y1) 
admit a real simultaneous solution s=(z!, 3%, - - - , 3"). 

In (4) we make the substitution 
(5) z = p(s; cos 0 + zs sin 0) 


where p and 0 are real variables, and write the results in the form 
(6) p*p(cos 8, sin 8) = zi + Kas — 4), 

p%q(cos 0, sin 8) = yı + (ys — 91), 

where p and q are quadratic forms in cos 9, sin 0, defined by 
p(cos 6, sin 6) = P(z; cos 0 + zs sin 6), 

q(cos 0, sin 6) = Q(z: cos 0 + z: sin 6). 


Elimination of p? from the two equations (6) imposes upon @ the 
condition l 


(8) yip(cos 0, sin 0) — x19(cos 0, sin 0) = FT (0) 


(7) 


where 
(9) T(8) = (yı — ya) p(cos 0, sin 0) — (x1 — %2)g(cos 6, sin 0). 


The function T(6) is a quadratic form in cos 6, sin 6, which has the 
positive value k? at 0 — —7c/2, 0 —0, and 0 —7/2; as can be easily veri- 
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fied from (7), (2), and (9). Since it can vanish for at most two values 
of 0 between —7/2 and 7/2, and must be negative between any two 
such values if they exist, the function 7'(0) will be positive on at least 
one of the two intervals —7/2x0 <0 or 00 £-«/2. We will suppose, 
for definiteness, that it is the latter, the argument being similar in the 
two cases. 

We define a function f(0) by the formula 

f) = y1f(cos 0, sin 0) — x1g(cos 0, sin 0) 06s, 
T(0) 

which is obviously continuous on the range indicated, and which has 
the further properties f(0) 20 and f(7/2) 21. Hence it takes on all 
values between 0 and 1, and in particular there is a value 6 such that 
f(8) =t. This 6 is then a solution of (8). 

The compatibility condition (8) being satisfied by 0 — 60, we easily 
satisfy the two equations (6) by taking p!— 5? — k&*/T(0). And the re- 
sulting 


z = & = p(s, cos ĝ + z sin 0) 
given by (5) provides the required solution for (4). 


COROLLARY. A necessary and sufficient condition that there exist real 
A, p, Such that for all real z 


AP(z) + uQ(2) 2 0 


ts that there exist real a, b, such that the two equations P(z) =a, Q(z) =b 
are inconsistent for real z. 


The condition is necessary, since in its absence the map Wi is the 
entire xy-plane, and every line AXx-+yy=0 separates the plane into a 
positive half-plane and a negative half-plane, each of which contains 
points determined by x — P(s), y — Q(z). 

However, if the point (a, b) does not belong to the map, no point 
on the ray from the origin to (a, b) belongs to the map. Hence the 
origin is a boundary point of the convex set M, and through this 
boundary point there passes a supporting line \x+py=0, such that 
AP(z) J-uQ(z) z 0 for all real s. 


2. Closure, and the conditions for \ P(z) J-uQ(z) » 0. We now prove 
the following theorem. 


THEOREM 2. If P(s) and Q(z) have no common sero except z= (0), 
then M ts closed as well as convex, and is either the entire xy-plane or an 
angular sector of angle less than m. 
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Since Mt is convex, if it is not the entire xy-plane it lies entirely in 
some half-plane 


(10) ax + by 2 0, a? + b* = 1. 


We first show that, under the stated hypothesis, 9t cannot contain 
both rays of the boundary line ax +by =0. Suppose it did contain the 
two symmetrical points A (b, —a), B(—8, a), and more explicitly that 


P(z:) = b, Q(z) = — a, P(zn)- — b, Q(z) = a. 


Since either a or b is certainly different from zero, we may assume the 
notation so chosen that a0. Then Q(zi)) «0 and Q(z3) » 0. Hence‘ 
there are, in the hyperplane defined by z 2ziu - zs», two linearly inde- 
pendent points zo — 2149-l-237o, £j. — 2144 +26 , such that 


(11) Q(z) = Q(z’) = 0. 
Consider now the quadratic form 
plu, v) = aP(ziu + zov) + bQ(ziu + za) 


in the two real variables u, v. It is easily verified that $ vanishes at 
(u, v) 7 (1, 0) and at (u, v) — (0, 1). These, together with the depend- 
ent points (c, 0) and (0, c), are its only possible zeros unless it vanishes 
identically. It does not vanish identically, since it does not vanish at 
(uo, vo) or (ud , và) in view of (11) and our hypothesis. Hence, by (10), 
$(u, v) >0 except at (c, 0) and (0, c). This is clearly impossible, and 
the contradiction proves that the map Mt cannot contain both points 
A(b, —a) and B(—b, a). 

We now let X(x, y) denote any point of M, and consider the 
_ angle AOX, where A=A(b, —a) and O=O(0, 0). Then cos AOX 
= (bx — ay) / (x* 4-y2)!/*. And as the point z varies over the unit hyper- 
sphere ||z]| ^ 1, cos AOX is represented by the function 


b.P(s) — aQ(s) 

) 
P*(z) + Q9) |"? 
In view of the hypothesis, (zs) is continuous on this hypersphere; and 
since its values are bounded below by —1 and above by +1, it at- 
tains a minimum value mz —1 and a maximum value M S1. It is 


impossible that m= —1 and M=1, since then the map W would con- 
tain both points A (b, —a) and B(—5, a). Hence M consists of a closed 





a) = z| = 1. 
V9 = 7 lla] 


* Reference may be made to Bécher, Introduction to Higher Algebra, p. 151, Theo- 
rem 2. 
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sector bounded by rays OA’ and OB’ such that cos 404'— M and 
cos AOB’=m. And angle A'OB' «angle AOB =r. 


COROLLARY 1. Necessary and sufficient conditions that there exist real 
A, u, Such that for all real z=% (0) 


(12) ; AP(z) + uQ(z) > 0 
are that: (1) there exist real a, b, such that the two equations P(s) =a, 


Q(z) =b are inconsistent for real z; and (2) P(z) and Q(z) have no com- 
mon zero except z — (0). 


The necessity is obvious. The sufficiency follows from Theorem 2. 
For if (^, u) z£(0, 0) is a point of M on the bisector of its angular 
sector, then (12) is satisfied. 


COROLLARY 2. (Bliss-Albert theorem.) If, whenever Q(s)=0 and 
zÆ (0), P(z) >0; then there exists a real number u such that P(s) WE 
_ ts positive definite. 


The conditions of Corollary 1 are obviously satisfied with (a, b) 
=(—1, 0). Hence there exist A, u, satisfying (12). If Q(z) actually 
vanishes for some 3% (0), À is necessarily positive and hence may be 
taken equal to 1. 

If, on the-contrary, Q(z) is definite, then the map W is a closed sec- 
tor of which only the vertex (0, 0) is on the x-axis. Hence there is a 
line x+puy=0 such that x+uy>0 for all points of M except (0, 0). 
Then P(z)--uQ(s) is positive definite. 

It is perhaps worthy of note that the two conditions of Corollary 1 
are completely independent. This is shown by the following four ex- 
amples. 

Example 1, in which both (1) and (2) are satisfied: 

Pin) =, Qn) =. 
Example 2, in which (1) is satisfied but (2) is not: 
P(u, v) zv, Q(u, v) = wv. 
Example 3, in which (1) is not satisfied but (2) is: 
P(u, v) = w? + 2uv, Q(u, v) = 2uv + v3, 
Example 4, in which neither (1) nor (2) is satisfied: 
P(u, v, w, i) =u? + 2uv + w’, QO(u, v, w, i zx 2u» + v! + wi. 
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ON THE REPRESENTATIONS, N3(n?) } 
C. D. OLDS 


1. Introduction. Let the symbol N,(n) denote the number of repre- 
sentations of the positive integer » in the form n=a?+22-4 ... +ê, 
where xj X3, - -- , x, are positive or negative integers or zero. We 
will agree to count the two representations n=% +x} -.. +27, 
n—JX)--yi- 5: +33, as distinct unless simultaneously x,=y,, 
v=1, 2,---, r. Notice that in a given representation the signs 
of the roots, as well as their arrangement, are relevant. A zero square, 
however, is supposed to have only one root. 

In a letter written in 1884 to Ch. Hermite, T. J. Stieltjes? proved by 
means of elliptic functions that if n=p*, p=1 (mod 8), p prime, then 
N,(n*) — 6p*. Later in 1907, A. Hurwitz? stated without proof that if 


(1) n=2m=2'P0, P-IIg, oc-]lIe, 
rel A r=] 


where each p, is a prime=1 (mod 4), and each q» is a prime=3 
(mod 4), then 


by 
(2) Nin) = 6PII le piz =]. 
»-1 g — 1 
This result is also implicitly contained in Stieltjes’ letter mentioned 
above. 

In 1940, G. Pall* showed that (2) could be derived arithmetically 
by an application of certain divisibility properties of the Lipschitz 
integral quaternions. It is the purpose of this paper to give a simple 
arithmetical proof of (2) by a method which has been evolved from 
the study of a paper by Hurwitz‘ in which he derived the analogous 
formula for N;(n).* 








! This is the first part of a paper presented to the Society April 6, 1940, under the 
title On ihe number of representations of the square of an integer as the sum of an odd 
number of squares. 

1 T. J. Stieltjes, "Lettre 45,” Correspondence d' Hermite et de Stieltjes, vol. 1, Paris, 
1905, pp. 89-94. 

* A. Hurwitz, Mathematische Werke, vol. 2, Basel, 1933, p. 751. 

* G. Pall, Transactions of this Society, vol. 47 (1940), pp. 487-500. See also G. Pall, 
Journal of the London Mathematical Society, vol. 5 (1930), pp. 102-105. In this paper 
Pall gives analytical proofs of the formula for N,(en®), r=3, 5, 7, 11, c an integer. 

5 A. Hurwitz, Comptes Rendus de l'Académie des Sciences, Paris, vol. 98 (1884), 
pp. 504-507; Mathematische Werke, vol. 2, pp. 5-7. Notice that Hurwitz makes use 
of certain results announced by Liouville and some formulas of Stieltjes. 

* The author wishes to acknowledge the assistance rendered him by Professor 
J. V. Uspensky. - . ’ 
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2. Two lemmas. The arithmetical derivation of (2) depends upon 
the following propositions: 
LEMMA 1. Let f(n) be an arbitrary arithmetical function, and suppose 


that f(nn') —-f(n)f(n') for any two integers n, n', and that f(n) 550 for 
all n. If 


Fn) = EA 
where, in particular, f(1) = F(1) =1, then 
(3) Fan!) = 2, KANDED A), 


where u(n) ts the Möbius function,’ and the summation extends over all 


divisors common to both n and n'. If we agree to set F(x) =0 4f x is not- 


equal to an integer, then the summation can be extended to d —1, 2, - - « 
ending with a number greater than n or n'. 


PRoor. Set n=p7pF - - - £e, n = ph ph - - - pr, where a, Z0, 8, 20, 
and fi, fs, + -+ , p- are distinct primes. Then it follows from the defini- 
tion of F(n) that 


aytb, 


F(g, ^) = FE) — SOE EO )s 


for v=1, 2,---, r, and for a,=0, 8,20. It is also clear that 
F(p*g9) = F(p*) F(q’) provided p and g are distinct primes. Hence 


ll 


II Fyre) — fora yt] 


yl 


2, u(2f(d)F(n/d)F(n'/4). 


d=1,2,38, 


F(nw’) = TIPO 


The second lemma we need is derived as follows: Let f(x) 2f(—x) 


be an arbitrary even function defined for integral values of x; then 
it is possible to show by purely arithmetical reasoning that? 


(4) 2 [/(aà' — a") — f(d' + 4)] - x d[f(0) — f(24)], 


1 The Möbius function is defined as follows: u(1) —1, p(n) —0 if n has a squared 
factor; u(bifs * + + pr) 7 (—1)5, if all the primes fi, £s, © - - , pr are different. 

* M. J. Liouville, Journal de Mathématique, (2), vol. 3 (1858), p. 194. Although 
this identity was first proved arithmetically by T. Pepin, Journal de Mathématique, 
(4), vol. 4 (1888), p. 94, it is more convenient to refer to the exposition in Uspensky 
and Heaslet, Elementary Number Theory, New York, 1939, p. 462. 
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the summations extending RPE YAS over all positive integral solu- 
.tions of the equations 

(a) 2n —d'8' +d" 8" —s' +s”, d’, &', d", 0" odd, 

(b) n=d6, ô odd. 


If in (4) we replace f(x) n (—1)*/*f(x), x even, we obtain after a 
few simple reductions, 


> (— 1) 670267012 [f(g' — d") + f(d + dj] 


(5) (a) 
= 2 aloa — (- D40)]. 


Now define two arithmetical functions e(n) and px(n) as follows: 


^ cln) = >, dF, e") = a(n), 1Sdsn; 


d|a 


p(n) = 2 (— 097? d*, poln) = p(n), 


n= d8,8 odd 


where in the second function the summation extends over all positive 
integral solutions d, 5 of the equation n —d0, where ô is odd. 

On setting f(x)=1 in (5), and supposing that n is odd (=m) we 
obtain the following. 


LEMMA 2. 


$5 KAN) = olm), 


Sms!) 


where the summation extends over all positive, odd integers s', s", satisfy- 
ing the equation 2m — s' +s". 


3. The formula for N;(n?). Using the definition of n given by (1), 
and noticing that N;(2?*m?) = Ni(m?), we see that we need only 
-seek an expression for the number of solutions of the equation 
mi=x?+yt+s%, Since m?=1 (mod 4), then one of the roots of this 
equation must be odd, while the other two must be even. Denote 
by R the number of solutions in which x is even. Then it is a simple 
matter to verify that 

Na(m?) = iR. E 
On the other hand, R can be expressed by the sum 


R= > Nam — 4y*), 


r-0,tl 2,9. ^ 
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which is extended over all integers » rendering the argument non- 
negative. Knowing this, and using the well known result that? 

N3(n) = 4p(n), n zm], 
we obtain at once 


Ns(n?) = N(m)-—4$ 2, Nim — 4) 


rz-0,rT1,-2,-:-- 
—44 D  p(mt— 493) 
y-0,t1,r-2,:.- . 
=6 JP, p(m—2)m-42))-6 DY) p(ad), 
r= 0,41,42,--+ 2m=a+b 


where the last sum extends over all positive odd integers a, b which 
satisfy the equation 2m =a +b. 

The problem is now reduced to the evaluation of the expression 
$ p(ab). To this end we use Lemma 1. Define f(n) as follows: 


f(n) = 0 if n is even, 

f(n) = (— 1) 0-2? if n is odd. 
Then f(nn’)=f(n)f(n’) for any two integers n, n’ as required. For 
odd z 


Fa) = E D= LH Nera 5, (— 1) = p(n), 


dia din n= dé,8 odd 


Setting »=ab, we obtain from Lemma 1, 


p(ab = D, u(d)(— 1)*-""p(a/d)p(b/d), 


de1,83,5,.:-. 


where p(x) —0 if x is not an integer. It follows that 


2, p(ab)= >) 2. u(d)(— 1) !9(a/d) (b/d) 


Sm—a-rb $-—a4b dæl,3,5... 
= 2) u(d(—1)9^ 5» p(a/d)p(b/d). 
d-1,3,5,-«- 2m=æa4+b 


Now let d be any common divisor of a and b, and set a =ad, b —fd, 
a, B odd. Then, using Lemma 2, we see that 


2, p(a/d)p(b/d) = » : p(a)p(B) = oi(m/d), m/d odd. 


2m-a--b dm a+; 
Consequently, 


* For an arithmetical proof of this result see, for example, Hardy and Wright, 
The Theory of Numbers, Oxford, 1938, p. 241. 
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25 (ab) = 2, u(d)(— 1) 479 *ei(m/4) 


2m-a-Lb d|m 


| Saar 294072 | 


d|P 


ll 


ll 


| Z«oc 2e»Q/a| m= Po. 
d|Q 

Now using the properties of u(n), and being careful of the sign of 
( —1)(479/? according as d| P or d| Q, we can easily show, if we notice 
that o1(p*) =(pet!—1)/(p—1), p prime, that 


moci o e TT Rate code N 


d|P yal 





Likewise, i " 
Y: ol D Pa = TI lee + exe )] 
d|Q ral 


me QE ms ‘| 

ye] q» ps 1 q» eT 1 f 
Combining these two results, we obtain the required expression for 
N3(n*), namely, 








b 
s he —1 
Ni(n) = 6P]I [e +2 : 1 
»-i PEN 


STANFORD UNIVERSITY 


SOME MORE UNIFORMLY CONVEX SPACES! 
MAHLON M. DAY 


Let (B4, 4-21,2,- -- ] be a sequence of Banach spaces, and define 
B—97|B,] to be the space of sequences b= {b;} with 5; C B; and 
Ilall = bi||2) 12 < %, 1<p< œ. Itis known that B, normed in this 
way, is also a Banach space. Boas? showed that if B;=/? for all ¢ or if 
B;= 2L? for all i then B is uniformly convex. Since then I have shown? 
that if B;=1”' or L”, 1<p:< œ, and if the sequence { pi} is not 
bounded away from 1 and œ (that is, if there do not exist 1« m 
SM<o with mSp;SM for all i), then B is not uniformly convex 
and cannot be renormed to an isomorphic uniformly convex space. 
One purpose of this note is to fill in the gap between these results by 
means of the following theorem. 








i 


THEOREM 1. If Bi=1”: or L”, 1 «p; € oo, and if the sequence {ps} 4s 
bounded away from 1 and œ, then B = P{ B;} 1s untformly convex. 


Another question which is answered here is raised by Boas (loc. 
cit., Footnote 3). In Boas’ notation /*(Bo) is the space PP { By} with 
B, — By for alli. The space L*(Bo) is the space of all Bochner integra- 
ble functions‘ f on, say, [0, 1] with values in By and with ||f|| = 
LS Lf Go|[ nda] Up < œ, Boas’ conjecture is verified by the next theorem. 


THEOREM 2. /*(Bo) and L?(Bo) are uniformly convex if (and, obvi- 
ously, only if) Bo ts. 


Both of these results follow from the remaining theorem of this 
note. If all By, ¿< o, are uniformly convex there exists for each e, 
O0<eS2, a positive number 6,(e) such that IEAI =||b/ || =1 and 
b; —bi || > e implies [|b;4-57 || <2(1—6,(e)). The sequence [B4 i< œ } 
will be said to have a common modulus of convexity if there is one 
function à(e) >0 which can be used here in place of all 6;(e). It is clear 
that if we define 9,(c) 23 inf [2—]|b;--5/ ||], where the infimum is 
taken over b; bf with ||b.|| =||b/||=1 and ||b; —24]| >e, then such a 
ô(e) exists if and only if inf,6,(e) >0 for every e»0. It is clear that 
5(e) may be assumed to be a non-decreasing function of e. 




















1 Presented to the Society, November 23, 1940. 

3 R. P. Boas, Jr., Some uniformly convex spaces, this Bulletin, vol. 46 (1940), pp. 
304-311. 

*M.M. Day, Reflexive Banach spaces not isomorphic to uniformly convex spaces, 
this Bulletin, vol. 47 (1941), pp. 313-317. 

* S. Bochner, Integration von Funktionen, deren Werte die Elemente eines Vektor- 
raumes sind, Fundamenta Mathematicae, vol. 20 (1933), pp. 262-276. 
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THEOREM 3: B = €» (B,] is uniformly convex if and only if the B, 
have a common modulus of convextty. 


The space B; is equivalent to the closed linear subspace of those 
points of B of the form {0, 0,---,0,,;,0,--- I. If B is uniformly 
convex, it follows that the function ô(e) existing in B will be suitable 
as a common modulus for all the B; 

The proof of the second part of Theorem 3 falls ud e two 
cases. First we assume {loll = 
all 4. bor convenience let 

















b ill. pe and llb —bil| =. Then m. aay 4, 
; since b; and bj both lie on the sphere of 
radius B. boum the Oeil in B,. Hence 


lev] = (Xie sd)" 








(1) 1/p 
< 24 B= scr/oaye.)} 


Also [|b;— b: || « ||b;]| J-]]| b? || so y; 28; for all i; let E be the set of 
those ?'s such that y:/8;>e€/4 and let F be the complement of E. 
Biz 4y;./e if C F so ; 


-(z "s ( ze)" ao( x)" 


that is, 
A Up 
( 25 t) S e/4 
iGr 
or 
» 1/ 1 
( x) -(E Yi — x) 2 (e —(e/4) 2 3e/4 
iE ico icr 
Hence 


Using this and (1) 
Up 
lvl s2[ aay’ of + m t] 


(1 — RAN +1i-—- on 
[1 — (1 — 8(¢/4))? Jar} 9 


s 2[ 
s 2{1- 
s 2{1— [1 — (1 ~ 6(€/4))?](3e/8)?} r7. 
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The coefficient of o? is positive and depends only on e, so, if we set the 
right-hand side equal to 2(1—60(e)), then 6o(e) >0 if e>0, thus dis- 
posing of the first case. 

In the general case we suppose only that ||6|| =|[b’|| =1 and that 
||o-+5'|| 220 —5:(9)), where 0<a <2 and 6:(a) is any modulus of 
convexity which can be used in the definition of uniform convexity 
in 75. Then 








lb; + bf 





2(1 — &(2) < ( Y "s ( E dal + ebe)” <2 


Since the sequences {|[d,||} and (||b/ ||] are in 7r, we have 
lp è 
(E dol- rD) sa 


Let 5" = (b! ] be the point with 5/' —b/||b4|/|lo:]|; then |fe?” || 
- |[b;]| for each and ||b'—»"'|| = Œ (dlo || —[|64]]) 9»)? <a; hence, by 
Case I, |b—5"|ze/2 if ||4-5"|| z2(1—3«(e/2), but |lb+d”"|| 
z [52-7 | -llb —5"|| > 2(1 — êa) —o/2). 

Take a so that 0<a<e/2 and 8:(a)+a/2 <5o(e/2); then ||b--5'|| 
>2(1—61:(a)) implies ||b-F5'|| » 2(1—89(e/2)) which in turn implies 
||» —5"'|| «e/2, leading finally to ||b —»'|| «||» —»"'|| -]|b' —»"']| « e/2 
+6¢/2. Let the 6;(a) defined by this process be 63(e); this is greater 
than zero and ||b—d'|| « e if |||] ^ ||b"|| =1 and ||b--»']| » 21 — (9). 
This proves Theorem 3.  . 

'To show that Theorem 1 follows from this, use Clarkson's evalua- 
tions? of 6,(€) in J? or L?: 6,(€) -1— [1— (e/2)']"* where r =p if p22 
and r=p/(p—1) if 1« S2. The sequence {p;} with 1<p:< o is 
bounded away from 1 and œ if and only if the sequence {r;} associ- 
ated with [5;] is bounded. A little elementary calculus will convince 
the reader that if e is fixed 6,(€) decreases as r increases; hence if 
r2r; for all $, (e) S6,,(e) for all ¢ and the sequence of spaces \”* 
satisfies the hypothesis of Theorem 3 for \®‘=/*‘ or L?* provided only 
that {pi} is bounded away from 1 and œ. 

The first part of Theorem 2, that /*(Bo) is uniformly convex if Bo 
is, is a trivial consequence of Theorem 3. The proof for L7(Bo) in- 
volves an embedding argument similar to that used by Clarkson in 
analogous circumstances in L”, 

Let H be the class of simple functions in L*?(B;); that is, hCH if 














* J. A. Clarkson, Uniformly convex spaces, Transactions of this Society, vol. 40 
(1936), pp. 396414. 
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there exist measurable sets Fi, | - - , En, disjoint, whose sum is the 
unit interval, and points fi,---, h,C Be such that h=} iss, 
where ¢z, is the characteristic function of the set E;; that is, 6g, (/) =1 
if ‘CE, and is otherwise 0. H is dense in L?(Bi. If Ei,- - , E, are 
fixed, set up a correspondence between all functions in Z of the form 
h=} ,isshibz, and all points A in /*(Bo) with coordinates b;=0 for 
$n as follows: h corresponds to h= {bs} if b; hui" for iSn where 
Bi=m(E,), b:=0 otherwise. Then || Al] = (22:s.418:) "» =|[Al| so the 
transformation is 1-to-1 and norm preserving. 

If h, h’ are of the given form, if ||A|| =||4’|| 21 and ||&— || >e, then 
the same relations are true for the points A, h’ in /?(By); so [5 — 7| 
=||h—h'|| «2(1—3(9) where ó(e) is the modulus of convexity in 
I(B). Now for any pair k, k’ of functions in H there is a partition 
of the unit interval into sets Ej, --- , E, such that k, h’ are repre- 
sented in the proper form using these sets. It follows that the in- 
equality given holds for any h, k' CH with ||Al| =||4’|| 21 and [| —'!| 
>e. Hence by continuity of the norm in L?(Bo) and by the density of 
H in L*(Bo), L*(Bi) is uniformly convex and the same modulus of 
convexity holds in it as in (Bo). 

We may remark that the use of the interval (0, 1) and Lebesgue 
measure was obviously non-essential; any measure finite or infinite 
on any Borel field of measurable subsets of any set might be used with 
integration as might be expected. The essential property of the type 
of integration is that the simple functions in L*(Bo) shall be dense 
there. 

It is also noteworthy that in the proof of the last part of Theorem 2 
we gave the essential part of the proof of the following corollary. 


COROLLARY 1. For fixed p with 1<p< œ and fixed uniformly convex 
By the spaces 1?(Bo) and L?(Bo) (no matter what measure is used $n de- 
fining the space L?(Bo)) have a common modulus of convexity, that of, 
for example, 1?(Ba). 


In fact, since the evaluation of à,(e) in Theorem 3 used only ó(e) 
in-the spaces B, and 4;(e) in 1”, it follows for p in any interval 1 <m Sp 
« M « o and for any (B;] or B from a family of spaces (B] with 
common modulus of convexity, that 9» Bi] and hence J?(B) and 
L»(B) all have a common modulus of convexity. 


UNIVERSITY OF ÍLLINOIS 


A FLAT KLEIN BOTTLE ISOMETRICALLY EMBEDDED 
IN EUCLIDEAN 4-SPACE 


C. TOMPKINS 


There is no information available as to whether any compact mani- 
fold which is equipped with an intrinsically consistent riemannian 
metric may be embedded in euclidean space so that this metric is in- 
duced on it by the metric of the euclidean space. The simplest mani- 
fold which seemed to be a possible counterexample is a flat Klein 
bottle. An example of a flat Klein bottle embedded in euclidean 4- 
space is given here. The manifold of this example intersects itself. 
The example is offered to remove the strongest contender from the 
list of possible counterexamples. 

The embedding equations of the Klein bottle are 


X1 = COS 9 COS Y, X4 = COS 9? Sin u, 
f D u . . u 
x3 = 2 sin v cos — >» %4 = 2 sin v sin — 
2 2 
The following identities are clearly satisfied : 
x(u, 0+ 2r) = x(u, v), x(u + 2r, 2r — v) = xi(u, v). 


These are just the identifications of points which by definition of the 
Klein bottle convert the u, v-plane into a Klein bottle. The compo- 
nents of the metric tensor are 


E=1, F=0, Gc-1-3coss, 
and these can be transformed into the more usual form 
E-1 F=0, G=1 
by an obvious transformation involving an elliptic function. 


PRINCETON UNIVERSITY 
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THE R,CORRESPONDENT OF THE TANGENT TO AN 
ARBITRARY CURVE OF A NON-RULED SURFACE 


P. O. BELL 


In a recent paper! the author defined at a general point y of a non- 
ruled analytic surface S the tangent line which he calls the R)-corre- 
spondent of the tangent at y to a general curve C of S. It was proved? 
that (i) a curve C, ts a curve of Darboux if and only tf at each of tts 
points the Ry-correspondent of the tangent to Cy coincides with this tan- 
gent, (ii) a curve Cy is a curve of Segre if and only if at each of dts points 
the tangent to Cy and tts Ry-correspondent are conjugate tangents of S. 

The primary purpose of this note is to present the following simple 
construction for the Ry-correspondent: Let A denote a point of C, 
distinct from y, let U, V denote, respectively, the points of intersec- 
tion of the asymptotic u- and v-curves passing through y with the 
asymptotic v- and u-curves passing through A, and let W denote the 
point of intersection of the tangent plane to S at y with the line join- 
ing the points U, V. If y ts held fixed while A tends toward y along Cy, 
the point W describes a curve Ce and, except when Cy ts a curve of Segre 
or is tangent at y to a curve of Segre, the limit of W is the point y. The 
tangent at y to Cy is the Ry-correspondent of the tangent to Cy at y. 

The validity of this construction will be proved, and in addition 
the following theorem will be demonstrated: 


A curve Cy is a curve of Segre if and only if for a general point y of Cy 
the limit of W as A tends to y along Cy is a point Wo distinct from y. 
The point Wo is the intersection of the directrix of the first kind of 
Wilczynski with the tangent at y to the corresponding curve C. of Dar- 
boux. 


Let the homogeneous projective coordinates y'9, - - - , y of a gen- 
eral point y on a non-ruled analytic surface S in ordinary space be 
functions of asymptotic parameters u, v. The functions y(? are solu- 
tions of a system of differential equations, which can be reduced by 
a suitable transformation to Wilczynski's canonical form 


(1) Yuu + 2by, + fy = 0, yv. + 2a/ y, + gy = 0. 


The coefficients of these equations are functions of v, v which are con- 
nected by three conditions of integrability. Moreover, the coordinates 


1 P. O. Bell, A study of curved surfaces by means of certain associated ruled surfaces. 
Transactions of this Society, vol. 46 (1939), pp. 389-409. 
2 Loc. cit., p. 393. 
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y are not solutions of any equation of the form Ay,.--By,-- Cy, 
+Dy=0 whose coefficients are functions of u, v not all zero. This 
statement implies that the point y,.,, whose coordinates are the func- 
tions y®, does not lie in the tangent plane to S at y. 

An arbitrary one-parameter family PF, of curves of S is defined by 
the curvilinear differential equation dv —Adu —0, where ^ is an arbi- 
trary function of u, v. We denote by C, the curve of Fy which passes 
through y. If u, v be regarded as functions of a single parameter /, 
as ¿ varies, the point y, whose curvilinear coordinates are u, v, de- 
scribes a curve of S. This curve will be the curve C, if the functions 
u=u(t), v—v(t) are selected such that for a general value of ¢ 


(2) Alu, 9) = v'/u', 


where accents indicate differentiation with respect to t. 

The curvilinear coordinates of the point A are given by wu(I--At), 
v(1--At). The points U and V are therefore given by u(t--At), v and u, 
v(t-+-At). The general homogeneous coordinates of the points U and V 
are consequently functions of /, and may be represented by the de- 
velopments 


U = y+ yv At + (ysuu'? + you" v") AD/2 
F (yuuuti* + 38 U Yuu + fivu)AP/6 
+ (3uuuuti* + OWU Yuuu F faYuu + fatty) AB/24 Tes, 
V = y+ yw At + (yeu? + y" v )AÓ/2 
(4) + (Yored? + 3030 Yoo + iy )AÉ/6 
+ Orest + 679" Yous + sys + p )Art/24 + -> 


wherein fs, gi, ?— 1, 2, 3, represent functions of u, v which for our pur- 
pose do not require explicit determination. 

By differentiating equations (1) we find that the coefficients of yu, 
in the expressions for Yuuu, Your, Yuuuus Yoous are — 2b, —2a’, —Ab,, 
— 4a, , respectively. The coefficients of y,, in the expressions for the 
homogeneous coordinates of the points U, V are, therefore, 


(3) 


— bu'*At*/3 — (buut + 3bu'tu") AUS/6 +--+, 

— av *AB/3 — (adot + 3a/v v^) Ai/6 +--+, 
respectively. The point W, which is the intersection of the tangent 
plane to S at y with the line joining U, V has homogeneous coordi- 


nates which may be obtained by forming a linear combination of those 
of U and V which contains no y,, term. Hence, such a combination is 
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(2a'v* + [as »'* + 3a/v/*v" JAH U — (2bu* + [buw + 3bu2u" JAY. 
Expanding this we obtain the expression 
2(a/v* — bu'*)y + (a4 v'* + 3a'v/ ^y" — buut — 3buu")Aty 


5 2 <- — 
(8) + 2(a'v'!u'y, — buv y,)At + terms of order AP 


for the homogeneous coordinates of the point W. If a'/v'* —bu'3 <0, 
the limit of W as At tends to zero is, clearly, the point y. Moreover, the 
tangent to Cy, at y has the direction defined by dv/du = —bu'*/a'v'*. 
This is the direction of the Ry-correspondent of the tangent to C, at y. 
This completes the proof for the general case in- which ^ is not a di- 
rection of Segre. 

The curve C, is a curve of Segre if and only if at each of its points 
the direction defined by À —v'/u' satisfies the equation a's’? — bu/* — 0. 
In this case it is clear from (5) that the limit of W as Ai tends to zero 
is a point Wo, distinct from y, whose homogeneous coordinates are 
given by 


(3a^v*y" — 3bu'u" + ast — byu’4)y 


6 
(6) + 2(a^v*u' y, — bw? y), where a'y? = bu”. 


If we divide this expression by a’u’v’, make use of the condition 
a'o’? =bu!?, and make the following substitutions, v’/u’ =A, —v'u''/u'* 
=x, 0/’/u'v’ =M., we obtain the simpler form 


(3[Au 4-3X,]/A + a4 Ma! — b,/b) y 


(7) ni 
+2(yu — Aye), where a’? = b, 


for the coordinates of Wo. It is, clearly, a simple matter to evaluate (7) 
explicitly for a direction A= «(b/a")!*, wherein e is a cube root of 
unity. The result is 


(8) 2y, — ay y/a' — e(b/a)(2y, — b, y/b). 


This expression is a linear combination of the expressions 25,—a.'y/a! 
and 2y,—b,y/b for the homogeneous coordinates of the points in 
which the directrix of the first kind intersects the asymptotic u- and 
v-tangents to S at y. Moreover, the ratio of the coefficient of y, to 
that of y, is the direction — «(b/a^)!* of Darboux which corresponds 
to the direction e(b/a/)!/* of Segre. This completes the demonstration 
of the theorem. 


UNIVERSITY OF KANSAS 


ON THE SIMULTANEOUS APPROXIMATION 
OF TWO REAL NUMBERS! 


RAPHAEL M. ROBINSON 


If £y & - - - , £ are any real numbers and ¢ is a positive integer, 
then it is well known that integers ai, d, * - - , Gn, b can be found, 
such that 0 «b Si" and 


| dfs — a, | < 1/6, b-—12-:,. 


The proof is briefly the following.? Consider the ¿"+1 points 
(r&, rb, ---, rE), where r=0, 1,---, £^. Reduce mod 1 to con- 
gruent points in the unit cube (0€x1« 1, -- - , 0 €x, « 1). If this cube 
is divided into /" cubes of edge 1/¢ (including the lower boundaries), 
then at least one of these small cubes must contain two of the re- 
duced points, say those with r=r’ and r=r"’. With b= | r'—r| and 
suitable a/s, we evidently satisfy the required inequalities. 
For »=1, the inequality can be sharpened to 


| be — a| S$ 1/( 4- 1), 


b satisfying the condition 0 «5 <t. For if we consider the points r£ 
(r=0, 1, ---, 2), and mark the points in the interval 0x € 1 which 
are congruent to them mod 1, we have at least +2 points marked, 
since corresponding to r=0 we mark both 0 and 1. Some two of the 
marked points must lie within a distance 1/(£--1) from each other, 
so that the desired conclusion follows. This is the best result, as the 
example £—1/(t4-1) shows. 

The present note solves the corresponding problem for n=2. For 
larger values of n the problem appears more difficult. 


THEOREM. If £y and & are any real numbers, and s is a positive in- 
teger, then integers a, as, b can be found, such that 0 «b Ss, and 


1/2 
Lit, — asl 5 max (E T k= 1,2. 
54-1 [s12] +1 


For every s, values of & and & can be found for which the inequalities 
could not both be satisfied if the equality sign were omitted. 





1 Presented to the Society, November 23, 1940. . 

* The method used in this proof (Schubfachprinsip or “pigeonhole principle”) was 
first used by Dirichlet in connection with a similar problem. We sketch the proof here 
in order to compare it with the proof of the theorem below, which also uses that 
method. 


. 
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The inequalities may also be written 


| be S ae for P—1z£szi(t1) -1, 
os 1/é@+1) for (t L1) —1s5ss (ri 1*— t1. 


It will be noted that in some intervals the bound does not decrease 
as s increases. 

We show first that the theorem is the best possible. We shall think 
of the inequalities in the form just given. If s « (£2-1)*, then it is evi- 
dent that £i — 1/(£4-1), &=1/(t+1)? are a pair of real numbers which 
cannot be approximated simultaneously with an error less than 
1/(t+1); this settles the second case. For the first case, consider 
the pair of real numbers §&=1/(s+1), &=t/(s+1). We are to show 
that not both errors can be made less than ¢/(s +1). We note first that 
bı and b& differ from integers by the same amount as (s+1—b)& 
and (s4-1—5)&; hence we may suppose that b < (s4-1)/2, and there- 
fore 0<b& 51/2. In order to make |b& —ai| <t/(s+1), we must 
have 0 «b «1. Then 0<d&<1. Since b&2&=t/(st+1) and 1—b&z 
1—(t&—1)à821—(1— 1)t/(st1)= =t/(s+1), we see that the inequality 
| bf — a| <t/(s+1) cannot be satisfied. 

a co evidently follows from the lemma below, by putting 
t= |s¥2]. 


LEMMA. Let s and t be positive integers with s2t. If t and & are any 
real numbers, then integers ai, as, b can be found, such that 0<b Ss, 
and 


| bt — ai] Sé/(s+1), | b& — al S 1/0 +1). 


Proor. Consider the points (r£, r£) with r=0, 1,---, s. Mark 
all the points congruent to these mod 1 which fall in the rectangle 
OSx,St, 0€ x1 «1. There are (s+1)¢ points to be marked with x1 «1; 
and in addition, the point (/, 0) is marked, corresponding to r — 0. If 
we divide our rectangle into s-- 1 rectangles of width t/(s+1) (closed 
except at the top) by means of vertical lines, then at least one of them 
contains more than £ points, all corresponding to different values of r. 
The corresponding values of x; are +1 or more numbers, some two 
of which differ mod 1 by not more than 1/(¢+1). Thus we find two 
points (r'&, r'&) and (r"£, r’’&), whose horizontal distance mod 1 
does not exceed ¢/(s+1) and whose vertical distance mod 1 does not 
exceed 1/(¢+1). Putting b= |r’ —r!’| gives the required result. 


UNIVERSITY OF CALIFORNIA 


NOTE ON A THEOREM ON QUADRATIC RESIDUES 
KAI-LAI CHUNG i 
In this note we shall give a short proof of a known result: 


THEOREM. For every prime p=3 (mod 4) there are more quadratic 
residues mod p between 0 and p/2 than there are between p/2 and p. 


An equivalent statement of this theorem is as follows (see E. Lan- 
dau, Vorlesungen über Zahlentheorie, vol. 1, p. 129): 


Für p=3 (mod 4) haben mehr unter den Zahlen 1?, 22, - - - , (p—1)*/4 
ihren Divisionsrest mod p unter p/2 als über p/2. 


For proof we shall use Fourier series with one of its applications, 
namely Gaussian sums. 
Write s?=qp-+r, 0<r <p, so that 


E 
re 
It is evident that we have 
ep- cm 
p t 1 if r> p/2. 
Therefore we have to prove that ? (?:9^([252/p] — 2 [s2/5]) <(p—1)/4, 


or S(p—1)/4 since p=3 (mod 4). 
By a well known expansion in Fourier series, we have 


i 2 sin 2nry 
s- b]-}=- 5 Me, 
n=l ne 
so that 
2 sin 2nxx 
l]-z-i-3 SRE 
n=l na 


Substituting, we get 
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Therefore we have to prove that 
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Now we have by the results on Gaussian sums, 


2n (p—1)/2 ; ; ipia 
if (=) = 1, L gin ris? ip) — 23 girirl» = 4. ; 


1-1 (r/p)-1 2 








2n (p—1)/2 4151/1 
if (*) = 1, > ein(2rie*/p) = 2) eg àrirlp zx ? ; 


p loc (r/p)=1, 2 
(p—1)/2 
if (=) = 0, oy eln lri? p) = i= : 
? 4-1 2 


Taking imaginary parts, we obtain 


(p—1)/2 _ Anns? 2nN pil? 
kh 


sin 
a= ? p 2 





Similarly, 





(10/2 Ones? nN pil? 
$2 sin = (=) Si ; 
s=] $ P 2 


- Therefore we have to prove that 


121 Apr 2 © 1 fm\ put 
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This is equivalent to the relation 


x-(s i ) if p = 3 (mod 8); 


that is, 
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n-1 5 $ nol f 


Thus in each case we have to prove that 


° 1/5 
—(—]2 0. 
z>) 


Now Landau would call this last result trivial. But for the sake of 
completeness we give its proof here; we have in fact, for s>1, 


(£39) n - 26) 


where pı runs through the sequence of primes. The series being uni- 
formly convergent for s 21 its sum is continuous at s=1. Hence the 
result follows. 
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AT STANFORD UNIVERSITY 


The three hundred seventy-seventh meeting of the American. 
Mathematical Society was held at Stanford University, California, 
‘on Saturday, April 5, 1941. The attendance was about sixty includ- 
ing the following thirty-nine members of the Society: 

. H. M. Bacon, Clifford Bell, B. A. Bernstein, H. F. Blichfeldt, J. H. Bowman, 
D. G. Chapman, G. B. Dantzig, T. C. Doyle, G. C. Evans, A. L. Foster, E. C. Golds- 
worthy, C. A. Hayes, Lulu Hofmann, D. H. Lehmer, R. J. Levit, J. V. Lewis, C. F. 
Luther, Rhoda Manning, W. A. Manning, A. E. Marston, C. B. Morrey, A. P. Morse, 
.W. H. Myers, M. L. Nelson, Jerzy Neyman, A. R. Noble, W. T. Puckett, T. M. 
Putnam, R. M. Robinson, E. B. Roessler, A. C. Schaeffer, W. H. Simons, Pauline 


Sperry, L. H. Swinford, Gabor Szegó, A. W. Tucker, J. V. Uspensky, Morgan Ward, 
W. F. Whitmore. 


General sessions were held in the morning and in the afternoon. 
The meeting was called to order at 10 A.M., and was presided over at 
different times by Professors Gabor Szegé, G. C. Evans, and T. M. 
Putnam. By invitation of the Program Committee, Professor H. J. 
Stewart of the California Institute of Technology delivered an hour 
address on Hydrodynamic problems arising from the investigation of the 
transverse circulation in the atmosphere. 

Following the meeting Professor and Mrs. Szegé served tea at 
their home for members of the Society and their friends. 

The titles and cross references to abstracts of papers read at the 
meeting are given below. Abstracts whose numbers are followed by 
t were read by title. Dr. William Mersman was introduced by Pro- 
fessor E. B. Roessler. 
` 1. L. H. Swinford: On Abel's equation. (Abstract 47-5-250.) 

2. William Mersman: Heat conduction in an infinite: composite 
solid. (Abstract 47-5-256.) 

3. D. H. Lehmer: On the values of certain Hurwilzian continued 
fractions. (Abstract 47-5-213.) 

4. A. W: Tucker: Stmplictal bands. (Abstract 47-5-286.) 

5. Morgan Ward: Finite operators of formal power series. (Abstract 
47-5-206.) 

6. G. B. Dantzig: Variance of the error of a mean computed by 
grouping. (Abstract 47-5-269.) 

7. W. T. Puckett: Concerning a transformation in the plane. Pre- 
liminary report. (Abstract 47-5-282.) 

8. Nathaniel Coburn: Frenet formulas for curves in unitary space. 
(Abstract 47-5-263-1.) 

9. Henry Scheffé: Note on the reduction of x? for fit of a frequency 
distribution. (Abstract 47-5-274-1.) 
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10. Hans Lewy: Fractional potentials. (Abstract 47-5-231-t.) 

11. H. M. Schwartz: Sequences of Darboux-Stieltjes integrals. (Ab- 
stract 47-5-246-1.) 

12. R. K. Wakerling: On the rational loci of œ (p—1)-spaces in 
r-space. (Abstract 47-5-267-1.) 

13. Max Zorn: Transcendental p-adic numbers related io roots of 
unity. (Abstract 47-5-215-1.) 

T. M. PUTNAM, 
Associate Secretary 


THE APRIL MEETING IN CHICAGO 


The three hundred seventy-eighth meeting of the American Mathe- 
matical Society was held at the University of Chicago, Chicago, 
Illinois, on Friday and Saturday, April 11—12, 1941. The attendance 
was about two hundred thirty including the following one hundred 
eighty-seven members of the Society: 


A. A. Albert, G. E. Albert, W. L. Ayres, Reinhold Baer, R. M. Ballard, R. H. 
Bardell, R. W. Barnard, I. A. Barnett, Walter Bartky, E. F. Beckenbach, J. H. Bell, 
D. L. Bernstein, S. F. Bibb, D. H. Blackwell, G. A. Bliss, Morris Bloom, Henry Blum- 
berg, L. M. Blumenthal, H. R. Brahana, Richard Brauer, Leonard Bristow, F. L. 
Brooks, H. K. Brown, O. E. Brown, P. B. Burcham, R. S. Burington, Herbert Buse- 
mann, L. E. Bush, J. W. Calkin, E. J. Camp, H. H. Campaigne, A. D. Campbell, E. 
W. Chittenden, R. V. Churchill, C. E. Clark, M. D. Clement, L. W. Cohen, B. H. 
Colvin, A. H. Copeland, J. J. Corliss, L. L. Cronvich, E. L. Crow, D. R. Curtiss, J. H. 
Curtiss, W. M. Davis, M. M. Day, J. J. DeCicco, L. L. Dines, J. M. Dobbie, D. M. 
Dribin, R. J. Duffin, W. D. Duthie, J. J. Eachus, J. M. Earl, Samuel Eilenberg, Ben- 
jamin Epstein, H. P. Evans, H. S. Everett, L. R. Ford, R. H. Fox, Bernard Fried- 
man, Morris Friedman, H. L. Garabedian, E. R. Garbe, B. H. Gere, H. A. Giddings, 
J. S. Gold, H. H. Goldstine, Cornelius Gouwens, L. M. Graves, L. W. Griffiths, V. G. 
Grove, G. J. Haltiner, R. W. Hamming, G. E. Hay, O. C. Hazlett, A. E. Heins, E. D. 
Hellinger, M. R. Hestenes, J. F. Heyda, J. J. L. Hinrichsen, D. L. Holl, A. S. House- 
holder, D. H. Hyers, M. H. Ingraham, Dunham Jackson, S. B. Jackson, R. N. 
Johanson, Wilfred Kaplan, William Karush, I. F. Keeler, J. L. Kelley, Lois Kiefer, 
H. S. Kieval, S. C. Kleene, W. C. Krathwohl, A. C. Ladner, E. P. Lane, R. E. Langer, 
W. G. Leavitt, R. A. Leibler, C. B. Lindquist, A. T. Lonseth, A. W. McGaughey, 
Saunders MacLane, Ralph Mansfield, Morris Marden, R. H. Marquis, C. W. Mendel, 
Herman Meyer, H. L. Meyer, E. W. Miller, R. A. Miller, W. E. Milne, W. L. Mitchell, 
Virginia Modesitt, C. W. Moran, Vladimir Morkovin, Max Morris, E. J. Moulton, 
J. P. Nash, A. L. Nelson, K. L. Nielsen, I. M. Niven, E. A. Nordhaus, E. N. Oberg, 
J. W. Odle, Rufus Oldenburger, E. W. Paxson, J. F. Paydon, E. R. Peck, G. H. 
Peebles, Sam Perlis, J. E. Powell, Tibor Radó, E. D. Rainville, W. C. Randels, R. B. 
Rasmusen, Maxwell Reade, W. T. Reid, C. E. Rickart, R. F. Rinehart, P. G. Robin- 
son, Arthur Rosenthal, M. A. Sadowsky, R. G. Sanger, Max Sasuly, O. F. G. Schilling, 
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E. R. Schneckenburger, K. C. Schraut, G. E. Schweigert, W. T. Scott, M. E. Shanks, 
C. G. Shover, H. A. Simmons, A. H. Smith, F. C. Smith, W. S. Snyder, E. S. Sokol- 
nikoff, I. S. Sokolnikoff, N. E. Steenrod, R. C. Stephens, B. M. Stewart, C. F. Strobel, 
Otto Szász, H. P. Thielman, J. M. Thompson, C. W. Topp, L. W. Tordella, H. C. 
Trimble, P. L. Trump, S. M. Ulam, Henry Van Engen, G. B. Van Schaack, J. I. Vass, 
H. S. Wall, M. S. Webster, K. W. Wegner, M. E. Wescott, G. W. Whaples, G. W. 
Whitehead, L. R. Wilcox, L. A. Wolf, M. C. Wolf, F. E. Wood, M. A. Woodbury, 
J. W. T. Youngs. 


The meeting opened on Friday morning with three sections, Analy- 

sis, Professor E. W. Chittenden presiding; Analysis and Applied 
-Mathematics, Professor R. V. Churchill presiding; and Algebra, 
Professor A. A. Albert presiding. On Friday afternoon Professor 
M. R. Hestenes gave the Symposium Lecture under the title The 
problem of Bolza in the calculus of variations. At this lecture Professor 
G. A. Bliss presided. On Saturday morning there were two sections, 
Analysis, Professor E. F. Beckenbach presiding; and Geometry and 
Topology, Professor L. M. Blumenthal presiding. 

All sessions met in Eckhart Hall and the adjoining Ryerson 
Laboratory. 

Friday afternoon after the Symposium Lecture the ladies of the 
Department of Mathematics of the University of Chicago served tea 
in the Commons Room of Eckhart Hall. 

The dinner on Friday evening at Burton Court was attended by 
one hundred sixty-eight mathematicians and- guests. The toast- 
master, Professor Tibor Radó, pointed out that the University of 
Chicago was soon to have another claim to fame in having the young- 
est looking Professor Emeritus in the world in the person of Professor 
G. A. Bliss, who retires from the faculty at the end of the coming 
summer quarter. He then called on two former students of Professor 
Bliss, Professors L. L. Dines and L. M. Graves, who related many 
interesting incidents in the teaching career of Professor Bliss. Pro- 
Professor Bliss then spoke of the earlier mathematicians at the Uni- 
versity of Chicago and of his pleasure in being associated with them. 
Many former students of Professor Bliss, who could not be present, 
-sent telegrams and letters of greetings which were presented to him 
at the dinner. 

Titles and cross references to the abstracts of the papers read at 
this meeting follow below. Papers numbered 1 to 8 were read before 
the Analysis section Friday morning, papers 9 to 15 before the section 
for Analysis and Applied Mathematics, papers 16 to 26 before the 
Algebra section, papers 27 to 33 before the Analysis section on Sat- 
urday morning, and papers 34 to 41 before the section for Geometry 
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and Topology. Papers 42 to 58, whose abstract numbers are followed 
by the letter ż, were read by title. Mr. W. R. Scott was introduced by 
Professor Tibor Radó, Dr. R. S. Pate by Professor H. R. Brahana, 
Mr. L. J. Savage by Professor S. B. Myers, and Miss Harlan C. 
Miller by Professor R. L. Moore. Paper 31 was read by Professor 
Wall, 32 by Dr. Scott, and 39 by Dr. Youngs. 

1. D. H. Hyers: On the stability of the linear functional equation. 
(Abstract 47-3-134.) 

2. C. E. Rickart: Integration in a convex linear topological space. 
(Abstract 47-5-241.) 

3. W. C. Randels: On Bessel's inequality in absiract spaces. (Ab- 
stract 47-5-240.) 

4. H. H. Goldstine: The parametric problem of the calculus of varta- 
tions in general analysis. (Abstract 47-5-224.) 

5. W. R. Scott: A lemma on ihe Weierstrass E-function. Preliminary 
report. (Abstract 47-5-247.) 

6. E. F. Beckenbach: On functions having subharmonic logarithms. 
(Abstract 47-5-216.) 

7. Tibor Radó: On the semi-continuity of double integrals in the cal- 
culus of variations. (Abstract 47-3-140.) 

8. J. F. Heyda: A uniqueness property of general monogenic func- 
tions. (Abstract 47-5-226.) 

9. A. S. Householder: A theory of steady-state activity in nerve-fiber 
networks. II. The simple circuit. (Abstract 47-5-255.) 

10. G. E. Hay: The finite displacement of thin rods. (Abstract 
47-5-253.) 

11. I. S. Sokolnikoff: Deflection of non-isotropic elastic plates. Pre- 
liminary report. (Abstract 47-5-257.) 

12. A. E. Heins: On the transformation theory of the solution of par- 
tial differential equations. Preliminary report. (Abstract 47-5-254.) 

13. E. L. Crow: The expansion problem associated with an ordinary 
differential equation of first order in which the coefficient is a quadratic 
polynominal in the parameter. (Abstract 47-5-221.) 

14. A. T. Lonseth: Dirichlet’s principle for certain nonlinear ellip- 
lic equations. (Abstract 47-5-232.) 

15. G. H. Peebles: On the behavior of series of polynomials orthogonal 
with respect to a weight function of changing sign. (Abstract 47-5-238.) 

16. H. P. Thielman: Groups of linear fractional transformations. 
(Abstract 47-5-203.) 

17. M. A. Woodbury: On ordered groups. (Abstract 47-5-209.) 

18. L. R. Wilcox: Extensions of semi-modular lattices. (Abstract 
47-5-208.) 
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19. I. M. Niven: Sums of nth powers of quadratic integers. (Abstract 
-47-5-193.) 

20. Reinhold Baer: A unified theory of projective spaces and finite 
abelian groups. (Abstract 47-5-182.) 

21. B. M. Stewart: Left-associated matrices with elements in an 
algebraic domain. (Abstract 47-5-202.) 

22. L. W. Griffiths: The minimum number of variables in universal 
functions of polygonal numbers. (Abstract 47-5-212.) 

23. R. S. Pate: Rings with multiple-valued operations. (Abstract 
47-5-194.) 

24, H. A. Simmons: Classes of maximum numbers associated with 
symmetric equations in n reciprocals. IV. (Abstract 47-5-199.) 

25. J. H. Bell: Topics related to the factorization of matrices. (Ab- 
stract 47-3-115.) 

26. Richard Brauer: On the connection between the ordinary and the 
modular characters of groups of finite order. (Abstract 47-5-183. ) 

27. Benjamin Epstein: Asymptotic problems associated with a 
Laplace-Mellin integral equation. Preliminary report. (Abstract 47- 
5-223.) 

28. R. J. Duffin: Möbius transforms and Fourier transforms. (Ab- 
stract 47-5-222.) 

29. Dunham Jackson: Generalization of a theorem of Korous. (Ab- 
stract 47-5-227.) 

30. Otto Szász: On convergence and summability of trigonometric 
series. (Abstract 47-5-251.) 

31. W. T. Scott and H. S. Wall: The transformation of series and 
sequences. (Abstract 47-3-144.) 

32. W. T. Scott and H. S. Wall: Gronwall summability. (Abstract 
47-5-248.) 

33. P. B. Burcham: Some incluston relations in the Pai differ- 
ence matrix. (Abstract 47-5-219.) 

34. V. G. Grove: The transformation T of congruences. (Abstract 
47-5-264.) 

35. J. J. DeCicco: The differential geometry of the Laguerre group 
Ge. (Abstract 47-3-154.) 

36. L. J. Savage: Distance spaces. (Abstract 47-5-266.) 

37. M. E. Shanks: The space of all metrics on a compact space. 
(Abstract 47-5-284.) 

38. Samuel Eilenberg: Banach space methods in topology. 1. (Ab- 
stract 47-5-278.) 

39. G. E. Albert and J. W. T. Youngs: The structure of locally con- 
nected topological spaces. (Abstract 47-5-277.) 
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40. G. E. Schweigert: Border transformations. II. (Abstract 47-5- 
283.) 

41. G. W. Whitehead: Homotopy properties of rotation groups. 
(Abstract 47-5-289.) 

42. Edward Kasner and J. J. DeCicco: Infinite groups generated by 
equilong involutions and symmetries. (Abstract 47-3-160-2.) 

43. J. J. DeCicco: Lineal element transformations which preserve 
dual-isothermal families. (Abstract 47-3-153-1.) 

44. P. C. Hammer: On fitting linear functions when all variables are 
subject to error. (Abstract 47-5-272-t.) 

45. Fred Kiokemeister: The parastrophic criterion for the factoriza- 
tion of primes. (Abstract 47-5-187-1.) 

46. R. E. Lane: The first three rational operations. (Abstract 47-5- 
229-1.) 

47. C. D. Olds: Expansion of an arbitrary function in terms of cer- 
tain polynomials. (Abstract 47-5-237-1.) 

48. C. D. Olds: On some arithmetical identities. (Abstract 47-5- 
214-1.) 

49. G. E. Albert: On separation spaces. Preliminary report. (Ab- 
stract 47-5-276- 1.) 

50. H. A. Simmons: Use of matrices in solving linear Diophantine 
equations. (Abstract 47-5-200-t.) 

51. Henry Scheffé: Linear differential equations with two-term re- 
currence formulas. (Abstract 47-5-244-1.) 

52. Reinhold Baer: Homogeneity of projective planes. (Abstract 47- 
5-261-1.) 

53. Lincoln La Paz: Double integral variation problems with pre- 
scribed transversality coefficients. (Abstract 47-5-230-1.) 

54. Harlan C. Miller: Concerning compact unicoherent continua. 
(Abstract 47-5-281-i.) ; 

55. N. E. Steenrod and A. W. Tucker: Real n-quadrics as sphere- 
bundles. (Abstract 47-5-285-t.) 

56. D. M. Dribin: A theorem on sets of ideals in solvable extensions 
of algebraic number fields. (Abstract 47-5-186-1.) 

57. Sam Perlis: A characterization of the radical of an algebra. (Ab- 
stract 47-5-195-1.) 

58. W. T. Reid: Green's lemma and related results. (Abstract 47-7- 
313-1) 

W. L. AYRES, 
Associate Secretary 


THE MAY MEETING IN WASHINGTON 


The three hundred seventy-ninth meeting of the American Mathe- 
matical Society was held at The George Washington University, 
Washington, D. C., on Friday and Saturday, May 2-3, 1941. The 
attendance was approximately two hundred fifty including the fol- 
lowing one hundred eighty-two members of the Society: 


C. R. Adams, R. P. Agnew, Leonidas Alaoglu, C. B. Allendoerfer, P. H. Anderson, 
H. A. Arnold, J. V. Atanasoff, Y. K. Bal, Alfred Basch, P. T. Bateman, P. G. Berg- 
mann, E. E. Betz, G. D. Birkhoff, Archie Blake, R. P. Boas, H. F. Bohnenblust, T. A. 
Botts, D. G. Bourgin, S. G. Bourne, R. H. Bruck, R. S. Burington, E. W. Cannon, 
Abraham Charnes, A. B. Coble, I. S. Cohen, R. M. Cohn, J. B. Coleman, Richard 
Courant, W. H. H. Cowles, M. J. Cox, M. T. Curran, H. B. Curry, Tobias Dantzig, 
C. H. Dowker, Arnold Dresden, F. G. Dressel, R. F. Dressler, J. C. Durand, Samuel 
Eilenberg, Benjamin Epstein, Paul Erdós, F. A. Ficken, E. J. Finan, M. M. Flood, 
Tomlinson Fort, R. M. Foster, F. H. Fowler, K. O. Friedrichs, T. C. Fry, Abe Gelbart, 
J. H. Giese, M. A. Girshick, J. W. Givens, Michael Goldberg, H. S. Grant, J. A. 
Greenwood, T. N. E. Greville, D. W. Hall, N. A. Hall, P. R. Halmos, W. J. Harring- 
ton, G. A. Hedlund, M. H. Heins, Edward Helly, H. C. Hicks, Einar Hille, M. P. 
Hollcroft, T. R. Hollcroft, Witold Hurewicz, Nathan Jacobson, R. F. Johnson, F. E. 
Johnston, H. A. Jordan, Mark Kac, Shizuo Kakutani, J. H. Kenna, R. B. Kershner, 
B. F. Kimball, J. W. Kitchens, J. R. Kline, H. N. Laden, O. E. Lancaster, A. E. 
Landry, M. E. Layne, Solomon Lefschetz, Joseph Lehner, Marie Litzinger, E. R. 
Lorch, Eugene Lukacs, D. T. McClay, N. H. McCoy, E. J. McShane, J. K. L. Mac- 
Donald, C. C. MacDuffee, H. M. MacNeille, Dorothy Maharam, P. T. Maker, 
Dorothy Manning, M. H. Martin, F. M. Mears, Don Mittleman, Elizabeth Monroe, 
T. W. Moore, Marston Morse, F. D. Murnaghan, F. J. Murray, F. G. Myers, Yael 
Naim, K. L. Nielsen, Ivan Niven, F. W. Owens, H. B. Owens, J. C. Oxtoby, Gordon 
Pall, G. W. Patterson, Everett Pitcher, George Polya, H. A. Rademacher, Tibor 
Rad6, C. J. Rees, R. G. D. Richardson, E. K. Ritter, H. E. Robbins, J. H. Roberts, 
H. P. Robertson, M. S. Robertson, L. B. Robinson, W. J. Robinson, J. B. Rosser, 
Raphaël Salem, S. A. Schelkunoff, Ivor Schilansky, Abraham Schwartz, W. M, Scott, I. 
E. Segal, Abraham Seidenberg, I. M. Sheffer, Seymour Sherman, J. A. Shohat, Abraham 
Sinkov, M. F. Smiley, T. L. Smith, Virgil Snyder, V. E. Spencer, J. J. Stoker, M. H. 
Stone, J. D. Tamarkin, A. H. Taub, J. H. Taylor, B. J. Tepping, M. E. Terry, J. M. 
Thompson, C. J. Thorne, R. M. Thrall, E. W. Titt, C. B. Tompkins, W. R. Transue, 
W. J. Trjitzinsky, J. W. Tukey, J. H. Van Vleck, Oswald Veblen, T. L. Wade, G. L. 
Walker, A. D. Wallace, Henry Wallman, G. C. Webber, F. M. Weida, C. H. Wheeler, 
P. A. White, A. L. Whiteman, G. T. Whyburn, Norbert Wiener, J. D. Williams, M. H. 
Williams, W. L. G. Williams, John Williamson, H. A. Wood, D. W. Woodard, 
: J. W. Wrench, J. W. T. S. Youngs, Oscar Zariski, Antoni Zygmund. 


'The meeting opened Friday morning in two sections, Analysis, Pro- 
fessor Tibor Radó presiding, and Algebra and Geometry, Professor 
Gordon Pall and Dr. R. M. Thrall presiding. 

Two general sessions were held Friday afternoon. At the first, Vice 
President F. D. Murnaghane presiding, Professor F. J. Murray of 
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Columbia University gave an address entitled The analysts of linear 
transformations. The second, Professor A. B. Coble presiding, was for 
short papers on various subjects. 

On Saturday morning at a general session, Professor J. A. Shohat 
presiding, Professor I. M. Sheffer of The Pennsylvania State College 
gave an address entitled Some applications of certain polynomial 
classes. This was followed by two sections, Algebra and Topology, 
Professor C. C. MacDuffee presiding, and Probability, Statistics, 
Applied Mathematics, Professor Norbert Wiener presiding. 

Saturday afternoon was devoted to a symposium on the Rayleigh- 
Ritz method and its applications, at which President Marston Morse 
presided. The following addresses were given: Vartattonal methods for 
the solution of boundary value problems by Professor Richard Courant 
of New York University; Engineering applications of the Rayleigh- 
Ritz method by Professor J. P. Den Hartog of Harvard University; 
Applications of the Rayleigh- Ritz method in the theory of the structure of 

. matter by Professor H. M. James of Purdue University. The discus- 
sion was led by Professor J. H. Van Vleck of Harvard University and 
Professor P. M. Morse of Massachusetts Institute of Technology. 

All sessions were held in the Hall of Government of The George 
Washington University. 

On Friday afternoon tea was served at Columbian House. 

The dinner Friday evening at the Cosmos Club was attended by 
one hundred thirty members and guests. The toastmaster, Professor 
C. R. Adams, introduced three speakers, Professor R. W. Bolwell, 
Chairman of the Graduate Council of The George Washington Uni- 
versity, and Professors C. C. MacDuffee and H. P. Robertson. 

At the beginning of the symposium Saturday afternoon Professor 
Gordon Pall presented a resolution expressing the appreciation and 
thanks of the Society to The George Washington University, the 
members of the local committee, and all others concerned for the 
excellent arrangements for the meeting. The resolution was unani- 
mously adopted by a rising vote. 

The Council met at 9:00 P.M., Friday, May 2, in the Holmes Room 
of the Cosmos Club. 

The Secretary announced the election of the following fifty-nine 
persons to membership in the Society: 


Mr. Milton Abramowitz, Brooklyn, N. Y.; 

Miss Grace Karen Anderson, American Mathematical Society, New York, N. Y.; 
Professor Tomás R. Bachiller, University of Madrid, Madrid, Spain; 

Mr. Yusuf Kenan Bal, Columbia University; 
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Mr. James Douglas Bankier, Rice Institute; 

Mr. Paul Trevier Bateman, University of Pennsylvania; 

Professor Maurice Anthony Biot, Columbia University; 

Professor Juan Blaquier, University of Buenos Aires, Buenos Aires, Argentina; 

Professor Clotilde Bula, University of Rosario, Rosario, Argentina; 

Mr. Philip Staats Carter, R.C.A. Communications Inc., Rocky Point, L. I., N. Y.; 

Mr. Leo Cohen, Columbia University; 

Mr. Charles Raymond DePrima, New York University; 

Dr. Henry Chabot Dieckmann, Occidental College, Los Angeles, Calif.; 

Dean Margaret Criswell Disert, Wilson College, Chambersburg, Pa.; 

Mr. Robert Franklin Dressler, University of Pennsylvania; 

Professor William Maurice Ewing, Lehigh University; 

Mr. W. Eugene Ferguson, University of Missouri; 

Professor Fernando L. Gaspar, University of Rosario, Rosario, Argentina; 

Dr. John H. Giese, Rutgers University; 

Dr. Basil E. Gillam, University of Missouri; 

Mr. Thomas Franklin Glass, Rice Institute; 

Dean John Alonzo Goff, Towne Scientific School, University of Pennsylvania; 

Mr. Richard Albert Good, University of Wisconsin; 

Mr. Lewis Greenwald, New York Evening High School; 

Mr. Eli Grossman, United States Life Insurance Co., New York, N. Y.; 

Professor Emil J. Gumbel, New School for Social Research, New York, N. Y.; 

Professor Harrod Harold Hartzler, Goshen College, Goshen, Ind.; 

Professor Clifton T. Hazard, Purdue University; 

Dr. Aaron Paul Horst, Procter and Gamble Co., Cincinnati, Ohio; 

Dr. Colin Munroe Hudson, Frankford Arsenal, Philadelphia; 

Dr. Leroy Charles Hutchinson, Michigan College of Mining and Technology, Hough- 
ton, Mich.; 

Professor Ralph William Jones, University of Delaware; 

Major Paul Hanes Kemmer, Chief Aircraft Laboratory, Wright Field, Dayton, Ohio; 

Dr. John Maurice Kingston, University of Washington; 

Mr. Joseph Landin, New York University; 

Miss Jeanne Starrett Le Caine, Cambridge, Mass.; 

Mr. Max LeLeiko, Willard Contracting Corporation, New York, N. Y.; 

Dr. Eugene Lukacs, Baltimore, Md.; 

Dr. Rudolf Luneburg, Spencer Lens Company, Buffalo, N. Y.; 

Dr. Szolem Mandelbrojt, Rice Institute; 

Dr. Warren Perry Mason, Bell Telephone Laboratories, New York, N. Y.; 

Dr. William Alvin Mersman, University of California, College of Agriculture; 

Mr. Osborn Maitland Miller, American Geographical Society, New York, N. Y.; 

Mr. Olen Alvin Nance, University of Missouri; 

Dr. William Donald Phelps, R.C.A. Manufacturing Co., Camden, N. J.; 

Mr. Harry Pollard, Dorchester, Mass.; 

Dr. Virgil Nelson Robinson, Louisiana State University; 

Professor Frederick William Rogers, University of Cincinnati; 

Mr. Jerome Colbert Smith, University of Pennsylvania; 

Dr. Ernst Snapper, Princeton University; : 

Mr. Herbert Solomon, Columbia University; 

Dr. Thomas H. Southard, Wayne University; 
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Mr. Wolfgang Joseph Thron, Rice Institute; 

Dr. Philip Russell Wallace, University of Cincinnati; 

Mr. Edward Faith White, University of Cincinnati; 

Mr. Albert Wiesenberg, Columbia University; 

Mr. Herbert Wolfe, Brooklyn College (Evening Session); 

Mr. Richard Schuyler Wolfe, Great Falls Commercial College, Great Falls, Mont.; 
Mr. Max A. Woodbury, University of Michigan. 


It was reported that the following had been elected as nominees on 
the Institutional Memberships of the institutions indicated: 
University of Chicago: Messrs, William Caswell Carter, Gerhard Karl Kalisch, and 
Richard Donald Schafer, and Miss Alice Elizabeth Turner. 

Lehigh University: Mr. Leonard Pattillo Burton 

Metropolitan Life Insurance Company: Messrs. Malvin E. Davis and James Russell 
Herman. . 

Syracuse University: Mr. William John Strange. 

Wayne University: Mr. Clifford Raymond Simms. 

Wesleyan University: Messrs. Francis Escott and Joseph Wannemacher. 


The following appointments by President Marston Morse were re- 
ported: as a standing Committee on Places of Meetings, Professors 
A. B. Coble (chairman), 3 years, W. B. Carver, 2 years, and E. J. 
McShane, 1 year; as auditors of the Society's books for 1941, Pro- 
fessors R. G. Archibald and A. E. Meder, Jr.; as an additional mem- 
ber of the Committee on Arrangements for the Annual Meeting of 
1941, Professor W. D. Cairns; as Committee on Arrangements for the 
Summer Meeting of 1942 at Cornell University, Professors R. P. 
Agnew (chairman), W. D. Cairns, A. D. Campbell, T. R. Hollcroft, 
J. B. Rosser, R. J. Walker; as chairman of the Nominating Com- 
mittee, to replace Professor G. A. Bliss, Professor A. B. Coble; as 
representative of the Society at the inauguration of Victor Raymond 
Edman as fourth President of Wheaton College, Wheaton, Illinois, on 
May 9, 1941, Professor L. M. Graves; as representative of the Society 
at the inauguration of Virgil Melvin Hancher as President of The 
State University of Iowa on May 24, 1941, Professor R. B. McClenon; 
as representative of the Society at the Fiftieth Anniversary Celebra- 
tion of the University of Chicago on September 27, 28, and 29, 1941, 
Professor D. R. Curtiss. It was also reported that President Marston 
Morse will represent the Society at the Centenary Celebration of 
Fordham University on September 15-17, 1941. 

The dates for the Annual Meeting of 1941 at Lehigh University 
were set as December 29—31, 1941. 

The Secretary reported that Professor E. J. McShane had accepted 
the invitation to deliver the Colloquium Lectures at the Summer 
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Meeting of 1943; his subject will be Existence theorems in the calculus 
of vartations. 

The Secretary reported that the following had been chosen as the 
voting representatives on the Council of the editorial committees for 
the year 1941: Bulletin—Dean Tomlinson Fort; Transactions—Pro- 
fessor C. C. MacDuffee; Colloquium—Professor J. D. Tamarkin; 
American Journal of Mathematics—Professor T. H. Hildebrandt. 

The Secretary reported that an unrestricted gift of $1,000 had 
been received from Dr. Robert Henderson. The following resolution 
was unanimously adopted and copies were ordered spread upon the 
records and sent to Dr. Henderson: 


The Council of the American Mathematical Society expresses 
its deep gratitude to Dr. Robert Henderson for his generous gift 
of $1,000 to the Society. It also wishes at this time to make 
grateful acknowledgment of his many years of faithful service 
on the Board of Trustees where his wise counsel has been in- 
valuable. We recognize these acts as the natural expression of a 
life devoted to the study and application of mathematics. 


It was announced that Professor Oscar Zariski had been elected as 
a member of the Transactions Editorial Committee to fill the un- 
expired term of the late Professor W. C. Graustein. Professor Hille 
reported that Professors Nelson Dunford and R. L. Wilder had been 
appointed Associate Editors. 

Professors J. L. Walsh (chairman), E. W. Chittenden, and E. J. 
McShane were appointed as a committee to confer with the Williams 
and Wilkins Company on an agreement concerning the proposed new 
series of monographs for which the name Mathematical Surveys has 
been suggested. The Council had previously voted to approve the 
memorandum submitted by the Company in which the introduction 
of this series was suggested. 

Titles and cross references to the abstracts of the papers read follow 
below. Papers whose abstract numbers are followed by the letter £ 
were read by title. The papers numbered 1 to 11 were read before the 
section for Analysis; those numbered 12 to 22 before the section for 
Algebra and Geometry; those numbered 23 to 27 before the general 
session on Friday afternoon; those numbered 28 to 34 before the 
section for Algebra and Topology; those numbered 35 to 41 before 
the section for Probability, Statistics, Applied Mathematics; those 
numbered 42 to 67 were read by title. Paper 8 was read by Mr. Har- 
rington, paper 14 by Dr. Smiley, paper 17 by Dr. Bruck, paper 18 
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by Professor Wade, paper 27 by Professor Polya, and paper 38 by 
Mr. Thorne. Dr. Bergman was introduced by Dr. D. C. Spencer, 
Mr. Gravalos by Professor G. D. Birkhoff, Professor Sutton by Pro- 
fessor C. B. Allendoerfer, Dr. Weinstein by Dr. H. E. Robbins, Dr. 
Bers by Dr. Abe Gelbart. 

1. Joseph Lehner: A partition function connected with the modulus 
five. (Abstract 47-7-298.) 

2. Stefan Bergman: The method of the minimum integral and the 
analytic continuation of functions. (Abstract 47-5-217.) 

3. K. L. Nielsen: Concerning boundary value problems for linear 
differential equations when the boundary conditions are given by Stieltjes 
integrals. (Abstract 47-5-236.) 

4. E. J. McShane: Suficient conditions for a weak relative minimum 
in the problem of Bolza. (Abstract 47-7-309.) 

5. F. A. Ficken: Certain systems of subsets of quasi and partially * 
ordered sets. (Abstract 47-7-328.) 

6. E. R. Lorch: The spectrum of linear transformations. (Abstract 
47-5-235.) 

7. W. J. Trjitzinsky: Singular Lebesgue-Stieltjes integral equations. 
(Abstract 47-7-316.) 

8. W. J. Harrington and J. B. Rosser: A study of certain functions 
auxiliary to Brun's method in number theory. (Abstract 47-5-225.) 

9. D. G. Bourgin: On reflexive Banach spaces. (Abstract 47-7-304.) 

10. M. H. Heins: A generalisation of the Aumann-Carathéodory 
* Starrheitssatz." (Abstract 47-7-306.) 

11. Raphaél Salem: On trigonometrical series whose coefficients do 
not tend to zero. (Abstract 47-5-243.) 

12. W. M. Scott: On matrix algebras over an algebratcally closed 
field. (Abstract 47-5-198.) 

13. R. M. Thrall: On Young's semi-normal representation of the 
symmetric group. (Abstract 47-5-204.) 

14. Everett Pitcher and M. F. Smiley: Transttivities of betweenness. 
(Abstract 47-5-196.) 

15. Gordon Pall: The construction of positive ternary quadratic forms. 
(Abstract 47-3-174.) 

16. D. T. McClay: Clifford numbers. (Abstract 47-7-322.) 

17. R. H. Bruck and T. L. Wade: Bisymmeiric tensor algebra. I. 
(Abstract 47-5-184.) 

18. R. H. Bruck and T. L. Wade: Bisymmeiric tensor algebra. YI. 
(Abstract 47-5-185.) 

19. Y. K. Bal: Study on graphs. Preliminary report. (Abstract 47- 
5-262.) 
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20. F. G. Gravalos: The algebraic integrals of Hill's equations. (Ab- 
stract 47-7-318.) : 

21. J. B. Rosser: A generalization of the euclidean algorithm to 
several dimensions. (Abstract 47-7-299.) 

22. Mark Kac: Remark on the distribution of values of the arithmetic 
function d(m). (Abstract 47-7-297.) 

23. Tibor Radó: On convergence in length and convergence in area. 
(Abstract 47-5-239.) 

24. J. A. Shohat: On the best polynomial approximation for functions 
possessing derivatives. (Abstract 47-5-249.) 

25. C. C. MacDuffee: Products and norms of ideals. (Abstract 47- 
5-188.) 

26. G. T. Whyburn: Orbit decompositions. (Abstract 47-5-291.) 

27. George Polya and Norbert Wiener: On the oscillation of the 
derivatives of a periodic function. (Abstract 47-7-312.) 

` 28. G. L. Walker: The elementary divisors of a direct product of 
matrices. (Abstract 47-5-205.) 

29. H. A. Arnold: Homology in set-intersections, with an application 
to r-regular convergence. (Abstract 47-7-325.) 

30. I. M. Niven: Equations in quaternions. (Abstract 47-5-192.) 

31. A. D. Wallace: A fixed-point theorem for trees. (Abstract 47- 
5-287.) 

32. Samuel Eilenberg: Banach space methods in topology. II. (Ab- 
stract 47-5-279.) 

33. P. A. White: A decomposition of true cyclic elements by means 
of continua. (Abstract 47-5-288.) 

34. Witold Hurewicz: On duality theorems. (Abstract 47-7-329.) 

35. Alfred Basch: A contribution to the theory of multiple correlation. 
(Abstract 47-7-324.) 

36. J. A. Greenwobd: A theorem on probability assignments to 
events. (Abstract 47-5-271.) 

37. K. O. Friedrichs: On the mathematical theory of the buckling of 
spherical shells. (Abstract 47-7-317.) 

38. C. J. Thorne and J. V. Atanasoff: The application of a general 
functional approximation method to thin plate problems. (Abstract 47- 
5-259.) 

39. R. M. Sutton: An instrument for drawing confocal conics. (Ab- 
stract 47-5-258.) 

40. Alexander Weinstein: On the vibrations of a clamped plate under 
tenston. (Abstract 47-5-260.) 

41. Richard Courant: On a new type of variational problems, with 
physical demonstrations. (Abstract 47-5-220.) 
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42. R. P. Agnew: On limits of integrals. (Abstract 47-7-301-1.) 

43. H. A. Arnold: On PINE convergence of seis. (Abstract 47-7- 
326-1.) 

44. Stefan Bergman: A method for summatton of series of orthogonal 
functions of two variables. (Abstract 47-7-302-t.) 

45. Lipman Bers: On a. generalized harmonic measure. (Abstract 
47-5-218-t.) 

46. Leonard Carlitz: Some interpolation formulas connected with 
polynomials in GF(p*). (Abstract 47-5-210-1.) 

47. Leonard Carlitz: The coeficients of the reciprocal of certain series. 
(Abstract 47-5-211-/.) 

48. Leonard Carlitz: An analogue of the Bernoulli polynomials. (Ab- — 
stract 47-7-296-1.) 

49. A. H. Clifford: Matrix representations of completely simple semi- 
groups. (Abstract 47-7-293-1.) 

50. A. H. Copeland: 7f. (Abstract 47-5-268-1.) 

51. J. J. DeCicco: Equilong geometry of differential equations of 
first order. (Abstract 47-3-151-1.) 
. 52. Samuel Eilenberg: Irreducible transformations onto manifolds. 
(Abstract 47-5-280-1.) 

53. G. E. Forsythe: Cesáàro summability of random variables. (Ab- 
stract 47-5-270-1.) 

54. Einar Hille: Notes on linear transformations. III. Semt-groups 
on Lebesgue spaces. (Abstract 47-7-307-1.) ` 

55. C. T. Hsu: Two samples from normal bivariate populations. (Ab- 
stract 47-5-273-t.) 

56. `L. H. Loomis: A simple proof of the Fatou theorem. (Abstract 
41-5-234-1.) 

57. L. H. Loomis: A converse to the Fatou theorem: (Abstract 47-5- 
233-1.) 

58. Saunders MacLane and O. F. G. Schilling: A formula for the 

' direct product of cross product algebras. (Abstract 47-5-189-t.) 

59. Saunders MacLane and O. F. G. Schilling: Group extensions 
characterizing complete fields. (Abstract 47-5-190-1.) 

60. Saunders MacLane and O. F. G. Schilling: The principal divisor 
theorem for function fields. (Abstract 47-5-191-1.) 
. 61. H. J. Riblet: Certain theorems for symmetric differential func- 
tions. (Abstract 47-5-197-1.) 

62. M. S. Robertson: The partial sums of multivalently star-like 
functions. (Abstract 47-7-314-1.) 

63. L. B. Robinson: Some complete systems of semitensors. (Ab- 
stract 47-7-315-1.) 
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64. Raphaél Salem: On some properties of symmetrical perfect sets. 
' (Abstract 47-5-242-2.) 
65. Louis Weisner: Polynomials whose roots lie in a sector. (Abstract 
47-5-207-1.) 
' 66. G. T. Whyburn: Almost periodicity. (Abstract 47-5-290-1.) 
67. G. T. Whyburn: Regular almost, periodicity. (Abstract 47-5- 
292-1.) : 
T. R. HOLLCROFT, 
Associate Secretary 





BOOK REVIEWS 


Théorie Analytique des Associations Biologiques. I. Principes. 1934, 45 
pp. II. Analyse Démographique avec Application Particuliere à 
l'Espèce Humaine. 1939, 149 pp. By A. J. Lotka. (Actualités 
Scientifiques et Industrielles, nos. 187, 780.) Paris, Hermann. 


The first of these monographs is a general introduction to the 
second. It (the first) is primarily a non-mathematical discussion of 
what the author regards as two types of biological evolution: 

(1) The intra-spécifique, that which is concerned with the changes 
in the aggregate of distributions associated with a given biological 
species, brought about by mutation, genetic variation, natural selec- 
tion, etc. 

(2) The inter-spécifique, that which deals with the changes in the 
numbers of individuals in each of several coexisting biological species 
or groups, which are brought about by different birth and death 
rates caused by interaction of the species with each other and with 
other environmental factors. 

The author’s main interest lies in the second type of evolution, 
which he discusses at some length by elaborating on the implication 
of chains of species regarded as food chains, and other ecological 
points. The problem of the variation of the numbers of individuals 
in a system of » species is finally formulated in a system of equations 
0x,/0t— Fy(x1, Xs, °° +, Xn) ($251, 2,---, n) where x; is the number 
of individuals in the jth species at time ¢. A formal solution is given 
for the case in which the F; are approximately homogeneous linear 
functions of the x;—c; in the neighborhood of (c1, cx, --- , Cn) where 
(C1, €, , Ca) are the values of xi, Xs, Xa, ` * ©, Xm, respectively, for 
some “stationary state" for which the 0x;/dt=0. However, this 
fórmal solution and its properties are hardly discussed at all. Special 
cases of solutions for the case »=1 and 2 are given. For the case 
1 —1, the author shows that the Malthusian and the Verhulst-Pearl- 
Reed logistic growth functions are obtained by respectively assuming 
F,(x) to be linear and then quadratic in x. 

In the second monograph the author concerns himself with the 
dynamics of human populations in which there is assumed to be no 
immigration or emigration. The first chapter in this monograph be- 
gins with the fundamental equation 


(1) N(t) = f se — a)p(a)da 
0 . 
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where B(i—a)da is the number of individuals born within the time 
interval t—a—da, t—a, p(a) is the proportion of individuals born 
at a given time who are still alive at age a, while N(é) is the number 
of individuals present in the population at time #, and w is the maxi- 
mum age attainable. w is replaced by +œ in much of the work. Lotka 
goes into considerable detail in dealing with this equation, deriving 
formulas for age distribution and average age in the population, rates 
of birth and mortality, survival curves, vital index, and conditions for 
a stationary population. Particular emphasis is placed on the Mal- 
thusian case, namely that in which N(/)- N, exp (r£), and B(t) 
= Bo exp (rt) where r is the relative rate of increase in the population. 
A more general case is considered in which B(/) (and hence JV(t)) is 
-a linear function of a function $(/) and its derivatives. Particular 
attention is paid to the logistic function obtained by solving the 
equation GN/di -a4N J-a4N3. 

In the second chapter Lotka takes into account the effects of the 
variation of fertility with respect to age, by introducing a fertility 
function m(a) as a multiplier in the integrand of (1), where m(a) is 
the average number of daughters per mother borne by mothers in 
the age interval a, a+da. The introduction of m(a) into (1) (setting 
w= +œ) yields the integral equation 


(2) Bi) = f "aoan 


which relates the number of births of daughters to the number of 
births of mothers. This problem and its ramifications are studied 
rather extensively for the Malthusian case. A formal solution of (2) 
for the Malthusian case of the form B(/) =} iQ: exp (rit) is obtained, 
where the r; are roots of the equation obtained by setting B(t)— 
Boexp (rt) in (2). Convergence and other fundamental questions which 
arise in connection with this solution are touched upon only lightly. 

The third chapter deals with the composition of a population from 
the point of view of successive generations. Thus if N is the number 
of mothers in a beginning (zeroth) generation of age a, the surviving 
female offspring which are produced during the age interval da of 
mothers is Np(a)m(a)da, which is really the distribution of births 
of daughters in the first generation. The distribution B,(é) of births of 
daughters in the sth generation is therefore obtained by integrating 
B, a(t—a)p(a)m(a)da from 0 to t, where Bi(t) = Np(t)m(t). The total 
distribution of daughters B(/) is found by summing the distribution 
functions for all generations, which yields an integral equation similar 
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to (2). This same approach has been used by Lotka in his work on 
renewal theory. 

The remaining four chapters deal with special problems such as 
determination of marriage rates, fertility rates and other indices and 
measures of natural increases in a population; determination of 
number of maternal, paternal and complete orphans; calculation of 
probabilities of extinction of a given line of descent and similar 
problems. The solution of the last problem, which has also been 
treated by R. A. Fisher, is extremely ingen' ous. A generation func- 
tion f(x) 29 E wrix! (Pour; =f) is set up, where z; is the probability 
that a male will have exactly i sons. f(x) has many remarkable prop- 
erties which enable the author to deal with the problem of descend- 
ance. For example 0f/0x],-9 yields the average number of sons per 
male; the coefficient of x* in f'(x) yields the probability that r males 
will have a total of s sons; the coefficient of x* in m,f'(x) which is a 
general term in f(f(x)) —fs(x) say, is the probability that a man will 
have r sons and s grandsons. Similar interpretations can be placed 
on coefficients of x in the iterated function 


JUGU -- D) = Aia). 


'The second monograph is well illustrated throughout by applica- 
tions of the theory to actual census data taken from the United 
States, England, France, Germany, and several other countries. 
Numerous charts and tables are given for comparing theory with 
facts. The monograph is an excellent account of results which have 
been obtained during the past quarter of a century in the theory 
of population dynamics: Most of the results are due to the author 
himself. Lotka has shown a great deal of ingenuity in formulating 
the problems mathematically and in reaching practical solutions of 
the problems. Those interested in applied mathematics in the field of 
biology will find these monographs well worth reading. 


k S. S. WILKS 


The Variate Difference Method. By Gerhard Tintner. (Cowles Com- 
mission for Research in Economics Monograph, no. 5). Blooming- 
ton, Indiana, Principia Press, 1940. 13+175 pp. : 
Various mathematical statistical methods have been proposed 

during recent years in attempts to describe, analyze and interpret 

economic time series. Regression analysis and its extension to har- 


monic analysis, moving averages, and the variate difference method 
are some of the techniques which have been used. The fundamental 
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concept adopted in these approaches is that each element w; 
($1, 2, --- , N) in a time series is assumed to consist of a sum 
m;+x,; where m, is the “true economic component” and x, is the 
“random component." The main purpose of the statistical analysis 
according to these methods is to estimate and describe these two 
components. There are, however, other approaches which use differ- 
ent conceptual models. As its title indicates, the present book pre- 
sents a treatment (in ten chapters) of the variate difference method, 
although the author takes advantage of several opportunities to dis- 
cuss other methods by way of comparison. 

In the variate difference method it is Assumed. that the m; are 

“smooth” in the sense that the differences A®™(m,) of the m; of 
some (finite) order K vanish, while the x; are independent random 
variables. Under these assumptions the main problem as discussed 
by Tintner is that of deciding, on the basis of the w; and probability 
theory, for what value of K, AG? (m;) 20. The problem is therefore 
one of studying the probability theory of AG? (w;) (K=0, 1, 2,---) 
and making suitable significance tests. For large values of N, Tintner 
follows rather closely the work of Oskar Anderson, which consists in 
comparing the difference between the variances of two consecutive 
series of differences, say AU? (w;) and A%*(w,), with the variance 
of the difference under the assumption that AUD(m,;) —0. The kur- 
tosis of AU (w;) (i.e., u4 — 30?) is also considered in this analysis. 

For the case of small N, Tintner proposes a significance test for 
testing the hypothesis that AC? (m,) =0, using the two series A® (w,) 
and A‘*+(w,). If the original x; are assumed to be normally and in- 
dependently distributed with variance o?,.then it can be shown that 
A‘®)(w;) are normally distributed with zero means and variance 
Cax,ko?. Under the same assumptions, the terms j+r(2K 4-3) (r=0, 
1, 2,3,---) and terms, j7+K+1+17(2K+3) (r=0, 1,2, 3, ) will 
all be normally and independently distributed. Hence c? can be esti- 
mated independently from the two series thus making it possible to 
set up an F-test. Such an F-test can besetupfor;—1,2,3,: - :, 2K 4-3. 

'The significance test based on this method of selection, while 
mathematically exact under the assumptions made, is very simple 
but not very efficient, as the author points out, in the sense that full 
use is not made of the data. A more efficient test would undoubtedly 
be very complicated: 

This book is written primarily for the economic statistician who 
may wish to apply the variate difference method to his own economic 
time series. Tintner illustrates the routine application of the method ' 
in great detail, using American Wheat-Flour prices for the period 
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1890—1937 as his data. The author gives a large number of tables of 
. weights and coefficients of various kinds, critical ratios of two sums 
of squares of differences, formulae for selections of items in various 
pairs of consecutive differences which would be independent, etc., to 
facilitate the application of the method. 

A considerable amount of historical material on the variate differ- 
ence method is given. One chapter is devoted to the application of 
Sheppard’s smoothing formulae and serial correlation, and the con- 
netion between the variate difference method and these methods is 
pointed out. 

Several appendices are given: Appendix I is a summary of compu- 
tation formulae used in the various chapters; Appendix II is devoted 
to the mathematics underlying the various formulae which are used; 
the remaining four appendices deal with special topics such as season- 
al variation, normality of the random element, etc. Author and sub- 
ject matter indices are provided. 

' The question as to whether the variate difference method is su- 
perior to other methods of time series analysis is largely a matter of 
opinion. Tintner has given a very good account of the method, al- 
though it appears to the reviewer that he did not concern himself 
enough with the problem of estimating the m; after it had been de- 
cided for which value of K the value of AU? (m;) 20. He approached 
the problem of determining the m; by using the Sheppard smoothing 
formulae, but this, of course, is essentially another method of time 
series analysis. 

Tintner's book is an interesting contribution to the literature of 
time ‘series analysis. It is well documented by references and foot- 
notes and reflects a great deal of work on the part of the author. 


S. S. WILKS 


Tensor Analysis of Networks. By Gabriel Kron. New York, Wiley, 
1939. 244-635 pp. $7.50. 


In the introduction to this book, the author states: “It is empha- 
sized that this book is not written by a mathematician and is not 
written for mathematicians. This book is written by an engineer for 
engineers who are interested in learning an organized method of 
attack to analyze and synthesize electrical networks." 

'The first two chapters provide an extremely detailed account of 
the tensor and matrix notation, of the multiplication of matrices and 
describes the impressed voltages, currents and self- and mutual im- 
pedances of a network as components of tensors ĉe, #* and Zag, re- 
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spectively. In Chapter III the type of electromagnetic networks con- 
sidered are described as mesh, junction and orthogonal networks. It 
is emphasized that mesh and junction networks are special cases of 
orthogonal networks and are due to' the “special assumptions as to 
the nature of the impressed quantities that are known or of the re- 
sponse quantities that are to be found." The primitive mesh network 
consisting of s individual coils, each short-circuited on itself is de- 
fined and observed to satisfy the generalized Ohm's law ¢m=Zmnt”. 
' The central concept of the book is that of the transformation ma- 
trix, denoted by C. Its function is to allow one to describe any par- 
ticular (mesh) network in a methodical way in terms of the primitive 
(mesh) network. This may be thought of as being accomplished by a 
linear transformation of the covariant vector e. The invariance of the 
power, ¢m#", determines in the usual fashion the transformation law 
of the current vector and the invariance of Ohm's law then requires 
the impedances to be transformed as the components of a tensor hav- 
ing two covariant indices. 

The theory is considerably complicated by the necessity for intro- 
ducing equations of constraint which require the consideration of 
singular transformation matrices. A discussion of this, of the com- 
plications involved in combining two more-or-less interconnected 
networks into a single network, and a large number of detailed appli- 
cations of the theory to specific problems occupy pages 117—323. In 
Chapter XIII the theory is extended to allow for alternating cur- 
rents by permitting the current and potential vectors to have com- 
plex numbers as elements. The power input is now taken to be 
eži”, where the star denotes the complex conjugate. Its assumed in- 
variance leads to transformations involving C*, in which case spinor 
indices (here denoted by the addition of a bar rather than a dot) are 
employed. Junction networks are next discussed, their mathematical 
theory being obtained from that of mesh networks by interchanging 
contravariant and covariant indices and adding or removing a bar. 
Aíter a chapter on multielectrode-tube circuits, orthogonal net- 
works are considered. A chapter on interlinked electric and magnetic 
networks precedes the introduction of a metric tensor (the induc- 
tance tensor) which is claimed to represent “the additional charac- 
teristics acquired by the electrical network owing to its linkage with 
an underlying magnetic network." 

Chapters on Compound Networks, Symmetrical Components, and 
Multiple Tensors are followed by chapters on the application of the 
theory to the analysis and synthesis of networks. An extensive bibli- 
ography and an index conclude the book. 
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It is evident that a book of this kind provides difficult reading for 
both the mathematician and the electrical engineer. The mathe- 
matician will find the mathematical details exceedingly tedious, the 
derivations sometimes very obscure, and the technical terminology 
of the engineer unfamiliar. The engineer, on the other hand, may 
' resent being called upon to learn a large amount of mathematical 
notation without the prospect of any corresponding gain in the com- 
putations he must perform. In spite of this, the book demands and is 
receiving attention from workers in both fields. Thus the investiga- 
tion of singular transformations in tensor algebra and of tensor con- 
cepts in combinatorial topology were stimulated by this book. The 
introduction of concepts tending to unify special methods of approach 
to engineering problems will, in the long run, have an important in- 
fluence on the development of engineering theory. 


WALLACE GIVENS 


Fourier Series and Boundary Value Problems. By R. V. Churchill. 
New York, McGraw-Hill, 1941. 206 pp. $2.50. 


This book is a useful addition to the meager number of existing 
books of this general nature in English. Its major use will be as a 
textbook for students in engineering and the sciences interested in 
these topics. 

The book contains no more subject matter than is implied by the 
title; that is, it leads up to and considers the solution of the usual sev- 
eral linear partial differential equations by series of trigonometric, 
Bessel, and Legendre functions. A considerable part of the book is de- 
voted to an exposition of the concept of orthogonal sets of functions 
in general and Fourier series in particular. 

The book contains some material of mathematical interest, but 
not very suitable to certain types of engineering students. However, 
it is so arranged that such material can be omitted. 

From the point of view of mathematical preciseness the treatment 
is excellent. The book is also well planned for teaching purposes. 


N. LEVINSON 


The Weight Field of Force of the Earth. By William H. Roever. 
(Washington University Studies, New Series, Science and Tech- 
nology, no. 1.) St. Louis, 1940. 84 pp. $1.50. 


This monograph is an extension of the author’s retiring address 
as Chairman of Section A of the American Association for the Ad- 
vancement of Science. It deals with some statical and dynamical 
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phenomena of the weight field of force of the earth, and is, in general, 
a summary of the author's earlier investigations in this field. 

The earth's weight field of force is defined by the acceleration rela- 
tive to the solid part of the earth which a body resting near the sur- 
face of the earth sustains, due to gravitation of the earth and the 
heavenly bodies, and due to the earth's motion in the absolute 
system. 

The first three introductory sections of the monograph deal with 
the laws of relative motion and the effects of a moving atmosphere. 
In the fourth section it is shown that the tidal effects and the results 
of precession and nutation are negligible as compared with the gravi- 
tational attraction of the earth and the centrifugal force due to the 
earth's rotation. This main part of the weight field is at rest with 
respect to the solid part of the earth, and it possesses a potential. In 
the next two sections the moments actuating the Eótvós torsion bal- 
ances are derived in geometrical and analytical treatment. The 
seventh section and the appendix are devoted to some dynamical 
phenomena of the weight field which lead to differential equations 
that can be easily integrated. 

In view of the recent revival, due to the national defense program, 
of interest in geophysics and ballistics, this monograph may prove 
useful in putting some special investigations, which are capable ‘of 
application in these fields, in a more available form. 


MicHAEL GOLOMB 


Introduction to Abstract Algebra. By C. C. MacDuffee. New York, 
Wiley, 1940. 7+303 pp. $4.00. 


The rapid advances in algebra within the last few years have been 
largely due to an exploitation of the powerful methods of abstract 
algebra. Accordingly there has been a tremendous increase in the in- 
terest in this subject, so that most colleges and universities offer at 
least one course in abstract algebra. However, students with only an 
undergraduate course in the theory of equations as a background in 
algebra frequently have considerable difficulty with the available 
texts—not so much in reading the proofs as in grasping the signifi- 
cance of the abstract theories. The present book was written pri- 
marily as a text for beginning graduate students and is designed to 
fill the gap between the usual text in the theory of equations and the 
more advanced texts on algebra. It should prove to be a valuable 
addition to the growing list of texts on abstract algebra. 

The material is organized in such a way that concrete instances of 
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a theory are always at hand before the abstract formulation is made. 
‘How this is done, as well as the general scope of the-book, will be in- 
dicated by brief summaries of the different chapters. 

Chapter I. The Theory of Numbers. The book begins with a state- 

. ment of Peano's postulates for the positive integers, followed by a 
rapid derivation of the simplest properties of the positive integers 
and an introduction of zero and the negative integers in terms of 
pairs of positive integers. Incidentally, rational numbers are not pre- 
sented from this abstract point of view until Chapter V, although it is 
assumed in Chapters III and IV that the student has an intuitive 
knowledge of the rationals. The remainder of the chapter is devoted 
to a study of such topics as the fundamental theorem of arithmetic, 
congruences in one or more unknowns, residue classes, theorems of 
Fermat and Euler, primitive roots, quadratic residues and the law of 
quadratic reciprocity. 

Chapter II. Finite Groups. After the definition of a group and 
derivations of a few properties of groups in general, the rest of the 
chapter deals only with finite groups. The set of automorphisms of a 
mathematical system is used as an important illustration of a group. 
A body of theorems is established, culminating in the Jordan- 
Hólder Theorem, which is essential for the Galois theory of the suc- 
ceeding chapter. Direct products are defined and discussed briefly. 
Then follows the introduction of permutation groups and a proof 
that every finite group can be represented as a regular permutation 
group. The notions of transitivity and primitivity are not mentioned. 
The chapter closes with a derivation of the principal theorems about 
finite Abelian groups—existence of a basis, invariants, and related 
topics. 

Chapter III. Algebraic Fields. The intuitive point of view is used 
to a considerable extent in this chapter, a more abstract treatment 
of fields being postponed until later. Quadratic and cubic fields are 
studied in some detail before more general algebraic fields are intro- 
duced. The Galois group of an equation is introduced as a group of 
automorphisms of its root field,‘and is then shown to be isomorphic 
to a group of permutations of the roots of the given equation. There 
follows a brief discussion of the Galois theory, including a derivation 
of Galois’ criterion for solvability by means of radicals. 

Chapter IV. Integral Algebraic Domains. Quadratic integral do- 
mains are studied in detail as a background for domains of higher 
degree. Unique factorization into primes is shown to exist in some 
quadratic domains but not in others, thus leading to the concept of 
ideal and the unique factorization of ideals into prime ideals, The 


1941] E l BOOK REVIEWS 541 


actual determination of all prime ideals in a quadratic domain is 
carried out. Next the integral domain consisting of all algebraic in- 
tegers in an algebraic field of degree n is considered, and ideals are 
introduced. The arithmetic of ideals is again carried far enough to 
obtain the unique factorization theorem. 

Chapter V. Rings and Fields. This chapter opens with abstract 
definitions of ring, non-commutative field, and integral domain. Inci- 
dentally, the reviewer is a bit unhappy at the use of a terminology 
according to which a commutative field is a special case of a non- 
commutative field. A principal ideal ring is defined as an integral 
domain having certain additional properties. Later on, when ideals 
in general rings have been introduced, it is shown that a principal 
ideal ring is an integral domain in which every ideal is principal, thus 
justifying the earlier terminology. The abstract construction of the 
quotient field of an integral domain is carried through in detail. Then 
follows the definition of a prime field and the determination of all 
prime fields. Polynominal rings are introduced abstractly, and various 
questions of factorization are discussed. Ideals are defined, and the 
notion of residue class ring is introduced, thus leading to the deter- 
mination of all rings homomorphic to a given ring. A satisfactory 
treatment of algebraic extensions of a given field can now be carried 
through without use of the fundamental theorem of algebra. 
Galois (finite) fields are introduced and fundamental results, includ- 
ing a determination of the group of automorphisms, are derived. The 
concluding section considers the field F(A) obtained from F by a 
transcendental extension and, in particular, characterizes all auto- 
morphisms of F(A) leaving elements of F fixed. 

Chapter VI. Perfect Fields. If a and b are elements of a field F, 
a function 9(a) is a valuation for F if (a) is a positive number or 0 
of some ordered field, subject to the further conditions: 


é(a) > 0 for a = 0, &(0) = 0, (ab) = $(2) (8), pla + b) S pla) + 0). 


The real field is obtained as the field:of regular sequences of rational 
numbers, with the ordinary absolute value as the valuation used in 
defining regularity. This field is then shown to be perfect with respect 
to this valuation, that is, it is incapable of further extension by 
means of regular sequences of real numbers. The field of complex 
numbers is obtained by a simple algebraic extension of the real field, 
and a proof is given that every algebraic equation with complex co- 
efficients has a complex root. Another valuation of the rational field 
is obtained as follows. Let p be a fixed rational prime. If a0 is a 
rational number, it is uniquely expressible in the form (r/s)p*, where 
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r and s are integers prime to f. Then (0) =0, é(a) =p" is a valua- 
tion of the rational field. The Hensel p-adic number field Qp is ob- 
tained by use of this valuation in the same way in which the reals 
are obtained from the rationals by use of the absolute value. There 
follows a series representation of numbers of Qp and a characteriza- 
tion of the rational numbers in Qp as those elements with periodic 
series. It is also shown that a p-adic extension of an algebraic field 
can always be obtained with a prime ideal playing a róle analogous 
to that of the prime f in the case of the rational field. 

Chapter VII. Matrices. After a preliminary study of linear sys- 
tems, the author introduces the concepts of array and determinant 
of a square array. A matrix is defined as an element of a total matrix 
algebra. After some preliminary results, the Hamilton-Cayley theo- 
rem is obtained, and also a characterization of the minimum equation 
of a matrix. Some ten pages are devoted to a study of matrices over 
a principal ideal ring, including such topics as greatest common 
right (left) divisor, elementary divisors and normal form. The familiar 
rational canonical form of a matrix over a field is then obtained, as 
well as the Jordan form for a matrix over the complex field. The regu- 
lar representations, by matrices, of a finite algebraic field F(p) over F 

. are given as an application of the theory of matrices, and probably 
also as an introduction to the more general representation theory of 
the next chapter. After a discussion of polynomials in a single matrix, 
the chapter concludes with a brief treatment of direct products of 
matrices. 

Chapter VIII. Linear Associative Algebras. As a concrete intro- 
duction to the general theory, the author begins with an unusually 
detailed study of quaternions, including some new results, due to 
C. G. Latimer, on quaternion ideals and factorization. Then follows 
a brief discussion of division algebras, generalized quaternions and 
cyclic algebras. Linear algebras with unit element are presented in 
some detail before those without unit element. Further topics treated 
briefly are regular representations, direct sums, direct products, 
ideals and the radical of an algebra. General structure theorems are 
not proved although the principal ones are stated at the end of the 
chapter. 

There are numerous exercises, several sets in each chapter, which 
give the student an opportunity to test his grasp of the subject, as 
well as furnishing additional concrete illustrations of the general 
theories. The author states that students should work all the prob- 
lems, as they are designed to supplement the rest of the book in an 
essential way. At the end of each chapter there occurs a short and 


1941] BOOK REVIEWS 543 


well-chosen list of suggested texts for further reading. At the end of 
the book there are tables of Greek and German letters, and a list 
of some of the more important symbols used in the text. 

On the whole the book is well written and the typography excel- 
lent. The reviewer noticed a few misprints and even an occasional 
slip. However, these are mostly of a minor nature and should cause 
little or no confusion to the student. The book is a valuable and timely 
addition to the available texts on algebra. 

Neat H. McCoy 


Gap and Density Theorems. By Norman Levinson. (American Mathe- 
matical Society Colloquium Publications, vol. 26.) New York, 
American Mathematical Society, 1940. 8--246 pp. $4.00. 


In this book the author confines himself to a detailed study of a 
few salient topics in gap and density theory; he does not attempt to 
write a systematic treatise on the subject. The book is in form essen- 
tially a collection of research papers; it achieves unity principally 
through the author’s repeated application of similar methods to a 
variety of problems. Most of the contributions to gap and density 
theory contained in the book are the author’s own work, some of the 
most remarkable of them being published here for the first time. The 
principal topics treated are, on the one hand, the influence of the 
distribution of a sequence of numbers {^n} on the closure properties 
of the sequence {es}, and the closely related topic of the influence 
of the distribution of the A, on the growth of analytic functions which 
vanish or are otherwise restricted at points z=X,; and, on the other 
hand, general Tauberian theorems involving gap conditions. Among 
the topics not treated are, for example, the Paley-Wiener theory of 
*pseudoperiodic" functions, and Bochner's generalizations of it. The 
extensive “classical” theory connecting gap or density properties of 
a sequence (A,] with the position of the singularities of the function 
having the Dirichlet series ? a,e^^«* is represented by one theorem. 
The author expects his readers to be familiar with approximately the 
amount of information contained in Titchmarsh's T'heory of Func- 
tions. Familiarity with the Colloquium Publication of Paley and 
Wiener is not prerequisite, but would be advantageous for a reader. 
'The author collects in an appendix the auxiliary theorems which he 
most frequently uses. His principal tools are such things as Jensen’s 
theorem, Carleman's theorem which is its analogue for a half-plane, 
Phragmén-Lindelóf theorems, and the Z? theory of Fourier trans- 
forms; these he combines in ingenious and often unexpected ways. 
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Many of the proofs are long and involve elaborate calculations. How- 
ever, the author has been helpful in many places by prefacing his 
longer proofs with applications of his methods to simpler problems, 
so that the reader can see the essential ideas unobscured by details. 
At times, on the other hand, he demands considerable background 
from the reader; for example, the *obvious" statement at the begin- 
ning of Chapter V seems to be obvious principally because it is a 
known true theorem. 

On many of the problems which he discusses, the author says the 
last word, since the problems are solved by theorems which are shown 
by examples to be “best possible.” In most cases he generalizes exist- 
ing theorems by constructing entirely new proofs, rather than by 
generalizing existing proofs; his methods have allowed him to attain 
wide generality and great precision. Anyone who is interested in 
Fourier integrals, the growth of analytic functions, or Tauberian 
theorems, should profit from studying the author’s methods of at- 
tack. There is no reason for supposing that their power is yet ex- 
hausted. 

A chapter-by-chapter résumé follows. In Chapters I and II the 
central problem is the closure of a sequence (e?»*]. Such a sequence 
is said to be closed! L? if f*,f(x)e?»* dx —0 for all n, and f(x)EL?, 
imply f(x) =0 almost everywhere. As Szász has pointed out, studying 
the closure of a sequence (e?**] amounts to studying the zeros of 
entire functions of the form {™,f(#e*‘dt; and as Paley and Wiener 
observed, closure theorems have as corollaries theorems stating that 
a function with gaps in its sequence of Fourier coefficients cannot 
vanish over too long an interval without vanishing identically. The 
first two chapters contain a variety of closure and gap theorems, some 
in sharper form than when they were previously published. The few 
that are not due to the author in their present degree of generality 
are due to Miss Cartwright. Chapter III contains the theorems con- 
necting the distribution of the zeros of.an entire function of expo- 
nential type with its rate of growth along the real axis, used in proving 
the closure theorems of Chapters I and II. The essential idea is that 
if the function does not grow too fast along the real axis most of 
its zeros must lie near the real axis, and the sequence of zeros has a 
density in the right and left half-planes; the author's theorems are 
more precise than earlier results of this character. 


! The author follows Paley and Wiener, who interchange the customary terms. 
Most authors would write “complete in L?’,” where f! — /(p— 1), instead of “closed 
Lr.” Since the properties of closure in the usual sense and in the author's are equiva- 
lent, no great harm is done. 
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Chapter IV is devoted to non-harmonic Fourier series. If a se- 
quence (e?«*] is closed L?, every function of L? can be represented 
as the limit (in the topology of L”) of a sequence of linear combina- 
tions of the functions e?«*, It was observed by Paley and Wiener 
that the restriction | Aa n| Sc, with sufficiently small c, will ensure in 
additon that the sequence (e?»*] will serve to expand functions into 
series preserving many of the properties of ordinary Fourier series; 
such series they called non-harmonic Fourier series. Paley and 
Wiener showed that there is an L? theory if c «1/z?. Levinson 
showed, by different methods, that there is an L? theory (1 «P £2) 
if c<(p—1)/(2p), but not necessarily if cS (p — 1)/(2p). His results 
are reproduced in Chapter IV, together with an interesting inequality 
of Hardy and Levinson which is connected with the problem. 

Chapter V contains various developments of the author's results 

which state (roughly) that if a function is “small at infinity" and its 
Fourier transform coincides with an analytic function over an in- 
terval, then its Fourier transform continues to coincide with the 
analytic function over the largest interval of the real axis on which 
that function continues to be analytic. Such results generalize gap 
theorems stating that if the Fourier transform vanishes over an in- 
terval it vanishes identically (the analytic function being in this case 
identically zero). Chapter VI contains very precise estimates for the 
rate of growth of an entire function of exponential type whose zeros 
have a density; these are applied to prove the classical theorem of 
Pólya connecting the density of the exponents of a Dirichlet series 
with the position of its singular points on its abscissa of convergence. 
In Chapter VII the estimates are combined with results from Chapter 
V to establish conditions under which the rate of growth of an analyt- 
ic function on a sequence of points on or near a line determines its 
rate of growth along the whole line. Theorems of this character were 
obtained by V. Bernstein from the theory of Dirichlet series; the 
author proves Bernstein's theorems by simpler and more natural 
methods, and then develops a method of proof in which the results of 
Chapter V can be used to make the results much more precise. 
, The greater part of the material of Chapters I-VII has been pub- 
lished before; Chapters VIII and IX are new material. Pólya set as 
a problem the theorem that an entire function of order one and zero 
type is constant if it is bounded at the integers. The author replaces 
the integers by a sequence (A,] sufficiently near the integers; in 
particular, if 


i. n= O(n/(log n)H] 
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as n— œ, for some positive 5, the theorem remains true; the theorem 
of Chapter VII is still more general, but too complicated to reproduce 
here. Remarkably enough, the condition above is approximately 
“best possible," since the author shows that there are sequences 
{An} satisfying the condition à, —5 — O(n/log n), but such that there 
exist entire functions of zero exponential type bounded on the se- 
quence and not constant; thus the existence of a positive density for 
the sequence f^n} is not enough to make the theorem true. The 
proof of the theorem is based on a powerful inequality for analytic 
functions. Let M(x) be a positive even function, decreasing for in- 
creasing |x|, and let M(x)— as x0. Let f(s) be analytic in the 
rectangle | x| Sa, |y] Sb, and let |f (2-4) | x M(x) for x+4y in the 
rectangle. If f log log M(x) dx converges, then |f(x+éy) | SC for 
|x| Sa and I» <b(1— ô), where C depends only on 6 and on M(x). 
This theorem seems likely to prove useful in many problems other 
than that to which it is applied in this chapter. Chapter VIII is de- 
voted to showing that the results of Chapter VII (both the theorem 
just quoted and the results on functions of zero type) are best possi- 
ble. This is done by constructing a suitable function of zero type by 
means of its representation as an infinite product; this is by no means 
a simple task (it requires 33 pages). 

Chapters X, XI, and XII are devoted to gap Tauberian theorems; 
Chapter X is substantially the same as a recent paper of Levinson's, 
while the other two chapters consist of new material. A Tauberian 
theorem for Dirichlet series states that if f(x) — » rare for x>0 

` and f(x)s as x—0--, then under suitable conditions ? a+=s. Most 
such theorems involve restrictions on the size of the ax; but a classi- 
cal theorem of Hardy and Littlewood states that if u,,i/ uz 0» 1, 
no restriction on the a, is necessary. In the language of Wiener's gen- 
eral Tauberian theorems, one has to consider when, from 


f(x) re[ K(y)dy, f 5o = 1, 


and f(x) as x, one can deduce that »7a,—5s. [The Dirichlet 
series case corresponds to K (y) =e exp ( —ev).] In Wiener's theory the 
a, are restricted in size and K(y) is required to have a Fourier trans- 
form which does not vanish anywhere. For a gap Tauberian theorem, 
one might expect to be able to omit restrictions on the a, provided 
that X444, —ÀA,2 L»0. The author shows by an example that there 
are kernels K(y) [e.g., e~/*] whose Fourier transforms do not vanish 
but for which such a Tauberian theorem does not hold. In Chapter X 
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he shows that there is a gap Tauberian theorem for K(y) provided : 
that its Fourier transform satisfies sufficiently strong additional con- 
ditions. His proof, like Wiener’s proof of the Hardy-Littlewood 
theorem, depends on reducing the Tauberian theorem to a lemma as- 
serting the existence of a suitable set of biorthogonal functions. While 
in Wiener’s proof this set was relatively easy to construct, in the gen- 
eral case it is quite difficult. 

In Chapter XI it is shown that for more general kernels than those 
satisfying the conditions of Chapter X there are still Tauberian 
theorems in which the size of the a, is not restricted, provided that 
the gaps in the sequence {A,} are large enough; for the kernel 
€^? the condition is essentially }-1/A,= œ. In Chapter XII it is 
shown that for this kernel the original condition \,41—-A.2L>0 
still ensures the existence of a Tauberian theorem if the a, are 
restricted in size (though only rather mildly compared with the re- 
strictions required.without the gap condition on the À,). It is also 
indicated how the method used would apply to more general kernels. 

R. P. Boas, JR. 


NOTES 


A summer session of special interest is being held at Brown Uni- 
- versity this year. It is devoted to advanced instruction and research 
in mechanics, a program designed for the purpose of increasing the ' 
effectiveness of research in essential American industries. The summer 
course is approved as a part of the Engineering Defense Training 
Program of the U. S. Office of Education. The Carnegie Corporation 
of New York has made a grant toward its support. Similar sessions 
are planned for the period October 1, 1941—January 31, 1942, and 
February ii-June 6, 1942. Those who wish information about these 
sessions should communicate with the Dean of the Graduate School, 
Brown University, Providence, Rhode Island. 


Among the members of the U. S. National Defense Research Com- 
mittee who visited Great Britain were Dr. Warren Weaver and Pro- 
fessor J. L. Tate. 


Professor Sydney Chapman of Imperial College, South Kensing- 
ton, has been elected president of the Royal Astronomical Society. 
Professor H. C. Plummer of the Military College of Science, Wool- 
wich, has been elected vice president. 


Professor L. W. Cohen of the University of Kentucky has been 
named president of the university branch of the American Associa- 
tion of University Professors. 


Dean L. P. Eisenhart of Princeton University has been appointed 
one of the directors of. the National Science Fund of the National 
Academy of Sciences. 


Professor W. D. Cairns, Secretary-Treasurer of the Mathematical 
Association of America, has announced that the Department of 
Mathematics of Brooklyn College, Brooklyn, New York, has won the 
first prize of $500 in the fourth annual William Lowell Putnam 
Mathematical Competition, held March 1, 1941. The members of 
the team were Richard Bellman, Peter Chiarulli, Hyman Zimmer- 
berg. The second prize of $300 is awarded to the Department of . 
Mathematics of the University of Pennsylvania, Philadelphia, Penn- 
sylvania, the members of whose team were S. I. Askovitz, Hyman 
Kamel, P. C. Rosenbloom. The third prize of $200 is awarded to the 
Department of Mathematics of the Massachusetts Institute of Tech- . 
nology, Cambridge, Massachusetts, with team members J. R. R.. 
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Baumberger, Eugene Calabi, W. S. Loud. In addition to these prizes 
to the departments of mathematics with winning teams, a prize of 
$50 each is awarded to the following five persons whose scores ranked 
highest in the six-hour examination (names listed alphabetically): 
R. F. Arens, University of California at Los Angeles; S. I. Askovitz, 
University of Pennsylvania; A. M. Gleason, Yale University; E. L. 
Kaplan, Carnegie Institute of Technology; P. C. Rosenbloom, Uni- 
versity of Pennsylvania. Of these five, one will later be chosen to 
receive a $1000 year scholarship at Harvard University, this award 
to be announced later. The members of the three winning teams will 
receive individual cash awards according to the ranks of their teams, 
and all individuals receiving awards will also receive medals. Honor- 
able mention has been: awarded this year to three teams and to six 
individuals. The teams are from the Department of Mathematics, 
Carnegie Institute of Technology, Pittsburgh, members of the team 
being R. E. Beatty, E. L. Kaplan, N. H. Painter; the Department 
of Mathematics, Cooper Union Institute of Technology, New York, 
members of the team being Murray Klamkin, Benjamin Lax, Samuel 
Manson; and the Department of Mathematics, Yale University, 
New Haven, the team members being A. M. Gleason, G. R. MacLane, 
D. M. Merrill. The five individuals receiving honorable mention are 
Richard Bellman, Brooklyn College; Harvey Cohn, College of the 
City of New York; W. S. Loud, Massachusetts Institute of Tech- 
nology; G. R. MacLane, Yale University; Samuel Manson, Cooper 
Union Institute of Technology; Hyman Zimmerberg, Brooklyn Col- 
lege. 


Dr. C. A. Coulson of University College, Dundee, has been elected 
a fellow of the Royal Society of Edinburgh. 


Professor T. G. Room of the University of Sydney has been elected 
to fellowship in the Royal Society, London. 


Professor G. A. Bliss of the University of Chicago will retire on 
September 30 with the title of professor emeritus. 


Professor G. C. Evans of the University of California and Pro- 
fessor J. R. Kline of the University of Pennsylvania have been elected 
‘to membership in the American Philosophical Society. 


Professor E. V. Huntington of Harvard University has been given 
the title of professor emeritus. 


Dr. Joseph Slepian of the Westinghouse Electric and Manufactur- 
ing Company and Professor T. Y. Thomas of the University of 
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California at Los Angeles have been elected to membership in the 
National Academy of Sciences. à 


Professor H. S. Uhler of Yale University has been given the title 
of professor emeritus. 


. Professor Mabel M. Young of Wellesley College has been given the 
title of professor emeritus. 


Dr. Theodor Esterman and Mr. A. C. Stevenson have been ap- 
pointed readers,in mathematics at University College, London. 


Associate Professor A. A. Albert of the University of Chicago has 
been promoted to a professorship. 


Associate Professor W. L. Ayres of the University of Michigan has 
been appointed head of the department of mathematics at Purdue 
University. i : 

Mr. J. J. Barron of St. Joseph College, Hartford, Connecticut, has 
been promoted to an associate professorship. 


Associate Professor M. A. Basoco of the University of Nebraska 
has been promoted to a professorship. 


Dr. C: B. Boyer of Brooklyn College has been promoted to an 
assistant professorship. 


Assistant Professor Richard Brauer of the University of Toronto 
has been on leave of absence at the University of Wisconsin as visiting 
lecturer during the past semester. 


Assistant Professor B. L. Brown of Amherst College has been pro- 
moted to an associate professorship. 


Assistant Professor O. E. Brown of Case School of Applied Science 
has been promoted to an associate professorship. 


Assistant Professor I. S. Carroll of Syracuse University has been 
promoted to an associate professorship. 


Dr. A. H. Clifford of Massachusetts Institute of Technology has 
been promoted to an assistant professorship. 


Dr. S. H. Gould of Victoria College, Toronto, has been promoted 
to an assistant professorship in classics. 


Dr. Harriet M. Griffin of Brooklyn College has been promoted to 
an assistant professorship. 
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Assistant Professor D. C. Lewis of the University of New Hamp- 
shire has been promoted to an associate professorship. 


Assistant Professor Saunders MacLane of Harvard University has 
been promoted to an associate professorship. 


Associate Professor C. J. Rees of the University of Delaware has 
been promoted to a professorship. 


Dr. R. F. Rinehart of Case School of Applied Science has been 
promoted to an assistant professorship. 


Assistant Professor J. H. Roberts of Duke University has been - 
promoted to an associate professorship. 


Assistant Professor P. J. Rulon of Harvard University has been 
promoted to an associate professorship. j 


Assistant Professor C. H: W. Sedgewick .of the University of Con- 
necticut has been promoted to an associate professorship. 


Associate. Professor G. W. Starcher of Ohio University has been . 
promoted to a professorship. 


Dr. C. C. Torrance of Case School of Applied Science has been 
promoted to an assistant professorship. 


Dr. J. W. Tukey of Princeton University has been promoted to an 
assistant professorship. 


Mr. R. L. Wilson of the University of Wisconsin has been ap- 
pointed to an assistant professorship in military science and tactics 
at the Alabama Polytechnic Institute. 


Associate Professor H. N. Wright of the College of the City of 
New York has been appointed acting president of the College in suc- 
cession to Dr. N. P. Mead. 


Dr. G. W. Whaples of Indiana University has been made an as- 
sistant in mathematics at the Institute for Advanced Study. 


The following appointments to instructorships are announced: 
Cornell University: Dr. E. H. Hadlock; Fenn College, Cleveland, 
Ohio: Mr. D. H. Erkiletian; Harvard University: Mr. L. H. Loomis; 
The Hill School, Pottstown, Pennsylvania: Mr. W. N. Huff; Johns 
Hopkins University: Mr. E. A. Coddington; University of Kansas 
City: Mr. D. E. Kibbey; University of Maryland: Dr. Martha H. 
Williams; Northwestern University: Dr. J. W. Givens; University of 
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Pennsylvania: Dr. A. D. Wallace, Mr. P. M. Whitman; Yale Uni- 
versity: Mr. J. G. Herriot. 


In Nature has appeared an announcement of the death of Dr. E. L. 
Ince, lecturer on technical mathematics at the University of Edin- 
burgh, on March 16, 1941, at the age of forty-nine years. 


Assistant Professor G. M. Hayes of the College of the City of New 
York died January 2, 1941. 


Dr. Ethel I. Moody of Pennsylvania State College was killed in 
an automobile accident April 11, 1941. 


Professor Emeritus J. E. Trevor of Cornell University died May 4 
1941, at the age of seventy-six years. He had been a member of the 
American Mathematical Society since 1921. 


ABSTRACTS OF PAPERS 


SUBMITTED FOR PRESENTATION TO THE SOCIETY 


The following papers have been submitted to the Secretary and 
the Associate Secretaries of the Society for presentation at meetings 
of the Society. They are numbered serially throughout this volume. 
Cross references to them in the reports of the meetings will give the 
number of this volume, the number of this issue, and the serial num- 
ber of the abstract. 


ALGEBRA AND THEORY OF NUMBERS 


293. A. H. Clifford: Matrix representations of completely simple 
` semigroups. 


By a representation $ * of degree n of a semigroup S is meant a mapping a—T*(a) 
‘of S into the set of all square matrices of n rows and columns such that T*(ab) 
== T*(a) T*(b). A. Suschkewitsch (Communications de la Société Mathématique de 
Kharkow, vol. 6 (1933), pp. 27-38) partially solved the problem of determining all 
representations of a type of semigroup which he calls a “Kerngruppe.” In the termi- 
nology of D. Rees (Proceedings of the Cambridge Philosophical Society, vol. 36 (1940), 
pp. 387-400), the latter is a "completely simple semigroup without zero." The present 
paper completes the solution, at the same time allowing S to be any completely simple 
semigroup. To any such S belongs a “structure group" G, and every representation 
T* of S is an “extension” of a representation T of G. To any given Ẹ corresponds a 
certain matrix H, possibly infinite. X; admits an extension &:* of finite degree if and 
only if H has finite rank h. If &: has degree n, there exists a "basic" extension Te of 
degree n+h, and every extension 3-* of ©, even though it may be indecomposable, 
reduces into Sf and null representations. (Received March 31, 1941.) 


294. C. J. Everett: Vector spaces over rings. 


Every basis of a vector space V4 (with s basis elements) over a ring K with right 
ideal maximal condition has n elements. A ring is exhibited over which any V. is 
always a Vi. Every submodul M of a V, over ring K has a basis of b(M) Sn elements 
if and only if (property P) every right ideal of K is principal of type rK, where r is a 
non-left-zero-divisor. For V, over K with property P, b(M) is a positive modular 
functional (G. Birkhoff, Lattice Theory, American Mathematical Society Colloquium 
Publications, vol. 25, p. 40). If K has property P and is without zero-divisors, the 
metric homomorph (loc. cit., Theorem 3.10) of the lattice of submoduls of V, over 
K is lattice-isomorphic with the lattice of submoduls of V4 over the quotient field of 
K: For V, over K of type P, b(M) is sharply positive (loc. cit., p. 41) if and only if X 
is a quasi-field. (Received May 26, 1941.) 


295. A. W. Jones: On the characterization of groups whose lattices 
satisfy specified lattice tdentittes. 

It is shown that the lattice of a group is simple, complemented, and modular (that 
is, capable of abstractly representing a finite projective geometry) if and only if 
the group is either: (1) abelian of prime power order and with prime order elements 
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only, or (2) a non-abelian group of order Pq* generated by the elements a and b; 
(¢=1, 2,--+, n) which satisfy the relations a’=bimt and a b;a DS (p divides 
q—1 and g divides «”—15<0). A group lattice is complemented and modular if and 
only if the group is the direct product of groups of relatively prime orders and of types 
(1) or (2) above. (Received May 21, 1941.) 


296. Leonard Carlitz: An analogue of the Bernoulli polynomials. 


The polynomials in question are defined by means of (Iu) /up(t) =} .Bs(u)tt/ gu, 
which may be compared with t/v(/) =} By*/g«. (For the quantities involved see 
An analog of the Staudt-Clausen theorem, Duke Mathematical Journal, vol. 3 (1937), 
p. 503; also, vol. 7 (1940), p. 62.) If uis put equal to U, a polynomial in x over GF(p"), 
then 8&(U) becomes a rational fraction in x alone. This paper contains various theo- 
rems of an arithmetic nature on &4(U), in particular a theorem of the Staudt-Clausen 
type on the fractional part. (Received April 11, 1941.) ` 


297. Mark Kac: Remark on the distribution of values of the arith- 
metic function d(m). i 


Let d(m) denote the number of different divisors of m (1 and m in- 
cluded) and r«(«) the number of positive integers less than or equal to n for which 
d(m) $2108 log neg log log »"* Then Jim, | ir, ()/n — a7/1/* gdu. (Received May 2, 
1941.) 


298. Joseph Lehner: A partition function connected with the modulus 
jive. i 


Let £i(2), £2(n) denote the number of partitions of a positive integer » into sum- 
mands of the form 5/+1 and 51:2, respectively. These functions occur ‘in identities 
of I. Schur, in which they are related to the number of partitions of % into summands 
which differ by at least two. Convergent series for $:() and f1(n) are derived by using 
the Hardy-Littlewood method in the strengthened form of Kloosterman-Rademacher. 
The transformation equations of the generating functions of fi(n), pa(n), which are 
closely related to certain modular forms of dimension zero, yield new relations in 
the theory of theta-functions. The familiar exponential sums which arise from the 
application of the Hardy-Littlewood method are reduced by a number-theoretic 
method to Kloosterman sums, thereby permitting the sharper estimate O(n/*&1/2*€) 
which is needed for the application of Rademacher's method to modular forms of 
dimension zero. (Received April 2, 1941.) 


. 299. J. B. Rosser: A generalisation of the euclidean algorithm to 
several dimensions. 


If Y=) 'a:X;, the a’s being integers, Y is said to be an I.L.C. (integral linear 
combination) of the X's. A set of vectors Ui,--- , U, is called a G.C.F. of a set of vec- 
tors Vi, +- , Viif: I. The U’s are linearly independent. II. Each U is an I.L.C. of the 
V's. III. Each V is an I.L.C. of the U's. A set of V's is said to be commensurable if 
the set of I.L.C.'s of the V's has no limit point. It is proved that every commensurable 
set of vectors has a G.C.F. The G.C.F. of two commensurable collinear vectors is a 
single vector, which can be found by the euclidean algorithm. Generalizing the 
euclidean algorithm in a rather obvious fashion, one has a procedure for finding a 
G.C.F. of more general sets of vectors. This algorithm solves numerous problems 
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relative to positive definite quadratic forms and Diophantine equations. For two 
incommensurable collinear vectors, the euclidean algorithm becomes the continued 
fraction algorithm, a powerful tool in approximation problems. It is conjectured that 
the generalized algorithm is as effective for problems of simultaneous approximation 
as the continued fraction algorithm is for simple approximation problems. To support 
this conjecture, satisfactory solutions of such problems are obtained by use of the 
generalized algorithm. (Received April 24, 1941.) 


300. Albert Whiteman: Sums connected with the partition function. 


The sum A(n) Y^ exp (ris(h, k) —2xihn/E), where h runs over a reduced residue 
system with respect to the modulus k and s(h, k) is a Dedekind sum, appears in 
Rademacher's formula for the number of partitions of s. On the basis of a different 
expression for this sum Lehmer (Transactions of this Society, vol. 43 (1938), pp. ` 
271—295) factored the Ai(n) according to the prime number powers contained in , 
and evaluated the A4(n) in the case in which & is a prime or a power of a prime. A new 
approach to the first of these results has recently been given in a paper by Rademacher 
and Whiteman (American Journal of Mathematics, vol. 63 (1941), pp. 377-407). In 
the present paper the second of these results is derived by a method which is con- 
siderably simpler than Lehmer's. The paper also contains a new method for evalu- 
ating certain generalized Kloosterman sums. (Received May 29, 1941.) 


ANALYSIS 
301. R. P. Agnew: On limits of integrals. 


It is shown that existence of lims..f4**f(#)dt, for each à in some set having posi- 
tive measure, implies that the limit exists and is uniform over each finite interval of 
values of ^. The result is applied to prove two theorems of Iyengar (Proceedings of the 
Cambridge Philosophical Society, vol. 37 (1941), pp. 9-13) and the following Taube- 
rian theorem. If F(t) is absolutely continuous over each finite interval, if lim4,,/4*? 
[ F(#) — F’(#) ]dt -0 for each real ^, and if limz..e7#F(#) =0, then limr..F(#) 70. (Re- 
ceived April 11, 1941.) 


302. Stefan Bergman: A method for summation of series of orthogonal 
functions of two variables. 


Suppose { &,(¢)} [(¢)=(¢:, 442] is a system of O.N. functions [0OS¢:S2r, 
Pild -2v, os) = Baldi, pıt 2v) = Plh, 43), &—1, 2], ole) a completely additive set 
function, f(¢1, ¢) EL" (p >0), a, =/27 2" ddo, b, = [Y S3" &,fdgidds. Consider the series 
(1) Èo a9, (d1, 2) and (2) 2 ro br® (dx, dx). Let M be a four-dimensional domain of 
the type described in Mathematische Annalen, vol. 104 (1931), pp. 611—636, with the 
distinguished boundary surface Y =E [s,  ha(di, 42), R=1, 2]. Let 3,(zi, 23), »—1, 
2, --- , be the functions of the extended class which assume the values 4, on iy, and 
(3) (zi, #2) =) 7o ay Vy (21, 82), (4) Fli, 21) = >> vob, Vo (51, 22). The series (4) converges 
absolutely and uniformly in every closed subdomain of Dt for p>1. Using the results 
of Jessen, Marcinkiewicz:and Zygmund (Fundamenta Mathematicae, vol. 25 (1935), 
pp. 217-234), Bergman and Marcinkiewicz (Fundamenta Mathematicae, vol. 33 
(1939), pp. 75-94) and Bers (Comptes Rendus de l' Académie des Sciences, Paris, vol. 
208 (1939), pp. 1273-1275 and 1475-1477) it is shown that S possesses a finite sec- 
torial limit at.the point {hi(¢), ha(g) } if e possesses a finite strong derivative at (4), 
and F possesses the sectorial limit f almost everywhere on fy. (Received May 2, 1941.) 
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303. R. P. Boas: Generalized Laplace integrals. 


The generalized Laplace integrals discussed have the form f(s) — f» g(s, t)eq)di, 
where g(s, #) is in some sense “nearly” equal to the kernel e^**. The conditions im- 
posed on g(s, t) are,analogous to those which have been imposed on functions g,(s) to 
make the series > ,a4g.(s) behave like a power series (cf. Boas, Transactions of this 
Society, vol. 48 (1940), pp. 467-487). An application is made to the kernel 
glz, £) = (2st/x)/2K,(z, t) recently discussed by Meijer (Proceedings of the Section 
of Sciences, Koninklijke Akademie van Wetenschappen te Amsterdam, vol. 43 (1940), 
pp. 599—608, 702-711; see Mathematical Reviews, vol. 2 (1941), p. 96); here 
—$<R(») <4, and K,(z) is the usual notation for a Bessel function of imaginary 
argument; when r= +4, g(s, f) =e*. (Received May 19, 1940.) 


304. D. G. Bourgin: On reflexive Banach spaces. 


Several theorems are obtained generalizing a result of Ghantmacher and Smulian 
(Comptes Rendus de l'Académie des Sciences de l'URSS, vol. 17 (1937), p. 91). For 
instance: If the unit sphere of E is seciionally compact of order Na in the weak topology 
of E as elements and if E* contains a dense set, of power less than or equal to Na, in the 
sense of the weak topology of E* as functionals, then E is reflexive. Some incidental re- 
sults are also available. Thus a theorem implying the possibility of interchange of' 
order of certain Moore-Smith limiting operations is: If (a) [f] is a w*(E*) dense set 
of power less than or equal lo Sa and (b) {x°}, p a directed set of power less than or equal 
to Na, ts contained $n a w(E) compact (of order Ña) set, Q, and (c) f(x?) converges in the 
Moore-Smith sense to f'(xo) for each 1, then {x°} 4s w(E) convergent to xo in the Moore- 
Smith sense. (Received April 2, 1941.) 


305. J. H. Curtiss: Riemann sums and the fundamental polynomials 
of Lagrange interpolation. 


Let C denote an arbitrary Jordan curve of the z-plane and lets = $(w) be an analyt- 
ic function which maps the exterior K of C conformally onto the region |w| >1 so 
that the points at infinity correspond. Let $'/(*) =c. Let es(z) -]]z-1[s — e(e2*3*/7) J, 
n71,2,::- . Then if C is rectifiable, lim,.<wa(s)/(—c*) 21 uniformly for z on any 
closed point set of the region interior to C, and limn,owa(s) /c^(w* —1) 21 uniformly 
for s on any closed point set in K. Furthermore, the last equation is true uniformly’ 
for zin C-+-K if $'(w) is nonvanishing and of bounded variation for |w] — 1. Auxiliary, 
results used in the proof include an extension of a known result on Riemann sums an 
a proof that if $'(w) is absolutely continuous for |æ] =1, then [ġ(w) —e(u)]/[w—2]' 
is uniformly absolutely continuous in either w or w for | w| =1. (Received April 18, 
1941.) 


À 


: 306. M. H. Heins: A generalization of the Aumann-Carathéodory 
“ Starrhettssatz.” 


Let F denote a Riemann surface in the sense of Weyl-Radó with the property 
that its fundamental group is non-abelian. Then the identical map W=w of F onto 
itself is isolated in the family of analytic maps {f(w)} of F into itself in the sense 
that there exists no sequence of maps of the family {fn(w) } (faw, n=1, 2, ) 
which converges pointwise to w as n. The proof is based upon a study of the 
transforms of f(w) with respect to a uniformizing map by means of Julia’s lemma. 
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This theorem implies the following immediate corollaries: (a) the theorem of Klein 
and Poincaré concerning the proper discontinuity of the group of (1, 1) conformal 
maps of F onto itself where Fis a surface of the above type; (b) the theorem of Koebe i 
stating that the number of (1, 1) conformal maps of a plane region of finite connectiv- 
ity greater than two onto itself is finite; (c) the “Starrheitssatz” of Aumann and 
Carathéodory. (Received April 2, 1941.) 


307. Einar Hille: Notes on linear transformations. III. Semt-groups 
on Lebesgue spaces. 


This paper deals with the properties of semi-groups on L,(—x, x) and L;(— œ, œ), 
essentially those which are multiplicative in the representation by Fourier series, 
Fourier transforms or Hermitian series. The first two types coincide with the semi- 
groups commuting with real translations. The discussion requires the solution of the 
factor problems of type (L, L) for Fourier transforms and for Hermitian series. Con- 
ditions are found for the convergence of Tz to T in various topologies and the best 
degree of approximation is discussed. It is shown that any convex domain, invariant 
under addition, of the parameter plane can ‘be the domain of existence of an analytic 
semi-group in Li(—7, +) and the rate of growth of || Tal| is studied when the domain 
is R(a) >0. (Received May 5, 1941.) 


308. Walter Leighton and W. J. Thron: Convergence criteria for 
continued fractions. 


In the s=~-+4y plane let alternate coordinate axes x’, y’ be obtained by rotating 
the x, y axes through an arbitrary angle 0S8 ««/2. Let R(8) be the open convex 
region containing s=0 whose boundary is the broken line contour consisting of the 
two arcs'of the parabola j/!«cos f (x/+4 cos B) from infinity to the points of tan- 
gency of this parabola with the tangent rays drawn from the point z— —ł and com- 
pleted by the segments of these tangent rays extending from z= —+ to the points of 
tangency. If the a, are any complex numbers lying in any closed bounded region in 
R(8), the continued fraction 1--K(a4/1) converges. Further, for B=ux/2 let Ri be 
the open region defined by —}<R(z) <0, 3(z) >0. If the a4 lie in a bounded closed 
region in Ri, the given continued fraction converges. In this theorem R, may be re- 
placed by Rs: — 1 «R(s) «0, 3(s) «0. When 6=0 the region described becomes the 
parabola of Wall and Scott. (Received May 9, 1941.) 


309. E. J. McShane: Sufficient conditions for a weak relative mini- 
mum in the problem of Bolza. 


In the problem of Bolza there remains one large gap between the necessary condi- 
tions for a minimum and the sufficient conditions. For anormal problems, the con- 
dition on the positiveness of the second variation which figures in the sufficient condi- 
tions can not be established among the necessary conditions. Here a substitute is 
proposed for the condition of positiveness of the second variation which is equivalent 
for normal problems but weaker in anormal problems. It is shown that with this 
weakened assumption the sufficiency theorem for weak relative minima can still be 
established. It is conjectured that the new condition (with positiveness replaced by 
non-negativeness) can be shown to be necessary for a minimum. (Received April 3, 
1941.) : 
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310. J. D. Mancill: On the solutions of a certain class of partial 
differential equations. 


It is shown in this note that the most general solution of the partial differential 
equation (? 7 ax;0/óx)*F(x) -mP(x), $—1, 2,-++, n, where k is a positive integer 
and m is any constant, is the sum of $ functions F,(x), j=1, 2, -+> , pb, p Sb, homo- 
geneous of degree r; but otherwise arbitrary; the r; being the distinct roots of the 
equation r(r —1)(r—2) ++ - (r—k-+1) =m. (Received May 19, 1941.) 


311. E. N. Oberg: Notes on the approximation of a function by sums 
of orthonormal functions. Preliminary report. 


Let ġo, ¢1, #2, © * , Ġa bea set of orthonormal functions on an interval (a, b), each 
having a derivative at every point. If S«(x) =aodotaigit * © "Fas. is an arbitrary 
sum of the ¢’s, it is shown that a bound for | (d/dx) S. (x)| exists in terms of S,(x). A 
study is made of the degree of convergence of sumsof the form S,(x) to a function 
f(x) on (a, b). Lastly, if n(x) is a sum of the ¢’s that minimizes the integral of 
| f(x) — B(x) | ?dx, p>0, then under certain hypotheses on f(x), &«(x) converges uni- 
formly to f(x) as n— «. (Received April 7, 1941.) 


312. George Polya and Norbert Wiener: On the oscillation of the 
derivatives of a periodic function. 


Let f(x) be periodic, real valued and infinitely derivable. Denote by N» the num- 
ber of changes of sign of the kth derivative of f(x), in a period. Let b—«o. If N, is 
bounded, f(x) is a trigonometric polynomial. If Ny o(kV?), f(x) is an entire function. 
If N,—2 O(k179*), where 0 a «1, f(x) ts an entire function of finite order not exceeding 
(14-a71)/2. (Received April 19, 1941.) 


313. W. T. Reid: Green's lemma and related results. 


This paper is concerned with a proof of Green's lemma for the general case of a 
region R which is the interior of a simply closed rectifiable curve J, and where the 
continuity and differentiability conditions imposed on the functions involved are 
merely on R+J and R, respectively. There is also established a general form of 
Cauchy's theorem for a function f(g) which is holomorphic on R, and merely con- 
tinuous on R+-J. Finally, there is considered an associated result which is useful in the 
derivation of edge conditions for double integral problems of the calculus of varia- 
tions. (Received April 11, 1941.) 


314. M. S. Robertson: The partial sums of multivalenily star-like 
functions. y . 


Let f(s) =z? topyePttt +--+ -Fa.s*4---- be regular and multivalently star-like 
of order p with respect to the unit circle |s| «1. This means that within the unit circle 
f(s) assumes no value more than f times, at least one value exactly p times, and in 
addition is star-like, that is, R[sf’(s)/f(s)]>0, |s|<1. When p=1, f(z) is uni- 
valently star-like. The author shows that for »>#0(p) the nth partial sum fa(s) 
—3?-Fay427t-F--- +a” is also multivalently star-like of order p for |s] <1 
—A(p) log n/n where 25--1 S A(p) £2p-4-2. The order log n/n is best possible since 
the nth partial sum of the power series for s°(1—s)~*? is multivalently star-like of 
order p in a circle about the origin whose radius is at most R4 where Raz 1—(26+1) 
log 1/1 and lim supp.e(1—Ra/n7! log n) 2p--1. (Received April 3, 1941.) 
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315. L. B. Robinson: Some complete systems of semttensors. 


The first problem is to find a complete system of semitensors of order one asso- 
ciated with the system of linear homogeneous differential equations (A) x + 
abusi 4122 uy, =0 ($—1, 2, 3). The semitensors are transformed thus: I-A 
-FAsufd-Asf; where the Aj; are minors of the determinant of the transformation. 
Write ViesDalit+Dalst+Dal=fi, in which the D;; are minors of the determinant 
|Z Y y| and the f; arbitrary functions of the covariants of A. Solve with respect to 
the I; and the complete system of semitensors results. To get semitensors of the 
second order, write Wi= Vi: Vj=ft,, wherein fi; is an arbitrary function of the co- 
variants, assume I;I, m [;; Ij, solve with respect to I:; and the complete system of 
semitensors is obtained. (Received April 7, 1941.) 


316. W. J. Trjitzinsky: Singular Lebesgue- Stieltjes integral egua- 
tions. 


Integral equations, involving Stieltjes integrals, have been studied by a number 
of authors and, quite extensively, by N. Gunther. The kernels considered by Gunther 
are sufficiently “regular” to secure results resembling those of Fredholm and in 
the case of “symmetry,” suitable defined, resembling those of Schmidt. The present 
work devélops comprehensive theories of several types of integral equations, involv- 
ing “symmetric” kernels essentially more general than those of Gunther; the kernels 
of the present work are representable as limits, in a suitable sense, of “regular” ker- 
nels, Our theory is based on Lebesgue-Stieltjes (Radon) integration, which appears 
to be an appropriate (in fact, necessary) tool for such problems. The developments are 
not of Fredholm type and they involve, in a very essential way, the use of an appropri- 
ate spectral theory. (Received April 3, 1941.) 


APPLIED MATHEMATICS 


317. K. O. Friedrichs: On the mathematical theory of the buckling of 
` spherical shells. - 


This paper is a contribution to von Kármán's recent nonlinear theory of buckling 
of spherical shells. The physically important state of equilibrium corresponds to a 
stationary value of the energy functional which is not a minimum but is of a de- 
generate character (no type number). The fact that buckling occurs only in the vicin- 
ity of one point is explained as a boundary layer phenomenon. For the analysis of the 
problem the Ritz method is employed. (Received April 2, 1941.) 


318. F. G. Gravalos: The algebraic integrals of Hill's equations. 


Hill's equations are x!’ —2y!=3x—px/r?, y''4-2x' = —uy/r*, r= (x3-y1), u a 
parameter. Such a system of differential equations admits of Jacobi’s integral 
324-57) —3a!—,u/r-c. In this paper the theorem is proved: All the algebraic 
integrals of Hill's equations are functions of Jacobi's integral. The proof is done by 
parts in the'form of three theorems. First, it is proved that all the integrals in the 
field T(x’, y', x, y, r) are reducible from Jacobi's. Second, the existence of integrals 
containing ¢ rationally is ruled out. Finally, the above theorem is proved. Some parts 
of the proof are the same as those in a paper by C. L. Siegel on the restricted problem 
of three bodies (Transactions of this Society, vol. 39 (1936), pp. 225-237). (Received 
April 8, 1941.) 
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GEOMETRY 


319. J. J. DeCicco: Equilong geometry of series of collineal third order 
differential elements. 


The direct equilong group induces at a fixed line (x, v) of the plane a six-param- 
eter group G, between the differential elements of third order. Any three eléments 
(Ci, Cz, Cj) possess the fundamental invariant (ôırı+ôsra-+ 0373)?/ (8151 +8252-+ 9951), 
where 8; is the distance from the point of C; to that of C;, r; is the radius of curvature 
of C; and s;—dr;/d6; is the rate of variation of the radius of curvature pèr unit radian 
measure of the inclination 6; at the fixed line. In general, n elements possess 3n —6 
independent invariants, of which s —1 are distances, and the remaining 25 —5 are 
of the new type given above. Any other invariant of these t eleménts must be a func- 
tion of these 35 —6 independent invariants. A series r —r(w), s=s(w) possesses the 
two fundamental differential invariants ki = (d*r/dw*)/(d*r/dw*), and kz= (d'r/dw!)* 
-F (d!s/dw?). Any two series with their curvatures the same functions of the distance w 
are equivalent under our group Gs. (Received May 21, 1941.) 


320. Edward Kasner and J. J. DeCicco: Conformal geometry. of 
series of third order differential elements. 


Kasner and Comenetz have shown that at a fixed point of the plane the direct 
conformal group induces a six-parameter group Gs between the differential elements 
of third order. In this paper it is found that three elements (Cı, Cz, Cs) possess the 
fundamental invariant (kı sin a;--Essin a4-- b; sin a3)?/ (5 sin 2a; +h sin 2a4 4-5 sin 2a3), 
where a) is the angle from Cj to C», ky is the curvature of C, and b -dki/ds, is the 
rate of variation of the curvature per unit length of arc at the fixed point. In general, 
n elements possess 35 —6 independent invariants, of which »—1 are angles and the 
remaining 25 —5 are of the new type given above. Any other invariant of these s ele- 
ments must be a function of these 35 —6 independent invariants. A series k =k(6), 

}=1(@) possesses the two fundamental differential invariants pic (d!k/d8t--K) 
-- (@2/d@+dk/d0) and ps (d?k/d63 ^-k)*/ (d31/d0? --AI). Any two series with the curva- 
tures p; and p:the same functions of the inclination 6 are equivalent under the Kasner- 
Comenetz group Gs. (Received May 21, 1941.) 


321. Edward Kasner and J.J. DeCicco: General differential geometry 
of second order differential elements. 


Kasner (American Journal of Mathematics, vol. 28, pp. 203-213) showed that at 
a fixed point of the plane the entire group of arbitrary point transformations induces 
an eight-parameter group Gs between differential elements of second order. He gave a 
complete discussion of all the invariants of s elements with all the appropriate geo- 
metric interpretations. This new paper considers the differential geometry of a series 
qg=9(p) under this group Gs, where p=dy/dx and g=d*y/dx*. The length of arc 
of a series is s=f[5q'vqi—6(q")?]/2/q¢*dp, and the curvature is K = [25(gi)1g"!! 
—105glvg*q*! J- 84 (q)1]/ [5givq! —6(q*) /2, where the superscripts denote: differen- 
tiation with respect to p. Any two series with their curvatures K the same functions 
of the arc length s are equivalent under the group Gs. (Received May 21, 1941.) 


322. D. T. McClay: Clifford numbers. 


The system of numbers a-1-bA, with a and b real and A! — 1, first used by Clifford, 
is an algebra of Weierstrass. If these "Clifford numbers" are represented by points 
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(a, b) in a rectangular coordinate system, the analytic functions correspond to trans- 
formations analogous to conformal transformations, the "angle" between two direc- 
tions of slopes t, ma being defined as tanh (sa —m:)/(1 — mima). Lorentz transforma- 
ions are a particular case. By adjoining suitably two intersecting lines at infinity, 
e plane of Clifford numbers may be mapped on a ring-shaped second order suríace 
projective 3-space just às complex numbers are mapped stereographically on a 
here. The linear transformations of a Clifford-variable give geometrical transforma- 
ns similar to the linear transformations of a complex variable, the metric dx? —dy? 
cing the euclidean. The exponential function ertsi — e? (cosh y+A sinh y) is not 
ic, whereas sin (x--yA) —sin x cos y+A cos x sin y and the other trigonometric 
ions are doubly periodic. Cauchy's integral theorem and other complex variable 
rems hold unchanged, or with slight modifications. (Received April 2, 1941.) 













23. Nelson Robinson: A transformation between osculating curves 
rational normal curve in an odd dimensional space. 


. The equations of a rational normal curve T, in a linear space of 5 dimensionsare 
uced to a canonical form. Hyperquadrics Q, containing Ta, and osculating curves 
-3 of T. at a point P are defined geometrically and their equations derived. By use 
"i a hyperquadric Q, a transformation involving a generalized null system is set up 
petween osculating curves. This correspondence is proved to exist if and only if the 
.Ambient space is of odd dimensions. (Received May 14, 1941.) 


STATISTICS AND PROBABILITY 


^ 324. Alfred Basch: A contribution to the theory of multiple correla- 
| fon, 


If r, and rz, are the correlation coefficients between x and y, and x and z, then rys 
` lies between the limits rsyrestReykes, where key=(1—riy)"?, kes=(1—ros)/? are the 
* alienation coefficients. In a geometrical representation where rsy and rz, are the rec- 
: tangular coordinates, the ellipses inscribed in the square with the sides ra= +1, 
fa, — 1 are the loci of constant lower and constant upper limits of r,s. Rays parallel 
to the three coordinate axes give the three contour ellipses of the standard ellipsoid. 
From these three contour ellipses can be obtained the three correlation coefficients. 
If two of the contour ellipses are given, then the third must satisfy restricting condi- 
tions in agreement with the limits given for the third correlation coefficient. The 
^ intersection ellipses of the standard ellipsoid with the coordinate planes are character- 
istic for the coefficients of the correlation between two variables, freed from the in- 
fluence of the third. The "limit cases" correspond to the degeneration of the standard 
Ilipsoid, fyr, «zy, s=Tss, y. In these limit cases there exists a functional relation 
between the three variables. Thé “middle case," ry,— «yr is equivalent to fys, 2=0. 
; The standard ellipsoid intersects in this case the yz-plane in an ellipse, whose chief 
es are the coordinate axes. (Received April 3, 1941.) 










TOPOLOGY 
.'H. A. Arnold: Homology in set-intersections, with an applica- 
r-regular convergence. 


are closed subsets of compact space R. Using Vietoris cycles the following 
proved: (1) If the complete r-cycle y", carried by A is ~ 0 in A+B, then 
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b 


A -B contains a complete r-cycle p” (which may be the null cycle) with 7-7 in 
(2) If the complete r-Cycle y" in A - Bis ~ 0 in A and ~ Oin B, and the (r—1)st Be 
number of A +B is 0, then y’~ 0 in A: B. These and other similar lemmas are t 

to prove that if a &equence of continua has a y!-continuum as a limit, then there © 
be no isolated points of non O-regular convergence. (For 0-regular convergence,’ ; 
G. T. Whyburn, Fundamenta Mathematicae, vol. 25 (1935), pp. 408—426.) A poir 
non O-regular convergence is defined by the present writer to be a point of the ! 
set, on every neighborhood of which the condition of 0-regular convergence is vio’ 
This theorem is extended to the cases r >1. (Received April 3, 1941.) 









326. H. A. Arnold: On r-regular convergence of sets. 


Using the theory of r-regular convergence, created by G. T. Whyburn (see i E 
menta Mathematicae, vol. 25 (1935), pp. 408-426), the following theorer 
proved for compact spaces: (1) If the sequence {mM} of closed y'-continua’ M- 
verges s-regularly to the limit set M, for all.s Sr, then M is a y*-continuum. (2) 
sequence ( Mn} of closed sets My converges r-regularly to the limit set M, the 
every sequence of decompositions M,,=An,+Bn, into closed sets,’ such the : 
sequence [X;] = (As: B] converges to X and the sequences ( B,,], {An} cor ^ 
(r —1)-regularly to B and A respectively, then [Xi] converges (r — 1)-regularly . 1 
(3) In the above notation, if (M,] converges to M, and As: B4] converges 
{A - B], both r-regularly, then {An} converges to A, and ( B, converges to B, b 
r-regularly. (Received April 3, 1941.) D 


327. T. A. Botts: On convex sets in linear normed spaces. 


This note contains a simple proof of the theorem that in a linear normed space 
convex bodies without comimon inner points are separated by a plane. (Recei 
May 8, 1941.) 3 : 


328. F. A. Ficken: Certain systems of subsets of quasi and partiai. 
ordered sets. 


Let S be a set which is quasi ordered, partially ordered, or a lattice, and let L 
denote the set of subsets of S. Assuming the existence of the necessary meets and jo 
a subset T which is a lattice is said to be a strict sublattice if both joins and mee: 
T of appropriate subsets of T agree with joins and meets in S, to be a JS-sublat 
(M S-sublattice) if joins but not meets (meets but not joins) agree, and otherwit 
be a loose sublattice. Subsystems of U(S) are investigated which consist of those 
sets of S which are: lower-conyex, lower-normal, convex, strict-sublattices, MS- 
lattices, and so on. Among the many sublattices L of U(S) thus found are n 
which are M U-sublattices. Many of the L are sublattices of others of the L. 
been shown by Garrett Birkhoff that each quasi ordering of S determines and : 
termined by a complete strict sublattice of U(S). The present discussion yit. 
specialization of this result to partial orderings, lattices, and so on. (Received 4 
1941.) i 


329. Witold Hurewicz: On duality theorems. d 


` Let A be a locally compact space, B a closed subset of A, and H^ 
H*(A —B) the n-dimensional cohomology groups of the sets A, Band - 
integers as coefficients). Consider “natural homomorphisms” H?( a 
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it+(4 —B) 2H*1(4)—H*(4 —B). It can be shown that the kernel of each of these 


:jmomorphisms is the image of the preceding homomorphism. This statement con- 
-t9 Kolmogoroff's generalization of Alexander's duality theorem and has many 
., nications. Using the preceding theorem one can prove: If A and B are compact 
t 28 of dimensions n and m respectively, the necessary and sufficient condition that 
i. Opological product A XB be of dimension s-4-m is the existence of an open set 
sp d4 and an open set V C B such that H*(U) and H*(V) contain elements « and 
tic ‘fying the following conditions: If the integer d is a factor of the order of o, 
repl, X0 modulo d (that is, there is ho element y of H*(V) satisfying B=dy); if the 
peri £ is a factor of the order of £, then a x0 modulo e. (Received May 3, 1941.) 
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